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RELATIVE MODULAR OPERATOR IN SEMIFINITE VON
NEUMANN ALGEBRAS AND ITS USE

ANDRZE] LUCZAK, HANNA PODSEDKOWSKA, RAFAL WIECZOREK

ABSTRACT. We present some results concerning the relative mod-
ular operator in semifinite von Neumann algebras. These results
allow one to prove some basic formula for trace, to obtain equiv-
alence between Araki’s relative entropy and Umegaki’s informa-
tion as well as to derive some formulae for quasi-entropies, and
Rényi’s relative entropy known in finite dimension.

INTRODUCTION

In the paper, we investigate the relative modular operator in semifi-
nite von Neumann algebras. In finite dimension, this operator is
bounded and expressed in an easy way by means of the density op-
erators. In infinite dimension, the relative modular operator is un-
bounded and its connection with the density operators which can, in
general, be also unbounded, remained unclear. In Sections [3 and 4]
this connection is established giving a compact formula for the rel-
ative modular operator in terms of the density operators. The main
points of the analysis are presented in Section 3] where in order to
avoid cumbersome technicalities a faithfulness assumption is made.
This assumption is dropped in Section 4l where taking advantage of
the analysis performed in the previous section, the formula for the
relative modular operator is obtained in full generality. This formula
is then used in Section[5]to prove some basic formula for trace, to ob-
tain equality between the relative entropy and the information as
well as to derive some formulae for quasi-entropies, and Rényi’s rel-
ative entropy generalising thus the results known in finite dimension
to an arbitrary semifinite von Neumann algebra.

At this point one thing must be mentioned. In the general case of
an arbitrary von Neumann algebra, it is possible and fruitful to rep-
resent this algebra on Haagerup’s L?-space, and consider the relative
modular operator on this space (cf. [7]). Then one obtains formulae
which are counterparts of the formulae in this paper, in particular,
the formula (26)) is mutatis mutandis the same as the formula (12.9) in
[7]. Those formulae are obtained by means of sophisticated tech-
niques involving e.g. analytical continuation or the ‘2 x 2-matrix
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procedure’ together with using the balanced weight. Our formu-
lae are obtained in a much simpler way, but the main point for the
presentation of their derivation lies in the following: the crucial for-
mulae for the relative modular operator are (12’) and (34) — they al-
low one to obtain clear and compact forms of a number of relations
in which this operator is involved. However, (12") and (34) require
an analysis which can not be performed in Haagerup’s L?-space and
which is one of the core results of the paper.

1. PRELIMINARIES AND NOTATION

Let M be a semifinite von Neumann algebra with a normal semifi-
nite faithful trace 7, identity 1, and predual M. The operator norm
on M shall be denoted by || - [|o. By M™ we shall denote the set
of positive operators in M, and by M — the set of positive func-
tionals in M,. These functionals will be sometimes referred to as
(non-normalised) states.

The algebra of measurable operators M is defined as a topological
*-algebra of densely defined closed operators affiliated with M with
strong addition + and strong multiplication -, i.e.

x+y=x+y, Xy =Xy, X,y €M,

where x + y and Xy are the closures of the corresponding operators
defined by addition and composition, respectively, on the natural
domains given by the intersections of the domains of x and y and
of the range of y and the domain of x, respectively (in what follows,
while dealing with operators in M we shall simply write x + v in-
stead of x 4 y, and xy instead of x - y). The translation-invariant
measure topology is defined by a fundamental system of neighbour-
hoods of 0, {N(¢,d) : ¢,6 > 0}, given by

N(e,8) = {x € M : there exists a projection p in M such that
xpeM, ||xpllo <e and T(pt) <5}

Thus for operators x,, x € M, the sequence (x,) converges to x in
measure if for any ¢,6 > 0 there exists ny such that for each n > ng
there exists a projection p, € M such that

T(P#) <9, (xn — X)pu €M, and | (xn — %) pnlleo <&

The following ‘technical” form of convergence in measure proved in
[19, Proposition 2.7] is useful. Let

I — x| = / Aen(dA)
0

be the spectral decomposition of |x, — x| with spectral measure e,
taking values in M since x,, — x, and thus |x, — x|, are affiliated with
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M. Then x,, — x in measure if and only if for each e > 0
T(en([e,00))) — 0.

A sequence (x,) of operators in M is said to converge to x € M in
Segal’s sense if for each ¢ > 0 there is a projection p € M such that
T(pt) < e (xn — x)p € M for sufficiently large 1, and

I(xn = x)pllec = 0.

It is clear that Segal’s convergence implies convergence in measure.
(A short intermezzo is probably in order here. The term Segal’s con-
vergence was introduced by E.C. Lance in [10] in honour of I. Segal,
however, Segal himself did not consider this mode of convergence
in [14], restricting attention to so called convergence nearly everywhere
which is weaker. For M finite, Segal’s convergence and convergence
nearly everywhere are equivalent as well as equivalent are conver-
gences almost uniform or closely on large sets defined in [3]. The notion
of Segal’s convergence leads in a natural way to the notion of Se-
gal’s continuity which for ‘noncommutative stochastic processes” was
considered in [5, 16, 11]].)
For each p € M, there is a measurable operator h such that

p(x) = t(xh) = t(hx), x & M.

The space of all such operators is denoted by L' (M, T), and the cor-
respondence above is one-to-one and isometric, where the norm on
LY (M, 7), denoted by || - ||1, is defined as

Irlly = <(lnl), 1 e LY(M, 7).

The space of all measurable operators & such that 7(|h|P) < +oo,
p > 1, constitutes a Banach space LP (M, T) with the norm

1
1llp = T(h]P)7.

(In the theory of noncommutative LF-spaces for semifinite von Neu-
mann algebras, it it shown that T can be extended to the /i’s as above;
see e.g. [12,[14,16]17,19] for a detailed account of this theory.) More-
over, to hermitian functionals in M, correspond selfadjoint operators
in L' (M, ), and to states in M, — positive operators in L' (M, 7). For
a state p, the corresponding element in L' (M, T)* will be denoted by
h, and called the density of p, thus

101
o(x) = 1(xhp) = T(hox) = T(hjxh}), xe€ M.
In particular,
t(hp) = p(1),
so for the normalised states, we have for their densities the equality
T(hp) = 1.
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Let r be such that % + % =1 andletx € LP(M, 1), y € L1(M, 7).
Then xy € L"(M, T) and the following Holder inequality holds

lxyllr < lIxllpllyllg-
For an arbitrary x € LP (M, T), we have the spectral decomposition

|x|P=/ AP e(dA).
0

Thus for any € > 0, we get

|x|p>/:o/\pe(d/\) >/°°spe(cm> _ &7 e([e, 00)).

€

Consequently, we obtain the Chebyschev inequality

p
T(e([e, 0))) < T(L’;|p) _ ||'j;|j|p'

Taking into account the above-mentioned “technical” form of conver-
gence in measure, we have

Lemma 1. If a sequence (x,) of operators in LP (M, T) converges in || - || -
norm, then it converges in measure.

For a linear operator T on a Hilbert space H, D(T) will stand for
its domain and I'(T) for its graph. We start with a simple fact.

Lemma 2. Let T be a closable operator, and let U be unitary. Then
uT = ur.

Proof. First we show that if U is unitary and T is closed, then UT is
closed. To this end, let T(UT) > (&u, 11n) — (&, 717). We have
;771 — uTgn, SO

UTCyh =nn — 1,
hence

Téw — Uy,
which yields
From the closedness of T, it follows that ¢ € I'(T) and U*y = T¢,
hencey = UT¢, i.e. (¢, n) € T(UT).
Now let T be closable. Since UT C UT, we infer from the first part

of the proof that

UuT c UT = UT.
Consequently, we have

T=UUT Cc U*UT Cc U*UT =T,

which means that

T = U*UT,
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i.e.
uT = Uur. O

Let T be a normal semifinite faithful trace on M. Its definition ideal
2 is defined as a linear span of all positive elements in M of finite
trace, so the elements in 91 are exactly those that have finite trace.
By definition, the semifiniteness of T means that its definition ideal
9N is o-dense in M. We are interested in the set M N L?(M, 7).

Recall that the o-strong* topology on M is given by the family of
seminorms

M3 x s (p(x*x) + p(xx*))2, pe M.

Lemma 3. Let T be a normal semifinite faithful trace on M. Then
M N L2(M, T) is o-strong* dense in M.

Proof. First we shall show that for an arbitrary projection e € M we
have
e=) e,
i

where ¢; are pairwise orthogonal projections in M such that
T(e;) < 00. On account of [9) Proposition 8.5.2], there exists a nonzero
projection f € M and a positive number « such that 0 < 7(f) < oo
and af < e. It follows that « < 1and f < e. Let § = {e¢;} be
a maximal family of nonzero pairwise orthogonal projections such
that ¢; < e and 7(e;) < oo. From the maximality of § and the faith-
fulness of T, it follows that Zei =e.
1
Further, we have

e= lim ef,
F-finite

er = 261’.

icF

where

er are projections such that T(er) < oo, and er — e strongly, and since
e — er are projections, er — e o-strongly*.
Letnow x € M. From the spectral theorem, it follows that x may
be arbitrarily closely in norm (and hence in the o-strong* topology)
m

approximated from below by operators of the form Z Ajej, where
i=1

A; > 0 and e; are projections in M. Taking projections ¢/ < e; such

that 7(e!) < o0 and ¢! are arbitrarily close to ¢; in the o-strong* topol-

ogy, which is p0551b1e by the first part of the proof, we obtam that

Z Aé} is arbitrarily close to x in the o-strong* topology, Z Ajel
i=1 i=1
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and
m
T( 1_21 Aief> < 0.

This means that for each x € M we can find a net {x;} C M™ such
that x; < x and x; — x o-strongly*.

Let again x be an arbitrary element in M. From what we have
proved, there is a net {x;} C M™* such that x; < x? and x; — x? o-

1 1
strongly*. It follows that x} € M N LZ(M, T), x; < x, and the bound-
1 1
edness of {x?} yields x? — x strongly. The boundedness and posi-
1 1

tivity of x? and x give x? — x o-strongly*. Thus we have proved that

M+ N L2(M, 7) is o-strong* dense in M ", and the decomposition of
an arbitrary x € M as a linear combination of four positive elements
yields the claim. O

2. THE FUNDAMENTAL REPRESENTATIONS OF THE ALGEBRA

The following construction will be crucial in our further consid-
erations. The space L?(M, T) consists of (possibly unbounded) lin-
ear operators affiliated with M such that for a € L2(M, ) we have
t(a*a) = 7(|a?) < oo. With a scalar product defined on L?(M, T) by
the formula

(1) (a|b)y = T(a*b), a,b € L*(M, 1),

L%(M, T) becomes a Hilbert space which we shall denote by H. The

operators a € L?(M, T), treated as elements of #, shall be denoted
by A(a), thus formula (I) reads

(a|b)y = (A(a)|A(b))y = T(a*b), a,b € L*(M, 1),

(note that a*b denotes the product of operators in L?(M, T)). On the
space L?(M, T) we shall also consider a norm || - || defined as

Ny
lallz = (z(|al*))?,

so we have
lall2 = [|A(a)]%-

We define a representation 7t of M on H by the formula
n(x)A(a) = A(xa), x €M, acL*(M,1),
and an antirepresentation 77’ of M on H by the formula

7' (x)A(a) = Aax), x €M, ac L*(M,1).
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It is known that 77 and 7’ are normal faithful, and that 7(M)" =
7' (M) (cf. [16, Theorem V.2.22]). Let x be a selfadjoint operator affil-
iated with M with spectral decomposition

2) i= [ ‘:Mm

We define 7t(x) and 77/ (x) by the formulae
(x) = /_ T Anle(d)),  (x) = /_ YA (e(dM),

(since 7t and 7t are normal, 7r(e(-)) and 7c'(e(+)) are spectral mea-
sures). It is clear that 77(x) and 71'(x) are selfadjoint operators affil-
iated with 77(M) and 7c/(M), respectively. Let f: R — R be a Borel
function. For selfadjoint x with spectral decomposition (2)), we have,
using ‘integration by image measure’,

el = ([ retan)
([T rreawn) = [ it oean),

where f o e is a spectral measure defined as

(foe)(E) =e(f(E)).
On the other hand, by the same token

Flet) = [ fymlet@n)) = [ t(fo (lelan))),

—00

where for the spectral measure f o (77(e(-))) we have

fo(m(e(E))) = m(e(f(E))).

It follows that 77(f(x)) and f(7t(x)) have the same spectral mea-
sures, yielding the equality

3) (f(x)) = f(r(x))-
In the same way we obtain the equality
4) ' (f(x)) = f(m' ().

Now we want to describe the action of 77(x) and 7/ (x) for measur-
able x as selfadjoint, possibly unbounded, operators on H.

Proposition 4. Let x* = x € M, and let A(a) € D(rt(x)). Then
xa € L2(M, 1), and
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Proof. For the nonnegative measure
I7e(e(-))A @5 = (Al@)|(e()Aa))n,
we have
I7e(e(E)Aa)ll3, = I Ale(E)a)ll3,
= t(a*e(E)a) = t(e(E)aa*) = p(E),
where p = (aa*)T € M (i.e. aa* is the density of p), consequently,

6 [ W) = [ 2@l <.

For x with spectral decomposition (2), define its truncation x/,) by

©) X = / " Ae(dn).

—n

Then for ¢ € D(x), we have

) WeE =l = [ A e@nelP + [T A Je@nal? =0,
since

| R le@rel? < o

For n > m, we have by virtue of (§)

[A(xpa) = AQxpa) |1 = T(@* %)) — xpm [P2) = (1%} — X [*)
—m n
:p< Aze(dA)Jr/ /\Ze(d/\))
m

—n

_ m)\zp(e(d)\))—l—/n)\zp(e(d)\)) 0

—n ™Mm,n—00
thus

xpma = xpallz = [IACGepa) — Alxpa)lly e 0

which means that the sequence (x,ja) in L?(M, 7) is Cauchyin || - |-
norm. So there is a z € L?(M, ) such that

||x[n]a — Z||2 — 0.
In particular, x(,ja — z in measure. We have the formula

X = Xpy = /:l)\e(d)\) —I—/noo/\e(d/\).

For arbitrary e > 0, we can find a > 0 such that
T(e([—a,a])") = T(e((—o0, —a) U (&, ))) <&,
and taking n > «, we obtain

1(x = xpe([—a, a]) [l = O,
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which means that x[,; — x in Segal’s sense. In particular, x[,; — x in

measure, and thus X[,)@ — Xxa in measure, giving z = xa € L2(M, 1),
and

(8) [A(xpa) — A(xa)|l3 = [|xa — xallz — 0.

Now we obtain, on account of the relation (7) and an easily verifiable
fact that 7t(x(,)) = 7w(x)(,

A(xppa) = m(xp)Ala) = w(x)Aa) = m(x)Aa),
which together with the formula (8) shows the claim. ]
In the same way, we get for A(a) € D(7’'(x)) the formula
' (x)A(a) = A(ax).
3. THE RELATIVE MODULAR OPERATOR (FAITHFUL STATE)

In this section, we want to find the form of the relative modular
operator A(¢,w) in the space H in terms of the densities h, and h,,
of the states ¢ and w, respectively. For the sake of better readability,
in order to avoid some technical complications we assume that w
is faithful. hg, and h,, are selfadjoint positive operators in L' (M, 7)
such that for x € M the following formulae hold

¢(x) = T(hex) = T(h(%,xh(%,), w(x) = T(hex) = T(hj%xhé),
so in the representation 7t of M on H = L2(M, T) we have for x € M
1 1 1 1
(A(hg) [ (x)A(hg) ) = (A(hG) A (xh5) )2
= T(h(%,xh(%,) = ¢(x),
1 1 1 1
(A 7 )A(13) ye = (8 (01 1 (42
= T(hé,xhé,) = w(x)

which means that in this representation ¢ and w are vector states

©)

1 1
with representing vectors A (h3) and A (h2), respectively. Similarly,
for the antirepresentation 77’ we have

(10)

1

(A2 |7 ()A (hD) )3y = (A (h3) A (HE) )
(

which means that also in the antirepresentation 77, ¢ and w are vec-

1 1
tor states with representing vectors A (h3) and A (h2), respectively.
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Following Araki [1], we define an antilinear operator S on the
space
1 1
D(S) = {m(x)A(h%) : x € M} = {A(xhd) : x € M}
by the formula
1 1 1
S(A(xhd)) = m(x)*A(h3) = A(x"h3).

Since w is faithful, it follows that S is densely defined, moreover, it
is closable. The relative modular operator is then defined as

A(p,w) = §*S.
It is selfadjoint and positive, and the following polar decomposition
holds B )

S=JA(p,w)?,
where ] is an antilinear isometry such that J? = idy. Put

1
D(So) = {A(xh2) :x e MNL* (M, T)},  Sop=S|D(Sp).
Lemma 5. We have L
So =S.

1 1
Proof. Take an arbitrary (¢,17) € I(S), & = A(xhd), 1 = A(x*h3),
and let {x;} be a net in M N L2(M, T) o-strongly* convergent to x.
We have

> 13112 > 2%
IA(xihe) — A(xh) |13 = T (héslxi — x[*hd,)
= w(|x; — x|*) =0,
and
1 1
T(h3|x; — x*|*hd)
= o(lxf —x*[*) =0,
which shows that
1 1 1 1
I'(So) 3 (A(xihd), A(xfh2)) — (A(xh2), A(x*h3)) = (&, 7).

This means that I['(S) C T(Sp), consequently S C Sp,ie. S C Sp.
Since obviously Sg C S, the conclusion follows. O

From the definition of A(¢, w), it follows that

Nj=

1
A, w)2|D(S) = A(g,w)?,
however, we get more.

Proposition 6. The following formula holds

Mg, )3 |D(So) = A(g, w)?.
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Proof. We have
JA(9,@)2[D(So) = S| D(S0) = So,

hence

JA(¢,@)3[D(So) = 5o =5 = JA(g,w)*.

Since | is antiunitary and J> = idy, we obtain, applying | to both
sides of the above equality and taking into account Lemma 2]

T(JA(p,w)2|D(S0))
J2A(¢,@)*|D(So) = A(g, w)?|D(Sp).- O

Ag,w)? =

Our next aim is to relate A(¢, w)? to the operator
1 1
7t(h3) ' (he?). We start with

Proposition 7. The following formula holds

Proof. Observe first that 7t/ (h;%) =7 (hé,) 1 so
7 (o) (1) = id [D( (k).
Since for x € M N L2(M, T), we have A(x) € D(n’ (hé,)) and
7 (h3)A(x) = A(xhd),

1 1
it follows that A(xhg) € D(r’ (hy,?

JA(x) = AlRx).

S N—=

7(h3 )7 (o)A (xh) = (i

Let i > 0 be an arbitrary element in L'(M, 7). Then hi e [2 (M, T),
moreover, all positive elements in L?(M, T) arise in this way. The set

{A(h?):he LY(M,7),h >0}isa positive cone in H, and we have
| 1 1 1 1 1
(A(h2) |t (hg) T (he? )A(xhd)) 3 = (A(h2)|[A(hdx))n
1
= T(h%h;,x).
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On the other hand, from modular theory it follows that the isometry
J on this cone is identity, consequently, we get

B A : b
(A(h2)|A(@, w) 2 A(xhio) ) = (T(A(R2))]]A(, w)
1 3 i 1
=(A(R)[S(A () = (A(HG) | AGD))
1 1
=T(h§,xh%) = T(h%hé,x),
where the change of order under the trace in the last equality is jus-
1
tified by the fact that hz ,hix € L2(M, 7). It follows that

=

A(xhd))s,

1 i 1 1 L
(AR m(hg) (h* A} o = (A(E)|A(g, @) EAG)),
and since the positive cone spans the whole of H, we get
1 1 1 1
()7 (YA (xh) = B, @) EA(S),
proving the claim. O

As a corollary we obtain, taking into account Proposition [6] the
formula

(h2)7 (hy?)[D(Se) = Alg, w)?.

1 1
The selfadjoint positive operators 7r(hg) and 7' (h,”> ) commute, that
is their spectral measures commute, thus there is a spectral measure
m in ‘H, and nonnegative Borel functions u and v (in fact, v is even
positive) such that

a1 (k) =/°° w(A)m(dr), 7 (ho?) =/°° o(A) m(dA).

—00 —00

A= / m(dA).

Then A is a selfadjoint positive operator such that

Denote for brevity

1
n(h(f,)n’(hwz) C A.

1
Theorem 8. Let 7t(h2) and 7' (hy, ) be represented by the formula (1))
Then

(12)  Ag,w)

Proof. We have

[ee]

— (k) (hy?) = / w(A)o(A) m(dA).

— 00

N

1

Alg, @)t = 7(h2)7 ()| D(So) C m(hd) (hy?) C A,
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and taking adjoints, we get

7(hat)) < (Alg.w)t) = Alg,w)t,

3N

A=A*C (n(h

i.e.

4. THE RELATIVE MODULAR OPERATOR (ARBITRARY STATE)

In this section, we drop the assumption about the faithfulness of
w. To define the relative modular operator, we need some addi-
tional notions. First observe that if h, is not invertible, then the

1
space {A(xhZ) : x € M} is not dense in H. Because of the equal-

1 L
ity A(xhl) = m(x)A(hd), this space is 7w(M)-invariant, so the pro-
jection onto it belongs to 7(M)’, moreovet, this projection is the so-

called support in t(M)’ of the vector A(h2 ). On the other hand, if
we look at the vector state (A (h2 )| - A(h2 ))n restricted to the alge-
1

bra 71(M)’, then the support projection of the vector A(h2) in 7t (M)’
is nothing else but the support in 77(M)’ of this vector state.

For a von Neumann algebra N acting on a Hilbert space K, and a
vector state p on N given by a vector ¢ € K, denote by s (p) = s™(¢)
the support of p (respectively ¢) in N. Since 7t and 7’ are faithful
representations, and since w is in these representations a vector state,
we have

(13)

and analogously
T (A(hg)) = n(s™ (),

/ / 1
TV (A(hg)) = 5T (A(hg)) = 7' (s (9)).
Following Araki [2], we define the operator S by the formulae

(14)

S e SY ST

D(S) = {r(x)A(hD) : x € M} (150 (A(kE)))H
={A(xh§;)-xeM}+(11 ( (h}j,)))H,

S(A(xhd) +¢) = 0 <A(hz;>>n<x>*A<h§%>,

e (1-s" (A(hD)))H.
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It follows that S is a densely defined closable antilinear operator on
H. Taking into account the relation (13)), we get

S(A(xhE) +&) = 5700 2(x)* A(h3) = (M (w))m(x)* A ()
= (M (w)x A (hD) = A(S(w)x ).
The relative modular operator A(¢, w) is again defined as
A(g,w) = §*S,
and as in Section 3, we have
S= ]A(go,w)%.

Now we basically follow the lines of Section 3] with some necessary
refinements. The first step is to define the operator Sp:

1 / 1
D(So) = {A (ki) : x € MALXOG D)} + (1 =™ (A(KE))) M,
So = S|D(So).
Now Lemma [5]remains unchanged, namely

Lemma 5. We have
So=S.

Proof. The only new ingredient in the proof, when compared with
the proof of Lemmal5| is taking into account the support of w which
now occurs in the definition of Sp. Namely, we have

1 1
1A (8™ (@)xfhg) — A (8™ (w)x"hg) |13,
1 1
= T(h3(x; — x) M (w)(x} — x*)h3)
= ¢((xi — 1) M (w) (x] —x")) < o((x; — x)(x] —x7)) =0,
and the rest of the proof is the same as that of Lemma/[5l O

As for Proposition 6] its proof can be repeated word for word, thus
we have

Proposition 6’. The following formula holds

1 1
A, w)2[D(So) = Alg,w)=.
A little more effort is needed for proving a counterpart of Propo-
sition[Zl To this end, we must first find a counterpart of the operator
_1
h,*. Let a function w: Ry — R be defined by the formula

1
w(A) = V7 for/\#O’
0, forA=0
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and put

(15) Ty = w(hy) = /O T w(A) e(d)).
If )
hw:/o Ae(dA)

is the spectral decomposition of h,,, then for the antirepresentation
7’ we have

7 () = /0oo A7 (e(dA),

' (he) = 7' (w(he)) = (7' (hy)) =/ w(A) 7' (e(dA)),
0
hence the operator calculus yields
~1 1 o0 1.1
7 (h® ) ' () © / w(AM)EA 7 (e(dM))
0
= 7(e((0,00))) = 5™ V(' (ha))-

Put

Ho =" M (7 (hy))H.
Then H, is the closure of the range of 7'(hy) as well as the clo-

_ 1 1
sure of the range of 77’ (h,), thus the operators 7r’(hZ) and 7/ (hw 2)

are injective on Hp; moreover, they send H( (dense subspaces of)

to Hp, so we can consider the restricted operators 7’ (hé,) |Hp and
1
v (i)
! N% ! 3 . / 3
(7 () [ o) (7 (h2) o) = iday, [D (7 ()| Mo),

which means that

Ho. These operators are selfadjoint, positive, and we have

(72 113 -1
(16) 7 () [Ho = (' (h3) [Ho) ™.
Moreover,
1 1
(17) 7 (ha? ) [Hg = 7 (1) M5 = 0.

Assume that x € M N L2(M, 7).
Let E be a Borel subset of (0,0). Then, since e(E) < e((0,00)) =
s(w), we have
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This yields
| A I @) A @) = [T A7 @)A@)? <,

because A( x) D(n' (hé,)) From this inequality, it follows that
A(xs ) € D(n’ (hj%)) Moreover, we have
(7 (ho))A(x) = 7' (M (W) A(x) = Alxs™(w)),
which shows that A(xs™(w)) € Ho. Consequently,
A (@) € D( (1) |Ho),
and
1 1 1
(7' (h2) | Ho) A(xs™(w)) = A(xs™(w)hd) = A(xh).
This equality together with the equality (16) yield
1
A(eh}) € D ('),
and

(' () A (3h5) = A x5 (@)).
Since for x € MNL*(M, T
thus A(xs™(w)) € D(r(h2)), we get

A(h(%st(w))= e (h ) (xs™(w))
— (hd) (7 (7)) A(xh2).

Now we proceed as in the second part of the proof of Proposition [71
For the positive cone {A(h%) :h e LY(M,1),h >0}, we have

RS} Np—k:_/ SN—
2
(¢
=y
job}
<
(%)
=
92}
m
D)
~

N
2
job}
=
Q.

(18)

)\.)IH

=(A(h?)|S(A (xhz>>>H=<A(sM<w>x*h;>|A<h%>>H
=T(h§,xs (w)h%) = T(h%hést(w)).

Consequently, repeating the reasoning as in Proposition [7] we get
1

—~ 1 1

r(h3) () A(xh3) = Alg,w) A (xh3)
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for x € MNL2(M, 7). For ¢ € (1— s (A(h};)))?—l, we have
S¢ = 0, and since A(go,w)% = JS, we obtain
Mp,w)2g =0
for such ¢. The formulae (13) yield
’ 1 / 1
STV (A(1G)) =T (A(hL)) = (5 (@) = 7' (e((0,02)),

1

and from the definition of 77/ (hw 2 ) , it follows that
1
7 (7 ?)E = 0

, 1
for & € (1—s"O" (A(hZ)))H. Our considerations can be sum-
marised as follows

Proposition 7’. Let he, be defined by the formula (15). Then

r(h2)7 () [D(So0) = Mg, )}D(So).

Now the remaining part of Section [3| can be rewritten word for
word, the only change being in the replacement of the operator
_1 1
i’ (he,?) by the operator 7' (h,”) (note that if h, is invertible, i.e. if
1 1
w is faithful, then we have simply h,, > =hy,?).In particular, for

(11) n(h(%)z/_iu()\)m(d/\), n'(hj%)z/_iv()\)m(m),
we have

) and 7t/ (hw

[N
NI

Theorem 8. Let t(h
(11). Then

) be represented by the formula

12)  Alg,w)t = n(hi)w (h”j) — /°° w(A)o(A) m(dr).

—00
From the considerations above, we obtain the following result.

Lemma 9. For arbitrary s > 0, the following formula holds
(k) (E;S) C A, w)’.
Proof. Indeed, from the formulae (11") and (12") we get
(k) = / u=(A)m(dA), (hj,) - / o2 (A) m(dA),

—0 —00

and
Ag,w) = / 12 ()02 (A) m(dA),

— 00
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thus

n(iiy)n (") © /_ Z (AP (N m(dA) = Alg,w). O
Lemma 10. There are projections e, € M such that e, — 1 strongly,
T(en) < +oo, and eyhy = hyey.
Proof. Let

hy = /0 " Ae(d))

be the spectral decomposition of /,. We have

hy > AZM(LM) > %e([% < —|—oo>),

and since T(hy) < 400, we infer that T(e([1, +00))) < +c0. More-
over, e([1,4+0)) — ¢((0,+0)) = s(hy). For the null projection
e({0}), we choose projections p, € M such that p, < e({0}),

pn — e({0}), and T(p,) < +oo (of course, if T(e({0}) < +co, we can
take p, = e({0})). Putting

ey = e([%,-l-OO)) + Pu,

we obtain the conclusion. O]
Recall that for a selfadjoint positive operator /1, we have
W =s(h),

where s(h) is the support of .
The following result is crucial in our further considerations.

Proposition 11. For arbitrary 0 < s < %, the following equality holds
1 1_
(19) A, w) A(hZ) = A(I5hE ).

1
Proof. (Note that since A(h2) € D(A((p,w)li) and s < 3, we have

1
A(h3) € D(A(g,w)*))
Assume first that 0 < s < %
Observe that for every 0 < r < % and every x € M N LZ(M, T), we
have xh, € L2(M, 7). Indeed, let

e = /Ooer(dA)

be the spectral decomposition of /. Then
1 00
r r\* L 2rak 2r * 2r *
xh"(xh")" = xh*"x —x</0 A e(d/\))x -|—x</1 A e(d/\))x

<xe([0,1]x* + x(/ /\e(d/\))x* < xx* + xhox* € LY (M, 7).
1
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1
Consequently, for every x € M N L*(M, T), A(xh2) belongs to the

domain of 7/ (hws) and
—~5 1 1_g
' (heo )A(xh3) = A(xhd ).
1 1_
Further, we have h2, ° € L% (M, 7), thus xhZ " € LTz (M, 1), and

1
since hj, € Ls, we obtain that h%xhg, * € L2(M, T) which means that

A(xhé,_s) belongs to the domain of 7z (k) and

() A (xh2 %) = A(xhd ).

From the considerations above and Lemma [0, we obtain that for ev-
ery x € MNL*(M, 1),

1 —s 1 1_
20)  Ap,w)’A(xhd) = n(hz,) 7' (he )A(xhd) = A(hz,xhé, S).
Choose projections e, € M as in Lemma (10} i.e. such thate, — 1
strongly, T(e,) < +00, and e,hy = hye,. We have
1 1 1 1
A (enh2) — A(h2) 5, = T(hA (1 —en)hd) = w(l —ey) — 0,
which means that
1 1
A(enhd) — A(hE)  innorm
(of course, here we have used only the convergence ¢, — 1), and
AE,eahd ™) — AIERE) 2 = (A (K (en — 1)HE 5|12
IA(Ryenhds ") — A(hGhe )15 = A (K (en — )RG (13
1 1_ 1_ 1_
=1(hd " (en — VHZ (ew — R ") = T(hd "k, (1 — en)hhds )
=1 (Khgy k(1 —en)),

where the change of order under the trace in the last equality fol-

1 1.
lows from the fact that hghs ° h2, Shﬁp(ll —ey) € L2(M, 7). Since
izliph}u_zshﬁp € LY(M, 1), there is p € M, such that for every x € M we
ave

T(Ihe *hyx) = p(x).
Consequently, we obtain
A eahd") = A(hE ) (3, = 7 (S L 20, (1
H ((penw ) ((pw )“7—[ T((pw (p( e”))
p(l—e,) — 0,

which means that

A(hfpenhé,_s) — A(hfphé,_s) in norm.
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Further, we have
1 1
D(A(p,w)®) 3 A(enhd) — A(h2),
and, putting x = e, in the formula (20), we get
1 1 1
A, w)° Aenhd) = A(Henh? ") — A(h5HZT).

Since A(¢@, w)? is closed, it follows that the formula (19) holds.
Now for s = %, the formula (19) follows directly from the formula

13).

For s = 0, we have on account of [2, Theorem 2.4] and the formulae

@13), @4
A(@/w)o =s(A(p,w)) = T (A(hziu
7T

and thus
5 1
A(QU,w)OA(hfu) — ﬂ/(SM(aJ)) 7.[( SM(QU))A(I’IEL,)
= A (S () (@) = A (g)hd) = A(Y),
which finishes the proof. B

Observe that as a direct consequence of the proposition above, we
obtain Theorem [15|which allows us to change order under the trace
for arbitrary elements belonging to L (M, 7) and L7(M, 7), respec-
tively. This will be commented on in Section [5| where some appli-
cations of our results about the relative modular operator are pre-
sented. At the moment, we shall exploit this property in order to
obtain a more general version of the formula (19). We start with the
following technical lemma.

Lemma 12. Let z € M. The following estimates hold true:
(i) for 0 <s < 411

v(hd "2 W2z ) < g ¥l | lzllo 203 2
(ii)for% <s<%
T(hg "2 W 2hE ) < gl e |12 2 o i3z
Proof. We have hé,_sz* € Lﬁ(M,T), hgpszhé,_s € Lﬁ(ﬂ\/[, T), hence
T(hé,_sz*hfpszhé,_s) = T(hfpszhgu_zsz*)

(21)
Szl (k) = 2l (whgzhis™),

where
2s_1,1—2s __ 2s.1,1—2s
hg'zhey, = = ulhyzhy, =
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is the polar decomposition.
(i) Let0 < s < 1. Then

1_ 1_ 1
T(WHEZhE) = T (u B zhEhE ) = T (hE w2,
1_ 1
Since h2 Zsu*hE;,zh@ € L2(M, 1), the Holder inequality yields
1_ 1 _ 1
(22) T(hd P uthZzhy) < 1 ZUh% |22k 2.

1_
Further, we have h2 2 € LT (M, T), u*hfps € Lx (M, T), thus using

again the Holder inequality with p = 12,9 = 4, and r = 2, we
obtain

2 =25 %725 2—25 %125
A PR Il
1_2g
23) < M 2l ol 511
1_2g ——2s
< M 2 1021y = el gl3

Now inserting the estimates (22) and (23) into the inequality 1)), we
obtain the claim.

For s = %,we get
%725 _11-2s I3 1.5 !
T(uhgzh, )ZT( "hozhis) < |[uwhgallzhs 2

1
< N lleo 113 3 12 < g 3 1252 2

which again shows the claim.
(ii) Let now % <s < % Then
~1 11
(WS ) = (s Thizhl ) = (W e Thz).
11
Since h};zsu*hf,f 2, h(?,z € L2(M, 1), the Holder inequality yields

_1 1 _1
(24) T(hY 2wy 2h3z) < Bl S uthy 2||2||h z)5.

252

Further, we have hl 2u* € Lﬁ(M, T), hy * € Lsi (M, 7), thus
using again the Holder inequality with p = 25, ¢ = %4, and
r = 2, we obtain

2s—1

2_1
I 2 u g2l < I 2 u*(| o[l 2|l

_ 2s—1
@) <L el 2

_ 2s—1 25—
< iy 2 = Ml g 1372
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Inserting the estimates (24) and (25) into the inequality (21)), we ob-
tain the claim. O

Denote
K ={A(xh}/?): x e M} + (1- T (A(h(lu/z)))H,
and
Ko = {A(xh}/?) : x e MNL2(M,T)} + (1 — 7OV )3,

(Observe that K and Ky were denoted in Chapter 4 respectively as
D(S) and D(Sp), however, since we shall not refer to the operators S
and Sp, we choose a more straightforward notation.)

Proposition 13. For every 0 < s < %, we have

A, w, )*|Ko = B, @)’
Moreover, the following formula holds true
1 1
(26) Ao, w)* (A(xhs) = A(hgxhs, ), xeM,

(As mentioned in the Introduction, this formula was obtained in the setup
of Haagerup's L2-spaces in [7, Proposition 12.6].)

Proof. For arbitrary x € M, choose, according to Lemma/[3]
x, € M N L2(M, 7) such that x,, — x o-strongly*. We have

@7) (A — )hE) | A((xn — 2)h3

and
A xahd™) = A k2 ) |12, = | A (S (0 — x)12 ) |12
1A (Hgxnhsy ™) — Alpxhé, ") |I3, = 1A (g (xn — x)hé ) |13
1_ 1_
= (A (I, (xn — )hZ ) | A (K (xn — x)hE ) )y

1 1o 1
=T(hé (xn —x)"hg (xn —x)hE )
=7 (h;, > (xn — x)*hfps(xn —x)).

Using Lemma[I2] we obtain the estimates

s %—5 s %_5 2
A (Hgxnhéy 7) — A(hgxhd, ") I3,
(28) =7 (hgy > (20 — %) (xn — X))

25 %—25 %
Sl hollf ™ llxn = ool (0 = 2) R |2
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for0 < s < %,and
s %—5 s %_5 2
(29) =7 (hgy (200 — %)y (xn — X))
25—3 1-2s 3
Slholly 2lholly= lxn — x[leo 1 (xn — x) |2,

for 411 <s < % Now we have

1 1 1
1Gen = )& |13 = 7 (h (xn — x)* (2w — 1))

(30)

= w((xy, —x)" (xy, —x)) =0,
and
1) ||h§,$xn—x)||% = 7((xn — x)*hg(xy — x))

=7 (h3(xn — x)(xn — x)*hq%,,) = ((xp — x)(xy —x)*) = 0.

Since x, — x o-strongly*, the norms ||x, — x|/ are bounded, conse-

quently, the relations (28), (29), (30), and (31) yield
1_ 1_
A (B xuhe, S) — A(hg,xhe, S) in norm.
The relation (27) yields
1 1
(32) A(xphd) — A(xhl)  in norm.

For & € (1—s™™0" (A (hé,)))?—l we have

and thus
7 (ho )& =0,
consequently, since n(hz,) r’ (ths) C A(g,w)*®, we get
Alp,w)°¢ = 0.
For ¢ as above, we have, on account of the relation (32),
Ko 2 A(xnhé,) +&— A(xhé]) +Z €K innorm.

Further, we have

A, @) (A(xah) +8) = m(h5) 7 () (A (xah) +€)

(33) B
:N(hip)rc’ (th)A(xnhc%u) = A(hipxnhé}—S) _) A(hfpxhé_s),

which yields that A(xhé,) + ¢ € D(A(g,w)?|Kyp), ie.
K C D(A(p,w)?|Kp).
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It follows that
A, w)’ | C Alg, w)*| Ko,
which, since Ky C K, yields the equality
Mg, w)*|K = Alg, w)*| Ko
Since K is a core for A(¢, w)®, we get
Ao, w)” = Mo, w)*|K = Dlg, w)*|Ko.

Moreover, the relations (32), (33), and the closedness of A(¢, w)*
yield the formula (26). O

Theorem 14. For 0 < s < %, the following formula holds

(34) Ao, w)* = (k) n’(hwws).
Proof. We have

S

A, w)*|Ko = (k) (k) Ko € 7 (i) ' ('),

thus

Alg, w)* = Alp, @)Ky C () 7 (e ).

The reverse inclusion follows from Lemma [0 O

5. TRACE FORMULA, RELATIVE ENTROPY AND INFORMATION
BETWEEN STATES, QUASI-ENTROPIES, AND RENYI'S RELATIVE
ENTROPY

In this section, we employ the results on the relative modular op-
erator to prove some basic property of a trace, to prove equality be-
tween Araki’s relative entropy and information between states as de-
fined by Umegaki, and to obtain formulae for quasi entropies and
Rényi’s relative entropy.

5.1. Trace formula. The result presented below was obtained in
[4, Theorem 17] in a more general setting assuming only that
XY, yx € ! (M, 7). Nevertheless, it seems interesting to see how the
relative modular operator can be used to get some basic formula for
the trace.

One of the defining properties of the trace is the equality

T(x*x) = T(xx™),
which, after using a polarization formula, yields the equality
(xy) = T(yx)

for arbitrary x,y € L?(M, 7). Our aim is to obtain this formula in a
more general case.



RELATIVE MODULAR OPERATOR 25
Theorem 15. Let x € LF (M, 7), y € L1(M, T), % + % = 1. Then

(xy) = T(yx).
Proof. Let hy and h,, be arbitrary density operators corresponding

to normal states ¢ and w. For arbitrary 0 < s < %, we obtain, on
account of the formula (19),

(A(h2) 1@, @) A(HE) )3y = (A (D) A (S ) )

(35) L
=t(h3hhe ") = T(hhy ),

1 1
since hy, hghd > € L2(M,1). Since A(¢,w)’ is positive, it follows
that on the left hand side of the formula (35) we have a nonnegative
number, consequently,

0 < (A(hE) A, @) A ()3 = Tty *) = T(ighly )
— T((hfph}u_s)*) = r(h}u—ship),
ie.
(36) T(hhe®) = T(hy °k).
Letnow 0 < x € LP(M, 1), 0 < y € LI(M, T). We have either

p = 2orq > 2,so assume that p > 2. Puts = %, and define , and
he, by the formulae

Then hy, h, are density operators, and the equality (36) yields

T(xy) = T(hz,hclu_s) = T(h(lu_shz,) = T(yx).
For selfadjoint x € LP(M, 1), y € L1(M, T), we have the Jordan de-
compositions
—x, Y=y -y,
and since

M =x" x>0t =yt ryT >y
we see that x* € LP (M, 7) and y* € L1(M, 7). Consequently,
x*y* € L1(M, 1), and from the first part, we obtain

T(xy®) = T(yFxT),

hence
t(xy) = t((x" = x7)(y" —y7))
=t(x"y" =2y —x Ty +xTy)
=Ty —y Ty Ay x)
=t((y" —y )" —x7)) = (yx)
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For arbitrary x € LF(M, 1), y € L1(M, T), we obtain the result de-
composing x and y as x = x1 +iXy, ¥ = Y1 + iyp with x1, X2, y1, 2
selfadjoint. O

5.2. Relative entropy and information between states. Let N be
an arbitrary von Neumann algebra, and let ¢,w € N be (non-
normalised) states. Assume that s™(w) < s™(¢). Represent N such
that in this representation w and ¢ are vector states given respec-
tively by vectors ¢ and # in the space of the representation:

w(-)=(l-¢) ()= {l-m.
The relative entropy S(¢, w) is defined as

S(p,w) = —(Z|log Alg, w)E),

where A(¢@, w) is the relative modular operator. Moreover, S(¢, w)
is independent of the representation chosen. Note that the form of
the definition above is a little formal since ¢ may not belong to the
domain of log A(¢, w). It is to be understood as

S(g,w) = — [ 1o A (gle(d\)E) = — [ logA fle(dn)el?,
where
Ao, w) =/0 Ae(dM)

is the spectral decomposition of A(¢, w).
In our case, we have, taking into account the equalities (11") and
(127),

@) S(pw) =2 [ logu()o(A) [m(@)A(hS) I

For the states ¢ and w, the information I(w, ¢) between these states
is defined in [18] by the formula

under the assumption that s™(w) < sM(
H(w) of w defined as

H(w) = t(hwloghy)

is finite. (In the original Segal definition [15], there is a minus sign
before the trace; we choose the version as above for simplicity and
in order that H(w) be nonnegative for a normalised state and finite
trace.) The point in the requirement s™(w) < sM(¢) is that

M (w) =sM(ho), M (p) =5"(hy),

so if for a vector ¢ we have hy¢ = 0, then ¢ = 0, in which case we
define (h loghy)d = 0. It is known that in the finite dimensional
case we have

¢), and that the Segal entropy

S(¢,w) = I(w, 9).
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However, in infinite dimension serious problems arise. First, despite
the statement in [18, p. 69], the operator h, logh, need not be mea-
surable if M is not finite because log h, need not be measurable (by
the way, a similar mistake is made further in the proof of Proposi-
tion 4.1 where it is stated that the operator (b + p)~! is measurable
— again, if e.g. p = 0 which amounts to the fact that b is invertible,
then b~! need not be measurable). Consequently, it may happen that
the domain of h, loghy, is {0} which makes the whole definition of
T(hy loghy) questionable. A natural way out seems to be as follows.
The expression 7(h, loghy) can formally be regarded as w(logh,)
which in turn requires a reasonable definition of the objects like w(x)
for unbounded x. To this end, assume first that x is a selfadjoint pos-
itive operator affiliated with M, with the spectral decomposition

X = /Ooo/\e(d/\),

and define
(38) w(x) = /O Aw(e(dM)).

(Observe that for x € M we do have the formula (38).) To justify this
definition in general, observe that the following lemma holds true.

Lemma 16. Let x be selfadjoint positive and measurable. Then w(x) is
11
finite if and only if h},xh2, € LY(M, T), in which case
11
w(x) = t(hgxhd).
Proof. Let x|, be the truncation of x defined by the formula (@), i.e.

n
x[,,] :/O /\e(d/\)

Observe first that we have

lim c(x;,) = lim w(/on)\e(d)\)> — lim [ Aw(e(dA)) = w(x).

n—oo n—o00 n—oo JQ

Let ¢ > 0 be arbitrary. From the measurability of x, it follows that
there is Ag such that t(e((Ag, +0))) < ¢, and for n > Ay we have

(¥ — x)e([0, Ao]) =0,

which means that x[,; — x in Segal’s sense.
Assume that w(x) < +o00. For n > m we have, taking into account
1 1

1 1 1 1
the inequality hj,x,hi — hixmhg > 0,
1 1 1 1
||h§,x[ — hé,x I’l2 H1 = T(l’lfb(x[n] — x[ ) )

= wW(X[p) = Xp) //\w (dA))
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1 1
which means that the sequence (hé,x[n]hﬁ,) is Cauchy in || - [|-norm.
Consequently,
1 1
hipXmhy — z i || - [[1-norm

for some z € L'(M, 7). On the other hand, we have X[y — X in
1 1 11
Segal’s sense, thus xp,) — x in measure, hence h&,x[n]hﬁ, — hZxh? in

measure. Since convergence in || - [|;-norm implies convergence in
11

measure, we get hZxh2, = z € L}(M, 1), and convergence in || - |-

norm implies

T 1 1
T(hZxh) = nggor(hé,x[n}hﬁ,) = lim w(x),)) = w(x).

11
Assume now that hZxh2, € L'(M, T). Since

we obtain

1 1 11
w(x) = lim w(xp)) = lim T(hdxphd) < T(héxh),

ie w(x) < +oo. O
Remark. Observe that w(x) defined by (38) always makes sense, as
1 1

11 1001
does T(hZxh?), because hZ xhZ, > 0, and the lemma above yields the
equality
11
w(x) = t(hdxhl)
also for either of the terms being equal to infinity.

Now arbitrary selfadjoint x affiliated with M has the Jordan de-
composition

x=x"—x,
where
“+o00 0] 0
x :/ Ae(dA), xt :/ Ae(dA), xT = —/ Ae(dA),
— o 0 —o0
and we define
w(x) = wx™) —w(x7),

whenever min{w(x~),w(x")} < co. Then w(x) is finite if and only
if w(|x|) is finite. From Lemmal/[16] we get

Lemma 17. Let x be selfadjoint and measurable. Then w(x) is finite if and
11
only if h2xhl, € LY(M, ), in which case

(39) w(x) = T(hé,xhé,)
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Proof. We have
w(x) =wkx) —wx") = T(hé,erhé) — T(hé,x_hé,),
and the finiteness of w(x) is equivalent to the finiteness of w(x™) and
w(x~ ) which in turn is equivalent to the finiteness of T (hj%x*hé,) and
the finiteness of T(hj%x_hé,), ie. héx*hé € LY (M, 1) and
héx‘hé € L'(M, 1), so
hixhZ = hixthe — hixhl € L', 1),
and obviously the formula (39) follows. O
We have also the following relation.

Lemma 18. Let x be selfadjoint and measurable, and assume that
hex € LY(M, T). Then
w(x) = t(hwx).

Proof. For the spectral decomposition

X = /_o:o/\e(d/\),

put
pn=e([-mn]) T1,

and let, as before, X[n] be the truncation

x[,,] = /” Ae(d)\)

—n

Let p € M, have the density h,x. Then
T(hox) = p(1) = YZIE}IC}OP(PH) = nh_{r(}o T(hewXpn)

= }gr(}or(hwx[n]) = nli_r)r(}ow(x[n}) = w(x). O

Furthermore, the following representation of w(x) holds true.

Lemma 19. Let x be a selfadjoint operator affiliated with M. Then

w(x) = (A(B2) [T (X)A(HE) ) = (A(h3) |7 (x)A (HE) .

Proof. Assume first that x > 0. Since truncation is a Borel function,
we have for the representation 7

(X)) = 70(X) ()
and the formulae (9) yield
w(x) = Tim w(xy) = lim (A (h3) 7 (xp) A (1))

n—oo n—o00

— Tim (A (1) 71 g A () )20 = (A (1) |72 () A (1))

n—o0
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For arbitrary selfadjoint x, we obtain the result by the decomposition
x = xT — x~ and the formula 7r(x*) = 7(x)*.

The result for the antirepresentation 77’ is obtained in the same
way taking into account the formulae (10). O

Coming back to the definition of I(w, ¢), observe that an attempt
to define it by the formula

= T(hy (loghy —loghy)) = w(loghw —loghy)
fails because the operator log i, — log iy, need not be either densely

defined nor affiliated with M. However, we can, in accordance with
our previous considerations, define the information by the formula

I(w, ) ="T(hyloghy) — T(he loghy)’
(40) = w(loghy) — w(loghy)
— t(h2,(log ho)h2) — T(h2 (log hy)hd),

under the condition that the right hand side of the above formula is
well-defined. As it was remarked earlier, in the finite dimensional
case we have

S(p,w) = I(w, ).

Our aim is to obtain this equality for an arbitrary semifinite von Neu-
mann algebra.

Theorem 20. Let ¢ and w be normal states on a semifinite von Neumann
algebra M with a normal semifinite faithful trace T, and let s"(w) <
s™ (). Assume that either the Segal entropy H(w) of w is finite or that
w(loghy) is finite. Then

(41) S(¢,w) = I(w, ¢)-

Proof. Assume first that H(w) is finite. The relations (16) and (17)
yield the equality

1

1 1
—log 7' (h) =logn’ (hwz),



RELATIVE MODULAR OPERATOR 31

Using Lemma [I9] property @) of the antirepresentation 7/, and the
formula (11”), we obtain

H(w) = 1(he loghy) = w(log hy)
= (A (hz)!ﬂ(logh )A

= (A 1og 7 1)
W) = (A <h2>1210g< ORI
2(A (1) (1o 7 (12) ) A1

(h&s) )

2)
&)

Al

=

))n
))u

=

= —2(A (h2 |1og7r( w A(hclzu)
= —2/ logv(A) ||m( d)\)A(hc%J)H’H

It is known that the relative entropy S(¢, w) exists and is either finite
or equals +oo, so from the formula (37) it follows that the function
log(uv) = logu + log v is either integrable with respect to the mea-

sure [[m(-)A(h2)|]3, or its integral equals —co. Since the function
log v is integrable, which follows from the formula (42), we get that
the function log u is either integrable or its integral equals —co. Us-
ing again Lemma [19] and the property (@) of the representation 7,
we obtain

w(loghy) = Zw(loghé,)
= 2(A (1) (log ) A ()
= 2(A () [log (1) A ()
_ z/i log u(A) |m(dA)A (h2) 1%,
Consequently, by virtue of the formula (37), we get
I(w, @) =w(loghy) — w(loghy)
=2 [ logo(h) [m(@n) A () I+

)4

Sni=

(43)
)

49 2 [ togu(n) ||m<dA>A(h3%>||%;L
=2 [ log(u(a)o(A)) [m(dA) A (i5) I
=S w),

proving the claim.
Now for finite w(logh,), we proceed in virtually the same way:
the equality (43) yields the integrability of the function log u, so the
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function log v is either integrable or its integral equals —oo, and the
derivation as in the formula (44) holds. O]

Remark. In the analysis above, one thing is missing. Namely, we
have proved equality between the relative entropy and the informa-
tion between states under the assumption that either Segal’s entropy
of the state w is finite or that w(log hy) is finite. However, having only
the relative entropy, apparently nothing can be said about the exis-
tence of the information. To clarify the situation, it would be interest-
ing either to find an example where the relative entropy exists and
the information does not or to prove that the existence of the relative
entropy implies the existence of the information.

To illustrate our considerations, look at the following basic exam-
ple. Let M be the full algebra of all bounded linear operators on a
separable Hilbert space with the canonical trace tr, and let ¢ and w
be normal (non-necessarily normalised) states on M. Their densities
h, and hy, are positive trace-class operators with spectral decompo-
sitions

h(p = Z Xpln, he = Z ,ann/
n=1 n=1

where e, and f, are finite-dimensional projections such that
(o) o0
Y aptre, < oo, Y Butr fy < co.
n=1 n=1

The space L?(M, tr) consists of the Hilbert-Schmidt operators. We
have

Alg,w)t = (k3 (hy?)
- Xi N (£.) — - Xi
= L\ [p e )= X\

where
mij = 7T(€i)7T/ (fj)

are projections. Moreover,

mijmg, = 7e(e:) 70 (f)7t(ex) 70 (fr) = 7(eien) 7T (frfj) = ddjrmij,

showing that (mi]- :i,j = 1,2,...) is a genuine spectral measure.
Thus for the relative modular operator, we obtain the spectral repre-

sentation
(0]

AMo,w) =) g—jmij.

ij=1
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Further we have
myA (1) = (e (F)A (D) = n(e) A (b )
= (e (y/Bi) = Vi)
which gives

||mijA(h¢%0)H%-L = BillA(eifj) |15, = Bjtr(eifj) eifi = Bitreif;,

so finally we obtain
1 1
S(g,w) = —(A (hz)llogA(qv, JA(hS) )u

1
= - Z log |m1] (h )H%—[

ij=1
z_g(log Y pitcasy = X pilost e,
i,j=1 i,j=1

On the other hand, we have

he loghy, = Z,B] log,B]-f]- Z Bi logﬁ]f]el,

j=1 i,j=1
and
hw loghq, = Z ‘B]f] Z logocl- e, = Z ‘B] logocl- fjei,
=1 i=1 ij=1
so assuming for the sake of simplicity that 1, logh, and h logh,
are trace-class (i.e. belong to L' (M, tr)), we get

I(w, ¢) = tr(hyloghy — he loghy)

- Bj
= tr Z (BjlogB; — Bjlogw;) fie; = Z Bi log trf]el,
i,j=1 1j=1

thus
S(p,w) = I(w, ¢).

5.3. Quasi-entropies. The notion of quasi-entropy was introduced
in [13] and consists in the following. Let f be a continuous function,

and let k € M. A quasi-entropy S;‘C(go, w) for normal states ¢, w on M

is defined as

SE(g,w) = (KE|f(A(g, w))kE),
where ¢ is a vector representing the state w. (Note that for f = —log
and k = 1, we obtain the Araki relative entropy.) In [13], formulae for

a number of quasi-entropies are given in finite dimension. It turns
out that corresponding formulae can be obtained also in the case of
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a semifinite von Neumann algebra. First notice that in this case, we
have in our fundamental representation

$ (@, w) = (A (h2) | F(B(@, w)) (k) A (h2))
= (A (K £(8(9,)) A (kD)
We begin with the following counterpart of Lemma

Lemma 21. Let x be a selfadjoint operator affiliated with M. Then for every
k € M, we have

&NIH

(keok*) () = (A (KhE) 7(x) A (k)

and

IS

1
p(x) = (A(khgy) |7 (x) A (khé ) ),
1
where p is a normal state on M with the density hy, = |kh |*.
Proof. For x € M we have

1 1 1 1

(A(khE) |t (x)A(KhE) )y = (A(Kh)|A(xkhd))n
1 1
=1 (hZk*xkh2) = T(hok*xk) = w(k*xk) = (kwk*)(x),

and

gle

(A (k) |70 (x) A (K3 ) g = (A (K3 ) A (ki
:r(hé,k*khéx) — r(|kh§,|2x) = p(x).

x) )

The rest of the proof employs truncation and follows the lines of the
proof of Lemma [19 O

Below we calculate the quasi-entropies as in [13] in terms of the
trace and density operators in a semifinite von Neumann algebra.

1. f(t) = —logt. Then with the state p as above
St (9, w) = p(log hw) — (kwk*)(log hy)
(45) 1 1 1 1
— 7 ([khd |(log h) [kh3|) — T (2K (log hg)kh3),

provided that any of the sides in the above equation is well-
defined. The derivation of this formula is almost the same as
that of the formula (4I). First observe that we have, in the
notation as in Section 5.2,

S5(pw) = =2 [ log(u(A)o(d)) |m(dN)A (kS B,
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and
(kwk*)(log ) = (A (kh3)|(log h¢>A<khi>>H
=2 [~ logu(A) |m(dA)A (ki) I3,

and
plloghy) = (A (kh%>|n/<10gh A (kh3) )y
(A (kR) |7 (log g ) A (Kh2)) 3
:—2/ logo(A)) [[m(dA)A (kh3) |3,

Assuming, for simplicity, that both terms on the right hand
side of the equality (45) are finite, we get

p(log hy) — (kwk*)(log )
=2 [ logo(n)) Im(@n)A (khd) I3+
—2/ log u(A)) [m(dA) A (kh2)|[3,

1
=2 [ tog(u(\)o(A)) [m(dA) A (i) I, = Sk, ).
2. f(t) =t% 0 < a < 1. Then
(46) k(g w) = T(hg "k Hiyk).
For a < %, we have, on account of the formula (26),
5k(9, @) = (A(kh)|A(g, @) A(KhE))
1 1_
= (A (k) | (WG "))

IS

= T(h2k RS ) = T(hS K HEK)
For o > %, we proceed as before
5K (g, w) = (g, ) EA(KRE) |, o)~ 2 A (K
= (A (k) |A (kL))
= T(K*hipkhy ) = T(hy “k*hyk).
3. f(t) = tlogt. Let p; and p, be normal states on M with the
densities respectively h, = |k*h(%,|2 and hp, = ]hék!z. Then

Sk, w) = p1(log hy) — p2(log he)
1 1 1 1
= T(Jk'h3| (log hy)[K*12|) — T(|h3K|(log h)|h2K]),

) )n

IS

(47)
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provided that any of the sides in the above equation is well-
defined.

Observe that for the vector A(h2k) and x € M, we have

[Nl

NlH

(A (h2K) |72 (x) A (B2K) )y = (A (h2K) | A (xh3K) )y
—t(Kh2xh3k) = T(h2kkhAx) = T([Kh3Px) = pa(x),
and

(A (2K |77 (X)A (13K) )y = (A (h2k) | A (h2kx) Yy

=7 (k*hokx) = T(]h(%,klzx) = 02(x),

and reasoning as in the proof of Lemma [19 shows that the
formulae above hold for every operator x affiliated with M

such that the right hand sides are well-defined. Further, we
have

1

s;s@,w):m(khé,) B(g,w)log (g, @) A (Khi) )

A(kh3)|(log A(g, w))A(g, ) EA (Kh3) )2

and
p1(logy) = (A(h3K) | m(log ) A (13K) Yy

=2 [ logu(d) [ m(@n) A (hk) B,

p2(log i) = (A (h2k) |7 (log o) A (R3K) 3¢
— (A(h(%,k) |77’ (log ﬁ;)/\(h(%,k)m

1

= —2/ logv(A) Hm(d)\)/\(h%k)H%-L
Consequently,

pr(logy) — pa(logh) =2 [ Tog(u()o()) [m(dN) A (hik) I,

= [ tog(0)P2 (1)) Im(@n)A (k) I
— (A(h2K)|log A(go,w)A(h(%,k) Vi
= S?(go,w).

4. f(t) = at +b. Then
(48) St(g,w) = ag(kk*) + bw (k" k).
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Indeed, we have

= (A(kh2) (D@, @) + b)A (k) )y

~—

Sfc(go, w
=a(A(kh

Sr—

)1A(g,w)A (k) H+b<A(kh3%)rA(kh3%)>H
—a(A(g,w) A (k h%)|A(qo, A(kh) V3 + bT (hBKKhZ)

—a(A(HEK) | A (R3K) )y + b (K°K)
=at(k*hyk) 4 bw(k*k) = ag(kk™) + bw(k*k).

5. The skew information. For 0 < p < 1, ¢ € M, and k € M,
the skew information I,(¢, k) in finite dimension is defined as

I(¢,k) = @(kk*) — T(hy PK*HDK).
Let f(f) =t —tV for 0 < p < 1. Then as in point 2, we obtain
1 1
S, w) = (A(khG)|A(@,w)A (Khéy) ) u+

1 1

— (A(kh) A, w )PA(khé)m

= (A(q),w)m(khz,) |A(¢,w)%A(kh§,)>H — 7 (hg "K*hbKk)

= T(k*hok) — T(he Pk hbk) = @(kk*) — T(hey K HbK),

and taking w = ¢ shows that also in the case of a semifinite
von Neumann algebra the skew information may be defined
by the formula

Iy(¢,k) = S§(, ).

5.4. Rényi's relative entropy. For a # 1, Rényi’s relative entropy Sy (w, ¢)
between states ¢ and w is defined by the formula

L log(¢lA (g, w)'7"8),
where ¢ is the vector representing the state w,

w(x) = {f|xg), xeM.

In the setting of semifinite von Neumann algebras, we have, in our

Sa(w, ¢) =

1
basic representation introduced in Section[2, { = A (hﬁ,) , thus

i 1 log(A ()| (g, ) A ().

Theorem 22. For every 0 < « < 1, the following formula holds

(50) Sa(w, ¢) =

(49) Sa (w/ 90) =

: log T (hy “h,).
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Proof. First note that the expression (49) is a little formal because for

1
« < 3, it may happen that A(hZ) ¢ D(A(p,w)!™*) — the situation
which we already encountered in the definition of Araki’s relative
entropy. Again it is to be understood as

1

Sa(w,9) = —log [ A1 (A(RE) (A () b

_ 1 1og/°°A1—“||e(dA)A(h%)||2
a—1 0 w/ITH

where -
Ao, w) = / Ae(dM)
0

is the spectral decomposition of A(¢, w). The proof follows from the
calculations performed in Section 5.3]point 2, for k = 1 and « in place
of 1 — «, where the formula

(A (Kn3) | A (g, @)* A (kh2) )3 = T(hS "k H5K)
was obtained. O

Remark. In finite dimension, the formula (50) has been known for
some time. Moreover, it is valid for all « # 1 which is pretty obvi-
ous since then there are no restrictions on the domain of the relative
modular operator.
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