arXiv:2303.16315v1 [hep-th] 28 Mar 2023

The Hilbert space of de Sitter quantum gravity

Tuneer Chakraborty,” Joydeep Chakravarty,*’ Victor Godet,” Priyadarshi Paul® and
Suvrat Raju®
@ International Centre for Theoretical Sciences (ICTS-TIFR),
Tata Institute of Fundamental Research, Shivakote, Hesaraghatta, Bengaluru 560089, India
b Department of Physics, McGill University,
3600 Rue University, Montreal, H3A 2T8, QC Canada
E-mail: tuneer.chakraborty@icts.res.in,
joydeep.chakravarty@mail.mcgill.ca, victor.godet@icts.res.1in,
priyadarshi.paul@icts.res.in, suvrat@icts.res.in

ABSTRACT: We obtain solutions of the Wheeler-DeWitt equation with positive cosmological
constant for a closed universe in the large-volume limit. We argue that this space of solutions
provides a complete basis for the Hilbert space of quantum gravity in an asymptotically de
Sitter spacetime. Our solutions take the form of a universal phase factor multiplied by distinct
diffeomorphism invariant functionals, with simple Weyl transformation properties, that obey
the same Ward identities as a CFT partition function. The Euclidean vacuum corresponds to
a specific choice of such a functional but other choices are equally valid. Each functional can
be thought of as specifying a “theory” and, in this sense, the space of solutions is like “theory
space”. We describe another basis for the Hilbert space where all states are represented as
excitations of the vacuum that have a specific constrained structure. This gives the finite G
generalization of the basis proposed by Higuchi in terms of group averaging, which we recover
in the nongravitational limit.
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1 Introduction

In this paper, we seek to address a basic question about quantum gravity in asymptotically
de Sitter space: what is the space of states in such a theory?

This question has received surprisingly little attention. Considerable attention has been
devoted to the Hartle-Hawking state, or the Euclidean vacuum, which is obtained by perform-
ing the path integral on a Euclidean space with only one boundary [1] and can be obtained by
analytic continuation from AdS [2]. It is sometimes erroneously believed that other states in
the Hilbert space can be obtained, as in a nongravitational quantum field theory, by simply
acting with arbitrary field operators on the vacuum.

Higuchi [3,4] pointed out that a naive Fock-space construction does not lead to the correct
Hilbert space, even for weakly-coupled gravity. Even as the gravitational coupling is taken



to zero, it is necessary to impose the constraints of the gravitational Gauss law on the Fock
space. Since the Cauchy slices in de Sitter space are compact, the Gauss law implies that
states must have zero charges under the de Sitter isometries [5-7]. At first sight, it would
appear that this constraint excludes all states except for the Euclidean vacuum.

Higuchi proposed an ingenious construction, where one starts with a “seed state” and
then averages it over the de Sitter-isometry group so as to produce invariant states. These
states are not normalizable in the original norm, but Higuchi also proposed a modified norm,
which amounts to dividing the QFT norm of these states by the infinite volume of the de
Sitter-isometry group. It was later checked, that in some examples, the above prescription
leads to a well-defined norm [8,9].

In this paper, we will systematically investigate the form of the Hilbert space by studying
solutions to the Wheeler-DeWitt (WDW) equation [10] in a theory of gravity coupled to mat-
ter. The WDW equation always constrains the set of allowed states in any theory of gravity,
but it is often impossible to solve it and obtain the structure of the Hilbert space. However,
here we show that the equation simplifies in the limit where the cosmological constant dom-
inates over the intrinsic curvature of the Cauchy slices and other terms in the local “energy
density”. We will study the case where this condition holds at every point on the Cauchy
slice and we refer to this as the “large-volume limit”. This large-volume limit is different from
the perturbative limit that we studied in [11], and we will argue in section 3 that the key
structural properties of the solutions we find are valid at all orders in perturbation theory.

Physically, this limit is very easy to understand. An asymptotically de Sitter spacetime
attains the large-volume limit at asymptotically late times or early times. Therefore our
solution to the WDW equation can be thought of as a form of “asymptotic quantization” —
a program [12-14] that can be applied to the full nonlinear theory and has been fruitful in
understanding the structure of the Hilbert space in asymptotically flat spacetimes.

We will show below that the solutions to the WDW equation in this limit can be charac-
terized by diffeomorphism invariant wavefunctionals that have a simple specified behaviour
under Weyl transformations. The Euclidean vacuum is also described by such a wavefunc-
tional and is known to have these properties. But the new result in this paper is that all valid
wavefunctionals have the same simple behaviour under diffeomorphisms and Weyl transfor-
mations.

These wavefunctionals can be expanded in terms of the fluctuations of the metric and
other degrees of freedom. The coefficient functions that appear in this expansion obey the
same Ward identities as CFT correlators. So, one way to understand our result is that the
space of solutions to the WDW equation in asymptotically-de Sitter space is described as
“theory space” i.e. if one is given a set of correlation functions that obey the Ward identities
imposed by conformal invariance (but not necessarily the constraints of unitarity or locality)
then they can be used to construct a solution to the constraints.

Moreover, we will show that Higuchi’s prescription for group averaging emerges naturally
as the weak-coupling limit of such solutions. Therefore our analysis validates Higuchi’s ansatz
in the limit of weak coupling but also explains how it must be generalized in the interacting



theory.

While we provide a complete basis for the vector space of allowed states in the theory
in this paper, it is necessary to define a norm on this space to complete the Hilbert-space
structure. We define the norm in a companion paper [15]. There, we also discuss the meaning
of cosmological correlators when quantum-gravity effects are taken into account, and establish
the principle of holography of information in asymptotically de Sitter space.

Relation to previous work. Our results are entirely consistent with the observation that
the wavefunctional of the Euclidean vacuum can be computed in terms of the partition func-
tion of an appropriate CFT after dressing it with an appropriate phase factor [2,16-21].
This is a useful observation. However, the Euclidean vacuum is a single wavefunctional.® It
does satisfy the WDW equation but it is not the unique wavefunctional that does so [22].
Our objective in this paper is to systematically consider the space of all solutions to the
constraints.

An interesting proposal for the Hilbert space was made from a top-down perspective
in [23] (building on [24]) for a specific theory with a low-energy description as Vasiliev gravity
[25]. Our approach is complementary since it is “bottom up” and starts from the bulk. Since
the answer in [23] is provided in terms of an auxiliary set of scalars on the late-time boundary,
we cannot immediately compare our proposed answer with [23] but it is an interesting open
problem to perform this comparison.

The WDW equation was also recently studied in AdS [26,27]. It would be interesting to
apply these techniques to dS. See [26] for progress in this direction.

There have also been suggestions [28,29] that the Hilbert space in de Sitter space should
be finite dimensional. This might happen due to nonperturbative effects that constrain the
allowed form of states, but our analysis does not shed light on this issue.

2  Summary of results

We study the WDW equation (reviewed below) in the regime where the cosmological constant
dominates pointwise over the Ricci scalar and over the matter potential. In this limit the
Cauchy slices, which are topologically S%, grow to a very large volume. This can be thought
of as a late time slice in an asymptotically dSs41 spacetime, see Figure 1.

It is convenient to work in a coordinate system where this limit corresponds to a large
conformal factor Q(z) = det(g)/?? for the metric. In section 3, we find the solutions to
the WDW equation take the following form when expressed as functionals of the metric
fluctuations and matter fields.

Vg, x] s €PN 2, (2.1)

1 As we discuss in [15], naively, this state does not appear to be normalizable therefore it might not even be
part of the Hilbert space.



Figure 1. We are considering a late time slice (in red) with topology S¢ in an asymptotically de
Sitter spacetime. In the late time expansion, the Wheeler-De Witt equation can be solved and, up to a
universal phase factor, the space of solutions is the space of functionals that transform under diff x
Weyl in the same way as CFTy partition functions.

where S[g, x] is a universal phase factor obtained by integrating local densities. Z[g, x] is, in
general, a nonlocal functional of g and x that is diffeomorphism invariant and transforms in
a simple way under Weyl transformations
0 20X — Aozl (22)
where the anomaly polynomial A4[g] can be computed explicitly. The anomaly polynomial
vanishes for d odd and is imaginary for d even and therefore |Z[g,x]|? is a diff x Weyl
invariant functional. The explicit form of Ay depends on a choice of normal ordering and
may be corrected at higher orders in k. However, we argue that the structural form (2.1) is
valid at all orders in perturbation theory.
At the cost of a possible phase, we can perform a Weyl transformation to study Z|[g, x]
in the vicinity of the flat metric g;; = d;; + xhy;. Then, provided log Z]g, x] is well behaved
in the limit g;; — d;;, x — 0, we can expand it as

log Z[g, x] = Zfﬁ G » (2.3)

where Gy, ;,, are multilinear functionals of the metric fluctuation, h;; and matter fluctuations
of order n and m respectively. In section 4 we derive a set of Ward identities that constrain
the form of G,, ,,. If one writes

it [ AT G @ s (1) B X)X ) (24
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then the coefficient functions Gf{m obey the same Ward identities as those obeyed by a
connected correlator of n stress tensors and m operators of dimension d — A, where A is
related to the mass of the scalar field by (3.50).

The Euclidean vacuum is a particular state of the form above. Our new result is that all
solutions are spanned by functionals of this form and related in a simple manner to diff x
Weyl invariant functionals.

Since these identities relate functions with different values of n, the different coefficient
functions Gﬁm are not independent of each other. A complete set of such correlation functions
satisfying a set of mutually consistent identities can be said to define a “theory”. Therefore
our space of solutions can be thought of as “theory space”. Of course, we emphasize that this
theory is not a unitary, or even a local, CFT.

If we represent the Euclidean vacuum by e919:x1 7, [g, x] then we show in section 5 that a
convenient basis for the space of states is given by wavefunctionals of the form

Vg, x] = 90X " k"6G mZolg. X] (2.5)

n,m

where 0G,, ., is the difference of two sets of multilinear functionals, each of which is of the
form (2.4).

The differences 6Gy, ,, also obey Ward identities that relate dG,, 1 m to G, » and therefore
the series in (2.5) is infinite. However, in the limit x — 0, it is possible to focus on a single
term in (2.5). We show that the nongravitational states so obtained correspond precisely
to the group-averaged states found by Higuchi. For each state, we also explicitly find the
corresponding “seed state”.

Therefore our analysis justifies Higuchi’s proposal in the nongravitational limit. However,
it also reveals how Higuchi’s prescription must be generalized away from zero coupling. At
nonzero k, one must add the terms required by the Ward identities to complete the series
(2.5).

3 Asymptotic solutions to the Wheeler-DeWitt equation

In this section, we will show that solutions to the Wheeler-DeWitt equation take on the
asymptotic form displayed in (2.1).

We consider Einstein gravity in d + 1 dimensions with a positive cosmological constant
in units where

d(d—1
Ao dd=b (3.1)
2
In a d + 1 split, the spacetime metric can be written in the form
ds? = —N2dt* + g;;(da’ + N'dt)(da? + Ndt) , (3.2)

where N and N°? are the shift and lapse functions [30,31]. The spatial slices are taken to be
compact with metric g;;. In addition, we might have matter degrees of freedom in the theory.



As an illustration, we consider a massive scalar y although we do not expect that our results
will depend on the choice of matter.

In the canonical formalism, a state in such a theory is represented by a wavefunctional
U[gi;, x| that assigns an amplitude to a particular configuration of the metric and the matter
fields on a spatial slice. This wavefunctional must obey the Hamiltonian and momentum
constraints that arise simply by imposing diffeomorphism invariance on the theory [10]

The Hamiltonian constraint is

B - 1 - 1
H=2k%g"" (.Qikgjlﬂklﬂ'm - (gz‘jW”)Q)

- ﬁ(R - 2A) + Hmatter + Hint 5 (34)

d—1
and the equation in (3.3) setting it to annihilate the wavefunctional is called the Wheeler-
DeWitt (WDW) equation. The momentum constraint is

ek
Hi = _2gijvk% + Himatter - (3.5)

The gravitational coupling is k> = 87Gy. The momentum operator acts on the wavefunc-

tional as 5
= —i— . 3.6
500 (3.6)
We take the matter energy density to be of the form
1 _ 1 .. 1
Hmatter = 59 17T)2< + Vinatter; Vimatter = 59”81')(8]')( + §m2X2 , (3-7)

and H; matter = igﬂaix is the matter momentum density.

The self-interactions of matter, its interaction with gravity and also potentially higher-
order interactions have all been included in Hjy;. The analysis that follows will be largely
insensitive to the details of Hint.

3.1 Asymptotic expansion

The Hamiltonian constraint (3.4) has terms that involve functional derivatives, which we can
call “kinetic terms”, and terms without functional derivatives that we can call “potential
terms”. Here, we will study the equation in the regime where the cosmological constant
dominates over all other potential terms everywhere on the Cauchy slice. In particular,
this means that the Ricci scalar and the matter potential are very small compared to the
cosmological constant,

R < A, Vinatter < A . (3.8)

Classically, we expect from the cosmic no hair theorems that when (3.8) is met, the geometry
will be that of de Sitter space (see [32] for a nice discussion and references). We will find
that the WDW equation also simplifies. Since these conditions must apply everywhere on the
spatial slice, our analysis does not apply to geometries that have singularities on the Cauchy
slice under consideration.



An intrinsic notion of time. We will present solutions to (3.3), which are valid when the
assumption (3.8) is met. Our physical interpretation is that these solutions describe “late
times” in an asymptotically de Sitter universe. This includes states that might have very
complicated features at finite times but settle down asymptotically to de Sitter space.

However, the equations (3.3) do not make any reference to time. Nor, in the case of de
Sitter space, do we have an asymptotic boundary that can be used to set up an external clock.
It was pointed out long ago by DeWitt [10], that this problem can be addressed by using an
intrinsic observable as a clock. Correlators of other observables with this intrinsic clock then
provide a notion of how the state varies with “time”.

Here, we note that (3.8) also implies that the volume of the Cauchy slice

log /ddx\/§

becomes very large. So we can use the logarithm of the volume, which is a dimensionless
quantity in the units chosen above, as a clock. This notion of time is related to the so-called
“York time” [33]. This provides an operational meaning to the phrase “late time”.

If one studies a spacetime that contracts from an infinitely large volume in the asymptotic
past, then our analysis also applies to asymptotically early times when (3.8) is met. But to
ask questions about “finite times”, one must necessarily go beyond the assumption (3.8)
somewhere on the slice. We will not address this regime here.

Intermediate variables. To facilitate our analysis, we will introduce intermediate vari-
ables, ) and ;; and write the metric on the spatial slice as

9ij = L5 (3.9)
where det(v;;) = 1. In terms of the original degrees of freedom, we define
1
Q = (det(gi))24;  vij = gij det(gij)

Subject to the assumption (3.8), it should be possible to find a coordinate system where €2 is

. (3.10)

everywhere large and we will assume that such coordinates have been chosen.

It is also expected on physical grounds that the density of matter fields will get “diluted”
as the scale factor increases. This leads us to define a set of intermediate variables O for the
matter fields according to

x=0Q"%20. (3.11)

In the analysis below, we will fix A in terms of the mass of the field and the cosmological
scale.

We emphasize that (3.9) and (3.11) correspond to an exact change of variables, and so
the content of the equations (3.3) is preserved. Second, we note that the split of the original
metric into a Weyl factor and a Weyl-invariant part is coordinate dependent. Nonetheless,
we will be careful to write all our final answers in a diffeomorphism-invariant form in terms
of the original variables g and x. So the reader should think of the change of variables simply
as an intermediate technical trick.



3.2 Solution algorithm

In this subsection we outline and implement an algorithm to find solutions to the constraints
in the limit (3.8). This subsection is somewhat technical and the reader who is interested just
in the results can jump ahead to subsection (3.3).

Our procedure to find a solution to the constraints has three steps.

1. We rewrite the Hamiltonian constraint in terms of the conformal variables, €2 and ~.

2. We then seek a solution where the wavefunctional can be represented as the exponential
of a functional, F, that can be expanded in a series of terms that have a distinct
scaling at large 2. With suitable assumptions about normal ordering, the Hamiltonian
constraint can be written in terms of F.

3. The functional F involves two distinct series expansions — one that is present even
for pure gravity and another that involves the matter fields. We first solve for the
gravitational part and then for the matter part.

The solution that we present below can be thought of as an elaboration of the solution to the
radial WDW equation given in AdS by Freidel [34].

Rewriting the constraints. It is shown in Appendix A.1 that, in terms of these new

variables, the Hamiltonian constraint can be rewritten as

252 1 5 5 \?2 1 5§ 6
= | ——— ([ Q—= 4+ AO— ) — | vrvie — =i _—
H 02 [4d(d— 1 < 30 + 050) <%k%£ d'Yj'Yk;K) 5 5%2]

A 1 1 2 1
— R[] — §QQ(A—d)L + =

- 1 o i _
T S5 + gm0 4 SO0 20)05(50) + o

(3.12)
We do not seek to rewrite the momentum constraint. This is because the momentum con-
straint simply imposes that the wavefunctional is invariant under d-dimensional diffeomor-

phisms. This can be seen more easily in terms of the original variables g and x that transform
as tensors rather than tensor densities.

Series expansion. We expand the solution to (3.3) as

a mg
. 1
U = e’]:; F = E Xaon + E Yg_m + O(Q) . (3.13)
n=0 m=0

Here, the functionals X and Y}, are undetermined functionals that grow as QF at large Q.
More precisely we have
Xi, Vi ~ QF, Q — +o0, (3.14)

except for kK = 0 in even d where we find an anomalous term that can be thought of as scaling
with log(2). For now, we keep a and (8 as undetermined parameters. It will turn out below



that the solution to the WDW equation will require a series that grows with integer powers
of 2, corresponding to a = d, and a series that grows with non-integer powers, 5 = d — 2A.
The maximum value of m is mg = [Re /.

It is justified to separate the two series since § can be varied by varying parameters in
the theory, and therefore, the two kinds of terms can be distinguished at a generic point in
parameter space. The entire expression (3.13) has an undetermined remainder denoted by
O(%) which corresponds to terms that decay at large €2. We will not work out the specific
form of this remainder in this paper. It is the term that is necessary to understand “finite-
time” physics.

We do not assume that the functionals X,_, and Ys_,, are local functionals of g;; and
x. It will turn out however that the leading terms in the series X,_, will depend on local
functionals of the metric. These correspond to the “gravitational part” of the solution. How-
ever, Xo will be, in general, a nonlocal functional that depends both on g¢;; and x. The series
Y3_,, corresponds to the “matter part” of the solution and will comprise local functions of

gij and x.

Normal ordering and simplification. Acting with the rewritten constraint (3.12) on the
ansatz (3.13) we find that the WDW equation can be written as

1 1 OF 0F\? 1 O0F SF
0=—2k?—+ (Q + AO) - (%’k%‘é - d’ﬂj’Ykz) ] +Dr

9 - - ki
02 | 1d(d—1) "0 30 3757 07kt

A 1 12(A—d)5}—212—2A2 L2 iiaio—Ama ro-A .
+/—$2 2%2R[9]+QQ 50 +2mQ 0 JrQQ'Y 2(2770)9;(Q1720) + Hint,

(3.15)

Here, we have substituted the form (3.13) into the Hamiltonian constraint (3.12). We have
explicitly displayed bilinear combinations of terms where a single functional derivative acts
on F. Indices are still raised and lowered using g;; and g% and therefore ¢ = Q%4%. We
have used Dr to indicate the action of second-order functional derivatives on F and the form
of Dr can be read off from (3.12).

The action of the second-order functional derivatives is subtle. This is because the action
of a double functional derivative on a local term in F can generate a divergent §(0) term.
The precise form of these terms depends on the normal ordering prescription used to define
the Hamiltonian constraint and it is reasonable to believe that the §(0) terms can be removed
by a judicious choice of normal ordering. (See Appendix A.2 for more discussion.)

Fortuitously these terms do not enter the leading-order analysis. This is because the
terms in Dr are linear in F whereas the first-order functional derivative terms displayed in
(3.15) are quadratic. Since all the terms in (3.13) (except for X() grow with € the terms in Dr
always contribute with a lower power of 2. We will see below that the leading contribution
from Dr can, at most, change the form of the anomaly polynomial at subleading order in Gy
but does not change any of the structural features of the answer.



The expression above involves the Ricci scalar of the metric g. In terms of the variables,
Q) and ~, this can be written as

1
e
Note that since indices are raised by g%, the terms inside the bracket involving derivatives of

log(€2) are O(1). Therefore we expect that R is of order Q2. In fact, the magnitude of R in
cosmological units can be used as an estimate of 272 that does not rely on a specific choice

Rlg] (R[] — 2(d — 1)Q?V'V,;1og(Q) + (d — 1)(d — 2)Q2*V'1og(Q)V; log(?)] . (3.16)

of coordinate system.

3.2.1 Gravitational part

We now solve the WDW equation order by order in the large-$) expansion, focusing first on
the gravitational part.

Leading term. The largest term that appears without a derivative in (3.15) is the cosmo-
logical constant term. This immediately leads to the conclusion that

a=d

since any larger term in the expansion cannot be cancelled in (3.15). The leading term in the
WDW equation gives

27 1 5Xa\> A
— Q = — . 3.17
02d 4d(d — 1) ( o0 > K2 (3.17)
Using (3.1), this leads to the equation
0Xg L dd—1)_,
e e U (3.18)
This yields
d—1
Xo=—— / d%z\/g (3.19)

where we have chosen the negative sign for physical reasons explained below, and rewritten
the expression in terms of the original variables to make manifest its diffeomorphism invariant
form.

We would like to make a few comments.

1. We neglected a possible contribution from terms that involve %ﬁ in going from (3.15)
to (3.17). It may be checked that no diffeomorphism invariant 7-dependent term can
be added to (3.19) while keeping the right hand side of (3.17), which is independent of
v, unchanged.

2. The choice of negative sign in (3.19) corresponds to the fact that we wish to study an
expanding de Sitter universe at late times [35]. With this sign, the leading part of the
wavefunctional satisfies

y 5. d—1
I —— ¥ = 5
Q—o00 5gij 2K

Vg9 eXd (3.20)

,10,



This is precisely the relation between the canonical momentum and the metric at late
times in an expanding universe. A choice of positive sign in (3.19) is allowed but would
correspond to the part of the wavefunctional that describes a contracting universe.

3. As advertised, X is local. This property arises because the right hand side of (3.18) is
a number, which does not allow any nonlocal contributions.

4. X4 isreal, which corresponds to an oscillatory phase in the wavefunctional. So although
X4 has the highest scaling with €2, it does not contribute when the wavefunctional is
squared to study expectation values [15].

At the next order, matching orders in 2 we now find that

0Xq-1
002

=0 = X4, =0. (3.21)

Beyond the universal terms, Xy and Xy_1, the form of the solution varies slightly in
different dimensions. We explain the different cases for low dimensions and the general
pattern below. In each case, we will use the following observation. We ignore any term that
decays when Q0 — +o0 in (3.13). When combined with the contribution from Xy, such a term
can yield a contribution that decays like Q4! in (3.15). Therefore any term in (3.13) that
yields a contribution of the same order when inserted in (3.15) will be undetermined in our
procedure since we expect that its contribution to (3.15) can be cancelled by an appropriate
choice of the remainder term.

d=2. Ind=2, we find that Xy _o = Xo must obey the equation

iXo 1, B
5 =3 MR (=2 (3.22)

When rewritten in terms of the original variables, this takes on the familiar form

5 5\ .
21;' fA P ZXO: iXo d:2 2
(205~ g ) € = o™ (@=2) (3.23)
with .
2

We note that (3.23) is analogous to the trace anomaly equation for the partition function of a

2d CF'T except that the central charge is imaginary with ¢ = 12;”. This can be thought of as
the Brown-Henneaux [36] central charge in AdS but analytically continued to dS as proposed
in [2].

We note some interesting features of (3.23) that will carry over to other dimensions.

1. Note that (3.23) does not have a unique solution. The addition of any term that is
independent of € to an existing solution of (3.22) yields another solution. (In terms
of partition functions, this is simply the observation that the trace anomaly equation

— 11 —



does not uniquely fix the CFT partition function but only the central charge.) The
reader might wonder why this freedom appears for Xy but not for X;_ ;. In fact, it is
possible to add a nontrivial functional independent of €2 to the solution in (3.21) and
obtain another solution, but such a functional is ruled out by the asymptotic scaling
requirement (3.14).

2. The form of Hy, does not place any constraints on Xy through (3.15). This is for
the following reason. The O(Qfl) remainder in F yields a contribution to (3.15) that
is O(27971) (Such a contribution arises when one % derivative acts on X; and the
other acts on the remainder.) Since we are not keeping track of this remainder, we
can consistently neglect terms that decay O(Q_(d+1)) in (3.15). But in d = 2, higher-
derivative terms decay at least as fast as #

3. The anomaly may receive a possible correction through the action of double derivative
terms on Xy. After accounting for the leading ﬁ factor in (3.15), such terms contribute
at the same order as Xy. The correction is O(no) and so it is subleading compared to
(3.24) and its precise value depends on the choice of normal ordering. In Appendix A.2,
we show how this term can be made to vanish by a specific choice of normal ordering.

d=3. Ford > 3, Xy 5 is determined from the subleading term in the WDW equation,
which takes the form

2k2 2 80X, 0X 4o 1
- Q Q —-—R=0. 2
024 4d(d — 1) < o€ ) ( 02 2/{2R 0 (3.25)
This gives the equation
0Xq o 1
= ) 2
50 52 VIt (3.26)

For d > 3, this can be integrated to give

1
Xy o=——" [ d%/gR 3.27
2= g | Ve (3.21)
0
0gij "
The next term Xj is unconstrained and can be any function of + that is independent of

which can be checked to be a solution using that Qd% = 2g;j

2. The action of the differential operators in (3.15) on such a function does yield non-zero
terms. However such terms can be cancelled by an appropriate choice of the remainder term
in F. In terms of the original variables, this means that Xg is a Weyl invariant function and

we have 5
O—Xy = d= 2
or, in terms of the original variables,
0 0 -
2gii— — A) eXo =0 d=3). 3.29
TR (=3 (329

Once again, it is not necessary to keep track of interactions since they do not contribute to
the non-decaying parts of F by the same power-counting argument that was given for d = 2.

- 12 —



d > 3. The procedure outlined above can be continued to any dimension. The pattern is
that higher order terms are determined by the recursive equation coming from

212 1 5F\? -
Q2 [élci(d—l) <Q§Q) *gikgje(ézjf)(ég F)| = Hint (3.30)
where the power-counting argument above tells us that H;,; can contribute to higher-order
terms. Here we have rewritten the metric variations in terms of the traceless metric variation

1) 1 .. o)
— =g g — 3.31
89 ¥ dgke (3:31)

i _
6 =

using the identity (A.17). The term of order d — 2n is determined from this equation as

0
Qde—Qn
267 = ’ 1 X g 5 X on_
__ v o (ST 4 - d—2k d—2(n—k)
+ Qd%mt

(3.32)

This recursive structure determines all the higher order terms from the first two Xy and
Xg-2.2

As we have pointed out in d = 2 and d = 3, since the equation involves functional
derivatives with respect to €2, it never fixes Xy uniquely. Given one solution, there is always
the freedom to add an (2-independent functional to Xj.

We illustrate the procedure with the next term X; 4 in pure Einstein gravity where
Hint = 0. The above equation gives

5Xd_4 1 ij d 2
50 = _Q(d — 2)2I€2\/§ (RinJ — 74((1 — 1)R ) , (3.33)

as derived in Appendix A.3.

Q

In d = 4, we obtain the equation

0%y = Vi (RaRT - 1) (334
which leads to 5 5 " -
<29ij(sgij - AX(SX) et = Age (3.35)
where we have defined ) o
Ay = —8—22@ (Rin” - 3R2> : (3.36)

*Note that a similar recursive structure was also observed in [37] in the context of holographic renormal-
ization.
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We recognize the trace anomaly equation for a four-dimensional CFT partition function Z =
e'X0_ The anomaly can be written as

_ 1 abed
Ay = 1672 \/Zy( aFEy + cWopedW ) s (337)

using the Euler density and Weyl squared curvature given in (A.31) with the coefficients
a=c=——5=———. (3.38)

This is, up to the factor of —i, the anomaly of a holographic CFT,4 obtained using holographic
renormalization in AdSs [38]. It may be checked that this anomaly polynomial receives
corrections at subleading order in k from higher-derivative terms and also from a choice of
normal ordering in the WDW equation.

In d > 5, this equation can be integrated to give

1 i d
T 2(d — 2)2(d — 4)r2 /dd:”\@ (RUR - 4(d_1)32) ~ (3.39)

For d = 5 , the formula above completes the gravitational part of the series. Xy can be any

Xg-a =

functional independent of €. For higher d, one must continue the expansion above until Xj.

3.2.2 Matter part

We now solve for the matter part.

Leading term. The leading term Y} is determined from the equation

2 Y, Y, Y5\ 2
AN 5 (QéXd> <QM 4 AOM> 4+ Loa-a <55> + Ln2a2802 ¢

024 4d(d 5Q 5Q 50 2 50 2
(3.40)
A solution is only possible if these terms compete which requires
B=d-2A | (3.41)
and leads to the equation
2 0y 1 <5Y5>2 1 5,
—gij— +—|— ) +-mx* =0, 3.42

which we have written in terms of the original variables. The solution takes the form

Vs = bs / d’z \/9x* (3.43)

where bg satisfies
4b3 + 2dbg +m* =0 . (3.44)
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Mass formula. We can determine the relation between bz and A by examining the classical
limit. In the classical theory, in an asymptotically de Sitter spacetime we have
0S d(d—1) 0SS 1y

= g;i =— Q410 — Q% A4
=90 IN2 X T ey TN (343)

where N is the lapse function, and § is the Einstein-Hilbert action with possible interactions.
From the definition of A we expect that

X_ A% (3.46)

up to terms that vanish at large ). Here we have not used the equations of motion but simply
the kinematic definition of A in (3.11) which determines the scaling behaviour of the field at
large volume. In terms of the corresponding canonical momenta, this equation can be written
as

1 28%A

YXT dd—1)"

We can compare this classical expectation with the relation obtained from our wavefunctional.

(classical expectation) . (3.47)

Using the leading order solution for the matter and metric sector, and the relations m =

—igij%ij and 7, = —i% on the wavefunctional, we find

1
—m U = 2b5Q% W
X

(3.48)
dld—1) 4
up to subleading terms in the 2 — 400 limit. By matching this with (3.47), we see that we
must have A

Substituting this in (3.44) we find that A must be related to the mass through
A(d—A) =m?* . (3.50)

With these substitutions, the leading term in the matter series becomes

A
Vs = —Q/dda: Va2 . (3.51)

Our derivation involved a correspondence with the classical limit, and the choice of specific
orderings, such as the ordering of %ﬂ'X in (3.48). Therefore the result (3.50) can be thought
of as being valid to leading order in k.

There is a class of solutions to (3.50) corresponding to m > % of the form

2
A:gzl:iy, v= m2—d—. (3.52)
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If one studies a nongravitational quantum field theory with this mass, then the single-particle

states in such a theory lie in the principal series of representations of the conformal group

SO(1,d + 1) that is the isometry group of dSy [39]. The complementary series correspond to
d

masses in the range 0 < m < § and we can restrict to the range 0 < A < d/2. For a nice

recent review, we refer the reader to [40].

Subleading term. In the principal series, the leading matter term is the only term we have
since Re 8 = 0 so that the subleading term decays as ) — 4oc0.
In the complementary series, the subleading term Yjz_ contributes when

d—2
< —- .

A<— (3.53)

It is determined by the equation

2
a1 [2 (Q(SXd> (Q‘WH + AO5YB_2) +2 (Q5Xd—2> (QWB + AO(%”

Q% 4d(d—1) 6Q 50 50 50 60 50
Q22 6Ys\ (Vs a\ 1 o 4
il - 9. (O—A (O—A —
+2Q2d2<50>< 50 >+297 8;(2720)9;(220) = 0.

(3.54)

Restoring the variables x and g;; and substituting in the known higher order functionals gives
the simpler looking form

2 5 5 by, 1,
i +bgx~— | Ya_p — ——2— ~g"9,x0;x = 0. :
\/g(ggégijJr BX5X) B2 2(d-1)RX +5970x9x =0 (3.55)

The solution (derived in Appendix A.4) is

Ys 2= —M /ddx\/ﬁ (gijaiXan + 2(dA1)R[9]X2> : (3.56)

where we have substituted bg from (3.49).
When A < %, additional terms appear in the matter series and these terms can be
worked out recursively using the WDW equation.

3.3 Asymptotic solution
We now give the general form of the asymptotic solution in the limit Q& — oo. What we
showed is that the constraints imply that it takes the form

o — PlNzlg y] . (3.57)
Q——+oo

Here, S is a universal phase factor that comprises integrals of local densities. It takes the

form
|Re 8]

d—1
S = ZXd_n + Z Y5 _m (3.58)
n=0 m=0
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where = d—2A and A is related to the mass of the field by (3.50). Terms corresponding to
odd values of m and n vanish in (3.58). Explicit expressions for n = 0, 2,4 are given in (3.19),
(3.27) and (3.39) respectively and for m = 0,2 in (3.51) and (3.56) respectively. All terms
in § are subject to the momentum constraint and so they are invariant under d-dimensional
diffeomorphisms.

The factor Z[g,x] = €' is a diffeomorphism invariant functional involving possibly
nonlocal terms in g and y and it has simple Weyl transformation properties.

o

sz[g,x] = Aal9]Z]g,X] - (3.59)

The anomaly Ay[g] vanishes for d odd. For even d, it can be expressed in terms of cur-
vature invariants and explicit expressions for d = 2 and d = 4 are provided in (3.24) and
(3.36) respectively. Since S is real and the anomaly is imaginary, the absolute value of the
wavefunctional |U[g, x]|? is always diffeomorphism and Weyl invariant.

Zg,x] is not uniquely fixed by the WDW equation. Structurally, this is because the
WDW, at large 2, relates functional derivatives of a term with a given scaling in €2 to a
source term that arises from terms with higher scaling in ). Therefore an existing solution
for X can be modified by the addition of an Q-independent term (i.e. a Weyl invariant term)
to yield another solution. This can also be seen from the fact that the solution to (3.59) is
not unique.

Once Z[g, x] has been chosen it is possible to use the equation (3.3) to continue the series
expansion in . The choice made for Z[g, x| then controls the terms in the wavefunctional
that decay with ). Physically, this can be thought of as follows. We specify a state at late
times (2 — 00) by specifying the arbitrary functional in Z[g, x]. If we wish to ask questions
about finite-time physics, then we must determine the full dependence of the wavefunctional
on §2. This dependence is sensitive to the interaction terms that appear in the Hamiltonian
constraint, and we do not investigate it in this paper.

The precise numerical values that we have found for the anomaly polynomials, and for
X4—n and Yg_p, rely on a choice of normal ordering and, in some cases, can be affected
by higher-order terms in the interactions. However, the structural properties of the WDW
equation at large 2 — which are that the higher-order terms are fixed by a recursive set of
functional equations, e*X° is left undetermined up to its Weyl transformation properties, and
the momentum constraint imposes diffeomorphism invariance on each term — are robust.
Therefore we conjecture that the form of the solution (3.57) is valid to all orders in the
K-expansion.

Discussion and comparison to AdS/CFT. The phase factor S|g, x| is closely related
to the counterterm-action that arises in holographic renormalization [38,41-45]. The reason
for this can be understood as follows.

In Euclidean AdS, it is possible to study the action of the bulk theory, with boundary
conditions imposed on radial slices of the spacetime. The procedure of holographic renor-
malization identifies the divergences in this on-shell action. The wavefunctional in dS in the
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Euclidean vacuum can be obtained by analytically continuing this action [2]. Since the phase
factor is universal, it is sufficient to determine it in a single state, as can be done using this
procedure.

However, the analytic continuation introduces factors of 7 in the anomaly. Also, it makes
the phase factor oscillatory in the dS case, whereas the counterterm action is real in AdS.
The terms that appear in the matter sector are also slightly different in dS. This is because
the dimension of operators dual to matter fields is always real in AdS but it can be complex
in dS.

Second, the on-shell action on radial slices also obeys the constraints of diffeomorphism-
invariance that lead to a WDW-type equation. As one approaches the boundary of AdS, it
is possible to solve this equation asymptotically [34] (See also [46]) and this procedure also
yields the correct divergent terms.

However, there is an important conceptual difference between the “radial WDW” equa-
tion and the one that we are studying. The radial wavefunctional is subject to regularity
at r = 0. This fixes its asymptotic form at » = co to be a phase factor times the partition
function of a specific CFT — the CFT that is dual to the bulk AdS theory by the AdS/CFT
correspondence [47-49]. These constraints cannot be seen from the asymptotic analysis in
AdS.

From quantum mechanics, we expect that such constraints should not apply to our solu-
tions. The specification of Z[g, x] is akin to the specification of a state on a late-time spatial
slice. But, in quantum mechanics, such a specification can be performed freely and is not
subject to constraints that come from the time evolution of the state. No such principle ap-
plies in AdS where the “radial wavefunctional” specifies data on a timelike boundary, which
cannot be done freely. It is possible that there are additional constraints that restrict the
allowed set of Z[g, x] [50] but they are not evident in our analysis.

4 Solution space as theory space

In the previous section, we have argued that, in the large-volume limit, all solutions of the
WDW equation take the form given in (3.57) — a universal phase factor multiplied with a
diffeomorphism invariant function, Z|g, x] with simple Weyl transformation properties.

Since the phase factor is universal, each distinct choice of Z[g, x] leads to a distinct
solution of the WDW equation. Second, in quantum mechanics, states can be read off from
any time slice — even if that time slice is at arbitrarily late times. So, we expect that
the large-volume behaviour of the wavefunctional completely specifies its form everywhere.
Therefore each distinct state leads to a distinct choice of Z|[g, x]. The two observations above
lead to the conclusion that there is a one-to-one map between the space of allowed Z[g, x|
and the space of states in the theory.

We now investigate the properties of Z|[g, x| more carefully and argue that the space of
allowed functionals can be thought of as “theory space”.
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4.1 Z as a CFT partition function

Now, let us examine the equation (3.59) together with the momentum constraint as written
in terms of the original variables, g and .
The relations that we find on Z are the following

2\/§ViL o g9 8ixi Zlg,x] =0; (diffeomorphism invariance)
V9 09ij ox (41)
(29“‘55“ — AX;> Zlg, x] = AaZlg, x| (Weyl transformation)
Gij X

The first equation comes from the momentum constraint and expresses diffeomorphism in-
variance while the second equation comes from the Hamiltonian constraint and expresses the
anomalous Weyl transformation.

This can be made more explicit by writing the action of an infinitesimal diff x Weyl
transformation on the metric and the scalar field

O(e.0)9ij = Legij + 20945, SeppX = E'0ix — Apyx . (4.2)

Then the equations (4.1) are equivalent to

SeolonZlg. ) = [ dlop(@)Ad) (4.3)

which can be proven by taking the functional derivatives with respect to ¢(z) and &x(z).
The equations (4.1) are also obeyed by the partition function of d-dimensional CFT with
a source x turned on for an operator ¢ of dimension A = d — A on a Euclidean spacetime
with metric g;;
Zerrlg,x] = (20, (4.4)
which obeys (4.1) with an appropriate choice of A,.
However, several cautionary remarks are in order.

1. First, the anomaly polynomial that appears for even d in (4.1) is imaginary. Second,
the dimension of ¢ can be complex for sufficiently large mass. This can be seen from
the mass-dimension relation (3.50).

2. Second, it is possible to obtain correlation function of the stress-tensor and of the opera-
tor ¢ by differentiating Zcpr. In a local CF'T, such correlators obey various constraints,
including the constraints of cluster decomposition that follow from locality. Our anal-
ysis does not provide any reason to believe that the quantities obtained by functional
differentiation of Z with respect to the metric or y should obey such constraints.

3. Relatedly, the space of allowed Z’s has a natural vector-space structure since this space
is the space of states for a quantum-mechanical system. But a vector-space structure
is unnatural in the space of CFT partition functions since the linear combinations of
two partition functions of local CFTs does not, in general, correspond to the partition
function of any other local CFT.
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Therefore, although Z[g, x] obeys the same equations that are obeyed by a CFT partition
function, it does not necessarily correspond to the partition function of a unitary or local
CFT.

4.2 Coefficient functions as CFT correlators

We will now expand log Z[g, x] in the metric and matter fluctuations. This will give a basis
of functionals for the solution space, comprising those Z[g, x| that do not vanish in the limit
where g;; — 6;; and y — 0.3

4.2.1 Weyl transformation of the variables

So far we have considered the wavefunctional in the limit where the volume of the spatial
slice becomes arbitrarily large. Physically, we are interested in studying fluctuations about
an asymptotically de Sitter spacetime, where the metric on a spatial slice takes on the form
2
h 4w
which is a perturbation of the round metric on S% in coordinates z* rescaled with a large
Weyl factor w.
It may be seen from (4.1) that |¥[g, x]|? = | Z[g, x]|? is diffeomorphism and Weyl invariant.
The Weyl anomaly is imaginary so we have

29@'55” - AX(;; (Z19,X1219, X)) = (AaZlg, x]) Z1g, X]* + c.c =0, (4.6)

using that A} = —Ay.

Therefore, at the cost of an additional phase in the wavefunctional in even dimensions,
we can make a Weyl transformation of the physical fields and study the behaviour of Z[g, x|
in the regime where

9ij = (5,']‘ + Iihij . (4.7)

In converting the physical metric (4.5) to the form above, we have not only removed the
large factor w(z) but also made use of the fact that the round metric is related by a Weyl
transformation to the flat metric. This does not change the fact that the spatial slices are
topologically S¢ and in [15], we will utilize this when we place boundary conditions at || — oc.

The Weyl transformation that takes the physical metric g%hys to gi; also rescales the

X = < 2 )Axphys . (4.8)

1+ |z|?

matter fields according to

3When we introduce a norm on solutions [15], it will turn out that such solutions do not yield normalizable
states. For the present analysis, this issue is not relevant. In the next section, we will study a different basis
corresponding to functionals that vanish in the limit ¢g;; — J;; and x — 0. Those functionals are linear
combinations of the functionals studied here, and provide a normalizable basis for the Hilbert space.
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We will now study an expansion of Z[g, x| in powers of x and h as it appears in (4.7). This is
a convenient regime in which to study Z. If the value of Z is required in the physical regime,
the phase factor in the wavefunctional can always be worked out using the anomaly equation
and undoing the transformation from (4.7) to the original physical metric (4.5).

4.2.2 Expansion of Z

In what follows, it is convenient to introduce some notation. We write

Zlg, x] = exp [Z K'Gnmlh, . hox, o X]| s (4.9)

m,n

where we have defined multi-linear functionals, G, ,, that take n tensor fields and m scalar

fields as input and return a c-number.
gnm ARV O _.X(m)]

y ) (4.10)
- / djdz G, (7, 20 (1) - b ()X (z1) o X (2n)

l] —

The “coefficient functions” Gy m(y,2) depend on ¥ = (y1,...,Yn),Z = (#1,...,2m) and are
tensors with multi-indices i = (i1,...,n),J = (ji,---,jn) that are symmetric in the (iq, jo)
indices. Here ¥ = (¥, Z) is a collective symbol for all the coordinates in the equation. We

demand that these functionals G,, ,, be Symmetmc under the interchange of any two of the ()

or any two of the x*), which means that G 'm are symmetric under interchange of any two
z coordinates and the simultaneous mterchange of any two y-coordinates and the associated
tensor indices.

We will now use the relations (4.1) to derive constraints on the functions Gy, ,,,. A similar
analysis was performed in [51] for the Euclidean vacuum. The general strategy that we adopt
will be the following. Under an infinitesimal diff x Weyl transformation (4.2), h;; transforms
as )

5§,¢hij = HZ']' + Elij R (4.11)

where H;; = L¢hij + 2¢h;; is a piece linear in h;; and I;; = 8¢§k6jk + 8j§k5ik + 2pd;; is an
inhomogeneous piece that comes from the transformation of the background metric.
We then have the variation

Seplog Z =3 K"(0¢,p108 Z)pm, (4.12)

n,m

where we have collected terms according to the expansion in k:

(0¢, 0108 Z)pm =0+ 1)GrgimlL by oo by X - X+ 0Gnm[H by By X - X

(4.13)
+mGpmlh,...h,x,...X] .
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The constraint (4.3) then leads to identities that relate G,41,m to G, m. These identities are
derived in Appendix B. As a consequence of the anomalous Weyl transformation, we obtain
a “trace identity”

25”6*:{31 m (Us < 2 Z 8D —ya) + A 6@ (u— z,,)> G (5, Z) + Sm 0 AT (u, )
b=1
(4.14)

where
1 o

K" Shiygy (1) - - Shiy g, (yn)
is an ultra-local term obtained from the expansion of the anomaly Ay in the fluctuation,

Ad(u) (4.15)

A (u, ) =

which only appears for even d.
The invariance under diffeomorphisms leads to a “divergence identity”.

5% i 0 i1 o =
20,10 anfl m Z 9k {5@ — 25) G (7, Z)} (4.16)
b=1""b
+Z[ u—ya)Gi (7, 2)] + G (7, Z) (6307 0 %e.5je 0 )8 D (u —y )}
8ya G k Oyde k Qyia v

where in the bracketed expression, we use i’ and f' to denote the multi-index where (iq, ja)
has been replaced by (i), j.) for the current a in the sum. (See (B.27).)

4.2.3 Conformal symmetry of the coefficient functions

A special role is played by the combinations of diffeomorphism and Weyl transformations
that leave the background flat metric invariant. These are conformal transformations. Under
these transformations, the inhomogeneous piece in (4.11) vanishes:

2
gdijakg’f =0 , (4.17)

and corresponds to taking £ to be a conformal Killing vector.

Lij = 0" 00 + 056" 6u —

This imposes conformal invariance on the functions G. More specifically under a confor-
mal transformation ¢ — ¢, Z — Z’, we have

G2 (HR R ()Mo ) (T]AGH2) 62,7, (4.18)

where ‘
Ri() = A@)J),  Jh) = o AG) = et J@)[ L (419)

see Appendix B.3 for the derivation.

This shows that the coefficient functions G%m obey the same identities as connected CFT
correlators. We can write

G ,2) ~ (T (1) . T ()6 (21) - B ) R (4.20)
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where T is an operator of spin 2 and dimension d and ¢ is an operator of dimension d — A.*
The reason we put the subscript “connected” is because G ., are obtained by functional
differentiation of the logarithm of Z. The reason we write ~ rather than equality is to
indicate that the similarity between the two sides of (4.20) is only restricted to the fact that
both sides obey the same Ward identities. We reiterate that (4.20) should be interpreted
cautiously beyond this shared property.

4.3 Solution space and theory space

We have therefore reached the following conclusion. Say that we are given a set of functions,

{GT,.(7.9)} . (4.21)

for all values of n and m, which satisfy the Ward identities (4.14) and (4.16) and transform
under conformal transformations as (4.18). Such a list of functions uniquely specifies a valid
solution to the WDW equation when assembled together through (4.9).

Such a list can also be thought of as defining a “theory” with the caveats mentioned
above: this theory is a CFT but need not be unitary or local. Moreover, the list of correlators
(4.21) does not make reference to other operators in the theory beyond those that correspond
to fields in the physical spacetime. In this generalized sense, the space of solutions to the
WDW equation is like “theory space”.

4.3.1 Relation to the set of Hartle-Hawking wavefunctionals

The Hartle-Hawking no boundary proposal [1] provides a recipe of computing the wavefunc-
tionals that constitute the solution space. Hartle and Hawking proposed that the vacuum
wavefunctional should be computed by performing the Euclidean path integral on a mani-
fold with a single boundary. An alternative technique is to compute the path-integral with
boundary sources turned on for the same bulk theory in AdS and then continue the answer
to dS [2]. The latter technique allows for the easy inclusion of perturbative corrections to the
wavefunctional through the computation of AdS correlators.’

This computation produces a wavefunctional that we can denote by ¥gg, x| and which
satisfies the Wheeler-DeWitt equation. It explicitly has the general form we have deduced
above; the phase S is the analytic continuation of the divergent part of the on-shell action in
AdS and the wavefunctional is obtained by multiplying the phase factor with Zy[g, x] — the
analytic continuation of the partition function of the boundary CFT. Since the details of the

“From (4.9) and (4.10) it may be seen that the “correlators” differ from the conventional correlators,

(..TY ... ¢ Yeonv = ... % 6;1-]' %5@ ...]log(Z), since they are defined without a factor of %. So the

contact terms that appear in our Ward identities are slightly different even when g;; = d;;.

®As emphasized in [52], AdS correlators continue to the coefficient functions sz,m in (4.10) and not to
correlators on the late-time boundary of dS. These latter correlators are called cosmological correlators and
are discussed further in [15]. They must be computed by further squaring and integrating the wavefunctional
(see [53] for an example) or by means of the in-in formalism [54].
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coefficient functions that enter the partition function depend on the bulk Lagrangian, Ly,
we can represent this entire process schematically as

Lpux — Yolg, x] - (4.22)

The prescription (4.22) leads to an interesting observation. Consider a different bulk
Lagrangian, Ebulk but one which gives rise to the same phase factor and therefore has the
same holographic anomaly. It is possible to compute a second wavefunctional using this
Lagrangian:

f/bulk — ‘I’O[ny} . (4.23)

But since the coefficient functions inside Wy[g, x| and \Ilo[g,x] satisfy the same Ward
identities, both wavefunctionals are valid states in either bulk theory. The Hartle-Hawking
wavefunctional computed for the Lagrangian Ebulk can be thought of as an “excited state” in
the theory where the bulk interactions are specified by Lyy. Conversely, if one thinks of the
bulk theory with the Lagrangian Ebulk then it is \Tfo[g, x] that is the vacuum wavefunctional
and Wylg, x] that is an excited state.

Therefore the space of states contains the set of Hartle-Hawking wavefunctionals for all
possible bulk interactions that give rise to the same holographic anomaly. If one considers a
specific bulk theory, then this picks out a specific vector in this space as the one corresponding
to the vacuum. But the wavefunctionals for other bulk interactions are still in the state space;
they just correspond to non-vacuum states.

5 The “small fluctuations” basis for the Hilbert space

In this section, we describe an alternate basis for solutions to the WDW equation at late times
that is particularly convenient in the limit where Gy — 0. Although we use the adjective
“small fluctuations”, this basis spans the entire Hilbert space. We show, using this basis,
that as Gy — 0, the space of states we have constructed coincides precisely with the Hilbert
space constructed by Higuchi [4,8,9]. However, our construction also provides a procedure to
systematically correct Higuchi’s construction at nonzero Gy.

The basis we introduce in this section has the additional advantage that it will yield
normalizable states in the Hilbert space [15].

5.1 Basis of “small fluctuations”

In section 3 and 4 it has been shown that a general solution to the WDW equation is spanned
by wavefunctionals of the form

Ulg,x] = e exp[z n”gn,m} : (5.1)

n,m

where, as above, each G, ,, takes the form of a conformally invariant “coefficient function”
integrated with the fluctuations of the metric and the matter fields. The coefficient functions
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must obey a set of Ward identities and can be identified as correlation functions of n-insertions
of the “stress tensor” and m-insertions of a scalar operator with dimension d — A in a non-
unitary conformal-field theory.

Here, and in what follows, we do not display the arguments of G, ,, to condense the
notation. It is understood that all n tensor arguments correspond to the metric fluctuation
hij and all m scalar arguments correspond to the matter fluctuation x.

Consider a state with a specific choice of functionals, Gy, ,,. Now consider another set of
functionals Q~n7m, which also satisfy the Ward identities of section 3. Then the combination

g?z\,m = (1 - A)gn,m + Agn,m ) (5.2)

also satisfies the identities of section 3. The linear combination chosen above ensures that Q;)m
satisfies the Ward identities with the same trace anomaly term. Therefore, the wavefunctional

Ualg,x] =€ eXP[Z ﬁ"gé,m} : (5.3)
n,m
also satisfies the WDW equation asymptotically. Since the solution space is linear this means

that
oV, [g, x|
o\

=> K"(Gnm = Gnm) W9, ] (5.4)
A=0
is also a valid state. The combination above will appear frequently and so we define the
notation

= n|m' /dyd 5Gnm(377 )hlljl(yl) hinjn(yn)X(Zl)---X(Zm) :

We can think of the states (5.4) as corresponding to “small fluctuations” about the base
state ¥[g, x]. Nevertheless, states of the form (5.4) provide a complete basis for the Hilbert
space provided we consider all possible changes G, ,,. We can refer to this as the “small
fluctuations” basis for the Hilbert space.

The construction above can be performed about any base state but to make contact
with the existing literature we will, henceforth, choose the base state in (5.1) to be the
Hartle-Hawking state, Wy[g, x]. The basis above then naturally corresponds to the basis of
fluctuations about the Euclidean vacuum.

A few comments are in order.

1. Naively, it might appear possible to take the functionals G, ,, and QNnm to coincide for
all value of n, m except for some particular values of n = ng, m = mg. However, this is
not possible as both sets of functionals must satlsfy the Ward identities. This relates
the longitudinal components and the trace of gnH m to gn m for each n, m by equations
(4.14) and (4.16). Therefore

5Gum #0 = 6Gni1m #0. (5.6)
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2. Nevertheless, note that the right hand side of (5.6), 0G,+1,m is not completely fixed by
the left hand side, 0G,, ,, This is because the Ward identities only fix the longitudinal
components and the trace in §n+17m. Except for n+m < 2 there are an infinite number
of possible ways to satisfy the Ward identities.

3. On the other hand, the Ward identities do not prevent the possibility that 6G,, ,, = 0
for n < ng,m < mg for some choice of ng, mg but that 6G, ,, # 0 for other values of
n,m. This might appear slightly puzzling since, in a CFT, all higher-point functions
are fixed by three-point functions. However, the coefficient functions can be thought
of as correlators of “stress-tensor” and the operators dual to the matter fields. The
wavefunctional does not directly contain terms that correspond to correlators of other
primary operators. Within this restricted class of correlators, it is usually possible
to change higher-point correlation functions without changing lower-point functions
although some correlators such as the three-point function of a stress-tensor and two
scalars are completely fixed in terms of lower-point functions [55].

5.2 The nongravitational limit

The basis above is particularly convenient in the nongravitational limit. When x — 0, the
constraints imposed by the Ward identities become trivial. As we show below, this allows us
to obtain a precise correspondence with Higuchi’s basis [4] of dS-invariant states.

Consider two sets of functionals 6G,, ,, and ,C’jn?m which differ for some particular m = my
at n = ng but coincides for all lower-point correlators:

0Gnm =0, ¥n < np; 0Gnem =0, VYm #my , 0Gnomo # 0 . (5.7)

The Ward identities imply that the higher-point functionals cannot coincide. However, all of
these come with a higher power of k. Therefore we can consider the state

1 9%,[g,x]

o on |y, OGnemo + O() ¥lg. ], (5.8)

which clearly has a good limit as k — 0. The notable feature above is that all the higher-order
terms in (5.4) have disappeared.

It is useful to recast this in slightly different notation. Representing the Euclidean vacuum
by |0), and choosing the wavefunctional ¥[g, x| to correspond to this state, we see that the
set of states that satisfy the constraints in the x — 0 limit can be written as

[Wng) = /dﬁd%G?,m(zZ D)hiygy (1) - - P (Un)x(21) - X (2m)[0) - (5.9)
Our conclusion can be summarized in the following two points.

1. The set of valid states in the nongravitational limit can be obtained by studying grav-
itational and matter fluctuations at late times, integrating them with a conformally
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invariant function on the late-time slice and acting on the Euclidean vacuum. This
function is the difference of any two functions that obey the Ward identities of section
4.2.2. So it also obeys the Ward identities but without an inhomogeneous term.

2. The smearing function in (5.9) is not arbitrary and is constrained by conformal invari-
ance. This means that, even in the nongravitational limit, the effect of the constraints
does not trivialize. This is consistent with the idea that when one takes the zero-
coupling limit of a gauge theory, it is still necessary to impose the Gauss law on the
Hilbert space.

Examples of states in the nongravitational limit: We now provide a few examples to
help elucidate the idea above. To lighten the notation, we provide examples of states obtained
by the action of matter-sector operators. It is simple to generalize this to consider states of
gravitons, which exist for d > 2.

Conformal symmetry sharply constrains the Hilbert space at small “particle number.”
Here, by particle number, we refer to the number of fields that must act on the Euclidean
vacuum to produce the state. There is a unique two-particle state with gravitons or with
matter excitations corresponding to the fact that the two-point coefficient function is fixed up
to an overall constant. Similarly, there is a unique three-particle state with scalar excitations
and two possible three-particle states with graviton excitations. There exist an infinite number
of four-particle states parameterized by functions of conformally invariant cross ratios.

1. Two-particle states. The unique two-particle matter state has the form

1

IXx) = /ddﬂﬂldd@ 5
|21 — a2]X

Ty X(@1)x(%2)[0) - (5.10)

Similarly, for d > 2, one can construct nontrivial two-particle states of free gravitons.

2. Three-particle states. The three-point function of scalar operators is also fixed
uniquely by conformal invariance up to an overall normalization. Therefore, we find
the unique three-particle state

1
X
|21 — 2o|9B|zy — 23| Bz — a3|d—2

(z1)x(z2)x(23)[0) .
(5.11)

oo = / 021 dadtas

3. Four-particle states. Four-point functions that satisfy the Ward identities are unde-
termined up to a function of the conformal cross ratios. There is an infinite number of
four-particle states that can be written in the form

L1234 T12T34 _2(d=4)
o) = / de, .. .ddm@(, ) [Tleil 5 x(e)x(@2)x(@s)x(@0)]0) |
T13T24 T23T14 i<i

(5.12)
where @) is an arbitrary function.
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Apart from graviton excitations, it is also possible to consider states with both graviton
and matter excitations. These can be constructed using a procedure similar to the one above.
There is no state with one graviton and two matter particles. This is because, as noted above,
the corresponding correlation function, including its normalization, is completely fixed by the
Ward identities and the two-point matter correlation function [55].

5.3 Correspondence with Higuchi’s construction

We now show that the x — 0 limit of our construction described above corresponds precisely
to Higuchi’s construction of the Fock space for weakly-coupled gravity in de Sitter space. For
simplicity, we discuss Higuchi’s construction for a scalar field.

5.3.1 Review of Higuchi’s proposal

So far, we have been careful to discuss the metric and fields only on a single Cauchy slice.
To make contact with Higuchi’s construction we will briefly discuss the properties of fields in
spacetime.

Consider a quantum field theory with a scalar field of mass m, x, propagating in a
background de Sitter geometry with spacetime metric

4dx?

ds® = —dt? h2t dO3?: a2 = ———" .
S 4+ cos ; P! (1+ ‘$|2)2

(5.13)
Then x can be expanded in terms of solutions to the equations of motion that, at late
times, have the asymptotic behaviour [39, 56]

A A
a1+ |z A (T4 2P\
Xphys(t,ﬂf) t;)O e At < 2| | > X(ﬂf) +e At ( 2| | ) X(x) ’ (514)

where A and A are the two solutions of the equation (3.50). We are interested in the operator

—A
. 14 [z
— A e bl B phys
X(@) gge( ) e (5.15)
which is well defined even when A has an imaginary part since even in that case the expression

(A=At (142 A-a
2

X(z) can be neglected by the Riemann-Lebesgue lemma. These rescaled
late-time operators are precisely the ones that we have been studying in the previous sections.
This can be seen by comparing (5.15) with (4.8).

Starting with the Euclidean vacuum we see that states of the form

Wm®=/MM@WM~%@M® (5.16)

span the Hilbert space in a nongravitational QFT where v is a square-integrable smearing
function. More details and an oscillator construction can be found in [8,9,39].

When the theory is coupled to gravity, it is necessary to impose the gravitational Gauss
law even in the limit of arbitrarily weak coupling. The Gauss law requires that states be
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invariant under the de Sitter-isometry group SO(1,d+1) [3,6,7]. This constraint can also be
derived by integrating the Hamiltonian constraint (3.4) with the Killing vectors of dS. But,
except for the vacuum, no state of the form (5.16) satisfies this constraint.

Higuchi’s proposal [4] was to consider the space of states obtained by “averaging” such
seed state over the de Sitter isometry group

) = /dUU!\I'seed> : (5.17)

where U is the unitary operator that implements the action of the de Sitter isometries in the
quantum field theory and dU is the Haar measure on this unitary group. By construction we

now have

Ulw) = |0) (5.18)

for the action of any unitary element of the symmetry group.
The states |¥) are not normalizable in the original Hilbert space but Higuchi proposed a

modified norm

1
vol(SO(1,d + 1

(\117 \Ij) = )) (\Il|\Il> = /dU<\pseed|U’\Pseed>- (519)
In [57], it was shown that this procedure can be understood in terms of imposing the equiv-
alence relation |WUgeeq) ~ U|Wseeq) on the original Hilbert space. The final Hilbert space of
equivalence classes is the same as the Hilbert space obtained by Higuchi’s construction.

5.3.2 Invariance of states under SO(1,d + 1)

We now show that the states (5.9) that we have found in the nongravitational limit are
invariant under the de Sitter isometries. To simplify the notation, we restrict to scalar states
of the form

o) = /dfaao,m(xl, o e)x(@) - x(@)0) - (5.20)

The inclusion of graviton states is simple but just requires us to keep track of some additional
rotation matrices below.

The de Sitter isometries map the late-time boundary back to itself and act as conformal
Killing vectors on it. (See [58] for a pedagogical explanation.) Their finite action at late times
can be read off from (5.13) and is

. . } ~ 1 512
translations : 7' = 2" + ¢, t=t+log (L+ |x]2);
(1+|zf?)
rotations : ' = Rijxj, t=t; (5.21)
o i : - 1+ 2
dilatations : ' = Az’ t=t+1o :
S0+ [2?)
A i Qi|2 R 14172
SCTs: Z7° v = | t=t+log (1 +[2)

T 1-208-a) + |8
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where ¢’ and 37 are constant vectors, R’ ; is a constant rotation matrix and A is a real number.
Here we have neglected terms that vanish exponentially in ¢ since such terms are unimportant
on the late-time boundary. We note that the transformations above satisfy

- 1+ 22
t—t __
et = Ax) TH (5.22)
where 1/
0TI\ |~
Az) = det( aﬂ) (5.23)

Using (5.15), we see that the unitary operator that implements this transformation on the
fields acts as

Ux()UT = A(2)®x(x) . (5.24)
Therefore, using the transformation of 6G under conformal transformations as given in (4.18),
the state above transforms as

Ulw) = /ddfcl A 6G (s B UNE)UT - U (@m)UT0)
_ /dd{il o d%m, (H A(xi)dfﬁ)aa(xl, e z) (JTA@)2) x(@1) - x(@m)|0)
=1 =1

_ /ddm o d 8G (w1, )X (1) - X (@) [0) = | D),
(5.25)

and is therefore invariant. In the equalities above, we have used that d?z = A(x)~%d%z which
ensures that the eventual expression has no factor of A.

5.3.3 Lifting seed states

It is also possible to obtain the seed states corresponding to (5.9). The intuition is that
the expression (5.9) has an implicit integral over the conformal group that can be pulled
out to yield the seed state. This relies on the geometric observation that, in any number of
dimensions, the conformal group can be used to fix three points leaving behind an unfixed
SO(d — 1) that leaves those three points invariant.

This can be made precise by considering the quantity

f(x1, 9, 23) = / Dy 6D (g1 — y21)6D (29 — y22)0D (23 — va3) | (5.26)
SO(1,d+1)

which must be invariant under an arbitrary conformal transformation xj, — vz by invariance
of the Haar measure D~. This is a conformally invariant function of three points and hence
must be a constant, which can be normalized to f(x1,x2,23) = vol(SO(d —1)). From this we
obtain the identity

1= M /So(lde) Dy 8D (zy =y 21)6 D (g — 4 )6 D (25 — 4 23)

< (A1) A(z2)A(ws)", (5.27)
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using 6D (z — yz) = 6@ (2 — 4y~ 12)A(x)%
Inserting this in the expression (5.20) removes the integrals over xj, o, z3 and gives

1
V) = eS80 =1)) Dy [ d%ey...d%m 6G (v a1,y a2,
) vol(SO(d — 1)) /So(lvdﬂ) ’Y/ Tg.. 47w (Y, e,y T B3, Ty T

< (A1) A(@2)A(ws) X (v e x (v 82)x (v 3)x(24) - .. X (2m)]0)

1 / d d S —d N A A~ N
= Yol(SO(d — 1)) D’Y/d:ﬁd:vm A(z; 6Gm(Z1, 22,23, T4y, Tm
vol(SO(d — 1)) Jsoa,d+1) 4 (211 (x:)7) (21, %2, %3, 74 )

X Ux (@)U Ux(&2)U " Ux(&3)U ' Ux(&4)U ... Ux(&m)U[0)
1

= vol(SO(d— 1) D 3 d~m m(Z1, T2, T3, T4, ..., Tm
VO](SO(d—l)) /So(l,d—‘rl) ’7/d x4 ATy, 0G ($17x2ax37x47 , L )

x Ux(21)x(22)x(23)X (1) - - . X(Zm)]0) ,
(5.28)

where in the second step we have applied « to all the variables and used the conformal
transformation properties of dG,, and x to simplify the answer.
We recognize that this takes the form of a group average

|‘P>=/DUU|\I'seed> : (5.29)

where the seed state is given by

’\I/seed> = ddac4 con dda:méGm(aﬁl, i’z, i"g, T4y ,xm) (5.30)

1
vol(SO(d — 1)) /
xx(21)x(Z2)x(23)x(24) - - - X(21)[0) -

As a result, we obtain a valid seed state by simply fixing three points to arbitrary positions
21, %9, %3 and dividing by the volume of SO(d — 1). A convenient choice is to take &1 =
(0,...,0),32 = (1,0,...,0), 43 = .

6 Discussion

In this paper, we studied solutions to the WDW equation in asymptotically de Sitter space. A
natural clock in de Sitter space is provided by the volume of the Cauchy slices. We found that,
in the limit of large volume, all solutions could be written as the product of a universal phase
factor multiplied by a diffeomorphism-invariant functional with simple Weyl transformation
properties. This result is derived in section 3 and we argued that the structural form of the
solution is valid at all orders in perturbation theory. The Euclidean vacuum is well known to
have these properties but the new result is that all states in the theory have these properties.

In section 4, we showed that a solution could be specified by providing a list of coefficient
functions that obey the same constraints as correlation functions of a CFT. These functions
are related to one another by Ward identities. A specification of these functions provides a

— 31 —



complete description of the state but it can also be said to specify a “theory”. In this sense,
the space of solutions to the WDW equation is similar to theory space.

In section 5, we rewrote these solutions in a basis of “excitations” about the Euclidean
vacuum. Here, each solution is written as a series of multilinear functionals of the metric and
other fields multiplied with the wavefunctional for the Euclidean vacuum. These excitations
must again obey the constraints of conformal invariance and the Ward identities. It is shown
in section 5 that, in the nongravitational limit, these states reduce to those constructed by
Higuchi through “group averaging”. Therefore, our procedure not only provides a systematic
justification for Higuchi’s result, it specifies how the result should be generalized away from
zero gravitational coupling.

In our analysis, we have assumed that the Cauchy slice has the topology of the sphere
S?. From a technical perspective, there does not appear to be any immediate obstruction to
generalizing our asymptotic solution to alternate topologies but some of the interesting physics
might require us to go beyond perturbation theory. It would be interesting to examine the
effects of change in topology and to understand whether a nonperturbative analysis reveals
additional restrictions on the Hilbert space.

In an accompanying paper [15], we describe a norm on the space of solutions to the WDW
equation. The norm we propose is to simply average the square of the absolute value of the
wavefunctional over the space of all possible metrics and matter fluctuations. In [15], we show
that the states examined in section 5 yield a normalizable basis for the Hilbert space. We
also show that this prescription for the norm reduces, in the nongravitational limit, to the
group-averaged norm proposed by Higuchi but differs at finite .

In [15], we define and study “cosmological correlators” in a gravitational theory. We find
that these correlators display a remarkable property: knowledge of cosmological correlators
in an arbitrary small region of the late-time spatial slice suffices to fix them everywhere, even
in an arbitrary state. This result relies on the observation that all states, and not just the
FEuclidean vacuum, are covariant under scale transformations and translations. This provides
a generalization of the principle of “holography of information” — previously explored in AdS
and in flat space [11,59-64] — to asymptotically de Sitter space.

One interesting implication of our analysis is that all states in the Hilbert space share the
symmetries of the Hartle-Hawking state. The inflationary era was presumably described by
a state from this Hilbert space. On the one hand, this strengthens arguments like [65] that
are based only on symmetries. But it makes the effort to extract early-universe physics from
inflationary correlators [66] more interesting since one must contend not only with inflationary
physics but also the possible states of the system.
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Appendix
A Wheeler-DeWitt expansion

In this Appendix we include technical details about the asymptotic expansion of the WDW
equation and its solutions described in section 3.

A.1 Rewriting the constraints

We first explain how to rewrite the constraints in terms of intermediate variables to make the
asymptotic expansion manifest. The original Hamiltonian constraint is

252 i 1
H = e (Wij” ! - d—17T2> - 272(R — 2A) + Hmatter + Hint - (A1)
We define new variables €2,~;; and x by the relations

9ij = Qz%‘jv X = Q_AO, detv;; =1 (A.2)

and they can be written in terms of the original variables as

1

— 1/2d P . — A/2d
Q = det(g) /", Yij = det(g)l/dg”’ O = det(g) X - (A.3)
Their variations are then given by
1 ..
(59 = ﬁggwdgzj <A4)
_ 1
&y = Q72 (5% - dgijgk%gu) (A.5)
1 -
00 = 55 A0g"6gi; + Q%6 . (A.6)
From the identification
o o o o o
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we obtain the differential operators

y 0 1 1) 0 0 1 . 0
it = Q— +AO 0 — =y ype— A8
= gy 2d? ( 50" 5o> * <5%J ' 'Waw) o (A8)
0 0 1 0
T = i Q— fA —, A.
TS T 270 950 (8.9
. ) A0
imy = x =Q 50 (A.10)
We see that what appears is the traceless differential
g ) 1 .. )
00 =072 — = p— ] . A1l
g (5%]' d’ %%%) (A-11)
A useful fact is that it can be written in terms of the original metric g as
. ) 1 .. i)
5 — — gy — . A12
9" 5gy d’ IR S gt (A.12)
The momentum then takes the form
1 ) 0
it = QO—+A i Al
=0 ( 50 050> 9 (A.13)
and so the kinetic piece is
| 1 5 5 \? g
Gl — ——n?= ————(Q A — Gikg;00 okt A.14
T T T T ddd - 1) < 50" an) Jik9jt0q % (A-14)

using the tracelessness condition gijéz]j = 0 to cancel off-diagonal terms.

Now note that the Hamiltonian constraint, (A.1), involves a composition of two such
differential operators. This yields terms where the second differential operator acts on the
variable coefficients that appear in (A.8) and produces the divergent expression, §(0). Such
terms can also arise if the second-order functional derivative acts on a local expression. We
discuss these terms further in Appendix A.2 but we drop these terms for now. As explained
in subsection 3.2, this issue does not affect our leading-order analysis.

The Hamiltonian constraint is then

H:L“Q 1(95+A05>2— G009 57 —L(R—zA)JrH +H;
02 | 4d(d—1) " 50 50 ) ~IkIit% % | T 5 matter 7 THint
(A.15)
and for a scalar field we have
H _ (L 2Jrl(ija- 9; 2 A.16
matter 29 <5X> 9 g iX ]X+m X ) . ( . )

We obtain the form given in (3.15) after rewriting the second term in the bracket in terms of
7i; using that

54 5 (0 L J 0Lk J
Gikgje0g = Yik7Vje 57ij d’Y 'Yab b Fa d'y '7cd670d

1 d O
= ik Yo — —Yii _—. A7
(7 K= 2 J’Yk:ﬁ) 57 vt (A.17)
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A.2 Normal ordering prescription

We describe a natural choice of normal ordering prescription that gets rid of the §(0) terms
appearing at leading order when acting with the Hamiltonian constraint on an asymptotic

v=¢7 = F= /dd ( 1)+b > (A.18)

where ... corresponds to subleading pieces in our asymptotic expansion.

wavefunctional

The leading contributions come from the derivatives with respect to the Weyl factor. We

can choose the normal ordering prescription

252 1 5 ) 1 ) )
= (ol ta0l ) (ol sa0l Al
" 4d(d—1)Qd< 50 an)ad( sa " an) (A-19)

A

62 1
A Laa—-d) Zm202802
+K/2 Q 502 + Q O + Hsub 5

where Hgyp corresponds to terms that are subleading when acting on ¥. For the matter we
choose the normal ordering

) ) 0 ) 1
O@ 3 <050 + 500) O@ + 5(0) (A.20)
Recalling that /g = Q4. it is clear that the choice of ordering cancels the §(0) appearing in

the leading gravity piece. At leading order in the matter sector, we have

TH: U _ 2k2 2 (. 6Xy4 A . _d
i A Zb55

= —m§5(0) 0d 0),

which vanishes since bg = —%.

The contribution of second order derivatives on subleading terms in the gravitational
and matter part of the solution produces terms that compete with the remainder term in
(3.13). Therefore, these terms are important for understanding finite-time physics but not
for the asymptotic form of the solution. This is to be expected since finite-time physics should
depend on the details of the UV-completion whereas the form of the Hilbert space can be

determined more easily.

A.3 Anomaly in d =4

For pure Einstein gravity, the term X;_4 satisfies the equation

(SXd_4 _ 2;%2 o ij ke 1 (SXd_Q 2
0= = - (MW(% Xg_2)(6} Xd_g)—4d(d_1) 0= . (A.22)
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Using that 6§j it the traceless part of the variation with respect to g;;, we see that

L 1 1
Xy 9= RY — —¢YR A.23
so that we have
ij e Q> S
9irgje(07 Xq2)(05 Xa—2) = =3 RiyR? — <R ) . (A.24)

The second contribution takes the form

1 <Q<5Xd2
_ 1)

2
1
=———Q¥R? A2
59 ) T6d(d— et~ (4.25)

4d(d
and so the equation becomes
5Xd_4 1 . d 9
Q = iR — ——— . A2
5Q 2(d—2)252\/§<R]R 4(d — 1)R (A.26)
In d # 4, this equation can be integrated to give
1 g d
Xgg=— d? Rj;RY — —— R? A.27
d-1 2(d—2)2(d—4)m2/ “"‘@( J A(d—1) ) ’ (4.27)

which matches with the holographic renormalization results, see e.g. (B.4) in [44].
In d = 4, we obtain the equation

{ 5O _852\@ (RURJ - 3R2> ) (A.28)
which leads to
5 . , ; 1
Qmel‘xo = .A4€ZX0, Ay = —é\@ (Rin” - 3R2> . (A.29)

We recognize the trace anomaly equation for the CFT partition function Z = e*¥0. The
anomaly can be written as

1
Ay = @\/ﬁ(—aEA‘ + Wapeg W) (A.30)
using the Euler density and Weyl squared curvature

Ey = RapegR™ — AR, R + R? |

1 (A.31)
Wabchade = RabcdRade - 2RabRab + gRZ )
with the anomaly coefficients
. 9 .
1T s
TCT T2 T TGN A.32
= K2 8GN ( )

This is, up to the factor of —i, the anomaly of a holographic CFT, obtained using holographic
renormalization in AdSs [38].
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A.4 Subleading matter term
The subleading matter term Yjz_» is determined by the equation

2 0 1) bs 9 1 .

— | gij— +bgx— | Y5.0— ——R —g”0;x0jx = 0. A.33

\/g(gzjégijjt 5X5X) b2~ Sy X T 970X (A.33)
An ansatz for the solution is to take the local and diffeomorphism invariant functional

Ys_o=a1 /ddx \/§Rx2 —i—cz/dda: ﬁgijaixajx, (A.34)

~~

i 11

where ¢ 2 are undetermined coefficients. These functionals I and II have been chosen due to
their Q92 = Q4222 gcaling. Defining

gij O X 6
0 === , 0y = =— A.35
L VG069, * T Vg ox (459
we have the formulae
gij 0 /dd 2 (d ) 2 2
== x\gRx*=(=—1)Rx*—-2(d—-1) (Vx)* + xOx) , A.36
s | Vi . (@-1 (V0P +xT),  (A30)
511 = 9”5 dhe /G500 = (& 2
1= x \/§9 81X8]X =(z-1 (VX) 5 (A37)
V909 2
5ol = i— / %2 JGRX? = 2R\, (A.38)
0ol = /ddx 99" 0ix0;x = —2x0y . A.39
oIl = o5 [ d'e Vagoud; (4.39)
Our equation now becomes
1 b
81 4 bsba) (1] + eoll) = —=(Vy)? i 2, A4
Requiring that the xyOx term cancels out from the left side gives
d—1
— 2(d — 1)61 — 2b5€2 =0 — Co = —( b )Cl . (A.41)
B
Matching the coefficients of Ry? on both sides then gives
d—2 b
— +2 = ——. A.42
Cl( 7 " bﬂ) A(d—1) (A-42)
Solution to above equation gives ¢; and the proportionality gives co as
b 1
= =, A.43
“ 2(d —1)(d — 2 + 4bg)’ 2 2(d — 2+ 4bg) ( )

We can see that this choice also matches the coefficient of (Vx)? on both sides, meaning the

system of equations was overdetermined, albeit with a solution. Substituting by = —A/2
from (3.44) we have,
Y5 :—1/ddxf GO+ Ry?). (A.44)
B—2 2(d—2—2A) g\ 97 oix0o;X 2d—1) X
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B Derivation of the Ward identities

In this Appendix, we derive the Ward identities for the coefficient functions. We have

Z[g,x] = exp Zn"gmm[h,...h,x,...x] , (B.1)

m,n
where we remind the reader of the definition of the multi-linear functionals, G, ,, that take n

tensor fields and m scalar fields as input and return a c-number. They are defined as

Grm[P D, . R D ()] (B.2)

1 A S n m
= —— / dlyy . dlynd®z ATz, G, DR () - )X (1) - X ()
so that
- 5” (Sm
GhI Gnmlhs .o hyx, - x] - (B.3)

n,m _‘72_’ =
) = S ) R () X)X (o)

Under a diffeomorphism and Weyl transformation, we have

Se.p9ij = Vi&j + V& + 20gij, SeppX = E'0ix — Apx (B.4)

so that h;; transforms as

kbhij = kHyj + Lij (B.5)
where
Hij = Lehij + 20hij,  Tij = 0:€° 60 + 0;6"0u + 20045 (B.6)
and the definition of the Lie derivative gives
Lehij = Ophij + 0; by + 0,6 hay, . (B.7)
We then have the variation
dew) 1082 =D K" (O(e ) 108 Z)nm (B.8)

where we have collected terms according to the expansion in x:

(Oep) 108 Z)nm = (n+ D)Gnirmll, by by oo X +0GnmlH by X, - x] (BL9)
+mGpmh, ... h,0x, ... X] .

The Weyl and diffeomorphism invariance can be summarized by the identity
Oep) log Z = / 'z p(x) Aa(z) . (B.10)

That this is equivalent to the equations (4.1) can be proven by taking the functional derivatives
with respect to ¢(z) and &g (z) . This follows from the fact that

o 0 0
— log Z = <2gl~ — Ax> log Z , B.11
So(x) (&) ]59@' % ( )
1) 19

e log Z = <—2\/§vi

s
+ g”@l-x> log Z .
65 (x)

V9 69 ox
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B.1 Trace identity
The trace identity is obtained by considering only a Weyl transformation. Under this we have
Hij =2¢hy,  ILij =290,  dpox = —Apx . (B.12)
As a result, we get
(6p10g Z)pm = 2(n+ 1)Gni1.mlpd, by - oo By X ooy X] 420G 0 moh, By oo By X -y X
—mAGymh, ... hooX X, -5 X] - (B.13)

We can expand the anomaly in the k to get

=305 [ A o D ) B () (B.14)

n

This defines the coefficients A ( ) which can be recovered as the functional derivative
7= =
’ (5hi1j1 (yl) .. '5hinjn(yn)

As A4(z) is local, these coefficients are ultralocal, in the sense that

KA (2 Az . (B.15)

A (2,7) = A (@ HM — (B.16)

- -

where A% (z) are the coefficients appearing in expanding Ag(z) in the metric.
The Weyl transformation equation then becomes

1 - .
(0plog Z)pm = 5m,05 /dda:ddyl . dy, (@) A (2, 9)hir, (Y1) - - hingn (Un) - (B.17)
To obtain the relations satisfied by the coefficient functions G%jm(gj, Z), we take n functional
derivatives with respect to the metric and m functional derivatives with respect to the matter.
For the LHS, we get

o om
5,10 an:Q/ddx 5i G;Wm j, 7
ST ) - S (o) ) -G O 108 D), #(@)0i Gty m (7, 7)
+2(py1) + -+ 9(yn) = Alp(z1) + - + ¢(2m)] Gl (7, 2) - (B.18)
The equality with the RHS implies that
o om

5,108 Z)nm = 6m /dd A (2. 7) . (B.19
ST 1) - ST (o) SX ) - Xy 02 108 D = O [ () A (@, §) - (B-19)

Equating these two expressions and taking the functional derivative with respect to ¢(z) gives
the trace identity

26,,GIIT  (2,5,7) = (—22 0N —ya) + A 6@ (2 — z@) Gid (7, 2) + Smo A (2,7) -
a=1 b=1
(B.20)

— 39 —



B.2 Divergence identity

Under a diffeomorphism we have

Hij = Lehij = € 0khij + 0,6 hij + 0;6" hiy, (B.21)
Lij = Lebij = 0it™ 65 + 9, 6 (B.22)
Sex = Lex =& Orx - (B.23)
The Ward identity is
Selog Z =0 , (B.24)

which we expand as

0= (6¢log Z)nm = (n+ 1)Gni1ml[Led by hy X, oo X+ nGum[Leh, by oo Ry X - X]
+mgn,m[ha---ah7£§X7X7"'7X] . (B25)
As above we take functional derivatives and obtain
o om

0= oclog Z)nim B.26
ORiyj, (y1) - - - ORiy 4, (Yn) 5X(2’1)...X(zm)( ¢log Z)n, (B.26)

AT N 7 (7 7
= 2 [ @50 @G (05.2) — 3 5 (€ )G (7.9)
b

+§j[

where in the bracketed expression, we use the notation

(6 () G (7, 2)) + (820,672 (ya) + 6% 0y, €7 (9)) G (6,2) |

=

( 7] ) (ilvjl"'Z.(l*hja*lai:;ajéviaJrl?jaJrl"'in7jn) (B27)

for the current a in the sum. We now take the functional derivative with respect to £¥(x)
which can be done by simply replacing &(z') by 5£6(d) (z — 2'). This leads to the divergence

identity
ZZ, — - a d z? —
i (7. 2)] + G (7, 2) (0% o7 O | sirgia O 5@
+§j[ (& y) Gl 7, 2)] + G5, 2) (038 o+ 930 5. )80 = )|

B.3 Conformal symmetry

The conformal symmetry is obtained by combining a diffeomorphism £ and a Weyl transfor-
mation with ¢ = —0,&%/d so that

2
Lij = 0:€ 61 + 0;6" 64 — E(Sijakgk =0. (B.29)
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This is achieved by taking £ to be a conformal Killing vector on the sphere. We then have
k k k 2.k i Ak
Ohi; = Hij = € Ohij + 0i& iy + 0;€ hig — — 0k hij,  Ox = E'0ix + —h&x . (B.30)
The variation of log Z doesn’t mix different terms in the expansion as I = 0. So we get

(0log Z)pm = nGnm H, b,y ... hyx, ... X] + MGpmlh, ... h, X, ... X] , (B.31)

and the constraint gives

1 K}n Z# .
(0log Z)pm = —dém 07 /ddxddyl dy, (9k§k(x)Ad’] (, P ki (Y1) - - hinjn (Yn) - (B.32)

Taking successive functional derivatives gives
s m
Ohiyjy (Y1) --- 0Ny, (Yn) 0x(21) - - - x(2m)

=3 [(65 03,6 (wa) + 63 0 € (9a)) G (7. 2) —

(61log Z)nm

[ )G (7.9] = 508 (00) G (7.

o B o A -
3 [~ s F [ GG D] + S0 ()G @ 2] |
b

Py 0z
- RN 2+d P o i U S
= 30 [~ w0 g G52 — =G5 2) + (8067 () + 00,6 (1)) G 7. 9)
a=1
= 9 L. A—d T A
+ 30 [~ ) g G5 2) + =0 )G 2
b=1
(B.33)
Ignoring the anomaly which is ultralocal, we get the conformal Ward identity
- O ii oo 24d g7 i j jo . ¢i 77 =
0= Z [_gk(ya)akG »J (T, Z) — 76' J (T, 2) + (52.,;’8%5% (ya) + 6;,16%5 “(Zm)) anm(y,z)]
a=1
L A-d 77 o o
+ Z [ €"(=) —G” (0, 2) + ———0hE" (2) Gl (3 z)}
(B.34)
Under a finite conformal transformation z — 2/, the Jacobian is
) ax/i
Jh(x) = — B.35
@) =5 (5.35)
and the scale factor is defined as
A(z) = |det J ()| (B.36)
The rotation matrix is defined as
Ri(x) = Aa) Jj (x) | (B37)
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so that it satisfies det R = 1.
The finite conformal transformation takes the form

n

Gl 2) = (TT Rl ) B () Awa)) (TT A2 Gl (7,2) (B.38)
b=1

a=1

We can check that this is the integrated version of the conformal Ward identity by expanding
infinitesimally. Under an infinitesimal conformal transformation, we have

, 4 . 1
T, = T +E(Ta)+. . ., Ji(x) = 065 +0p&(x)+. .., A(z) = 1—g8k§k(a:)+... , (B.39)
so that we get

2+
d

Giln(@.2) = T (03 + 00,6 (52)) (07 + 01,6 (va) (1 -

a=1

JI(1+ 27 0 ) 69,

dakf’%ya)) (B.40)

which reproduces at linear order the conformal Ward identity (B.34). This shows that (B.38)
is the finite conformal transformation properties of the coefficient functions.
We note that the coefficient functions have the same symmetries of a CFT correlator:

GH (5, 2) ~ (T () . T () (1) .. dzm) b (B.41)

where ¢ is an operator of dimension d — A and T% is an operator of spin 2 and dimension d.
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