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Pseudo Entropy in dS/CFT and Time-like Entanglement Entropy

Kazuki Doi,a Jonathan Harper,a Ali Mollabashia, Tadashi Takayanagia,b,c and Yusuke Takia
aCenter for Gravitational Physics, Yukawa Institute for Theoretical Physics, Kyoto University,

Kitashirakawa Oiwakecho, Sakyo-ku, Kyoto 606-8502, Japan
bInamori Research Institute for Science, 620 Suiginya-cho, Shimogyo-ku, Kyoto 600-8411, Japan and

cKavli Institute for the Physics and Mathematics of the Universe,
University of Tokyo, Kashiwa, Chiba 277-8582, Japan

We study holographic entanglement entropy in dS/CFT and introduce time-like entanglement
entropy in CFTs. Both of them take complex values in general and are related with each other via
an analytical continuation. We argue that they are correctly understood as pseudo entropy. We
find that the imaginary part of pseudo entropy implies an emergence of time in dS/CFT.

INTRODUCTION

Holography in de Sitter space (dS), so called the
dS/CFT correspondence [1], has been much more myste-
rious than that in anti-de Sitter space (AdS) [2]. This is
mainly because the dual conformal field theory (CFT) is
expected to live on a space-like surface and the time coor-
dinate emerges from a Euclidean CFT. Such CFTs turn
out to be non-unitary, being exotic compared with text
book examples of CFTs. Limited examples of CFTs dual
to de Sitter spaces have been known in four dimensional
higher spin gravity [3] and in three dimensional Einstein
gravity [4, 5]. Holography in two dimensional de Sitter
space has also been developed [6, 7]. One basic way to
see the non-unitary nature of dual CFTs is the absence
of space-like geodesics which connect two distinct points
on the dS boundary at future infinity. This makes the
holographic entanglement entropy [8–10] complex-valued
[5, 11–15], as it involves time-like geodesics.

In this article, we will argue this complex-valued quan-
tity can be properly understood as pseudo entropy intro-
duced in [16] (refer to [17] for a closely related quantity),
rather than the standard entanglement entropy, which is
real and non-negative. Pseudo entropy is defined as fol-
lows. Decomposing the total Hilbert space into those of
subsystems A and B, we introduce the reduced transition
matrix for two pure states |ψ〉 and |ϕ〉, by

τA = TrB

[
|ψ〉〈ϕ|
〈ϕ|ψ〉

]
. (1)

Finally, pseudo entropy is defined by

SA = −Tr[τA log τA]. (2)

See [18–33] for further developments.
The main reason to consider pseudo entropy in

dS/CFT is that reduced density matrices in the dual
Euclidean CFT are not hermitian. Later we will also
point out that an imaginary part of entanglement en-
tropy, which is properly understood as pseudo entropy,
naturally arises when we consider a time-like counter-
part of entanglement entropy in standard CFTs. This
is defined by rotating a space-like subsystem into time-
like one, via an analytical continuation. Indeed we will
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FIG. 1. The reduced density matrix ρA of a CFT in dS/CFT
gets non-hermitian, which leads to pseudo entropy. Here we
consider a CFT on Sd, i.e. the boundary of de Sitter space.

show that the pseudo entropy in dS and the time-like
entanglement entropy in AdS/CFT are directly related.
Refer to [34–40] for earlier discussions on temporal exten-
sion of quantum entanglement, which are different from
ours. When we were writing this paper, we noted the
preprint [41], which also analyzes time-like entanglement
entropy. After this paper appeared in arXiv, we noticed
the preprint [42], which has a partial overlap.

PSEUDO ENTROPY IN DS/CFT

Consider a d+ 1 dimensional de Sitter space (dSd+1),
described by a global coordinate

ds2 = R2
dS(−dτ2 + cosh2 τdΩ2

d). (3)

We assume the Euclidean instanton i.e. the semi-sphere

ds2 = R2
dS(dτ2

E + cos2 τEdΩ2
d), (4)

creates the de Sitter universe at τE = τ = 0 and later the
Lorentzian evolution occurs following (3) for τ > 0. Then
in this setup of the dS/CFT [43], the gravity is dual to a
Euclidean CFT on Sd. We can define the reduced density
matrix ρA by choosing a subsystem A on the equator of
Sd as depicted in Fig. 1.

The dS/CFT relates the CFT partition function ZCFT

to the Hartle-Hawking wave-function of dS [43]:

ΨdS[φ0] = ZCFT[φ0], (5)

where φ0 is regarded in the bulk and boundary side as
a boundary condition for fields φ imposed on the future

ar
X

iv
:2

21
0.

09
45

7v
2 

 [
he

p-
th

] 
 2

 N
ov

 2
02

2



2

boundary and a source that generates correlation func-
tions, respectively. The wave functional ΨdS is given by
the path integral over all fields:

ΨdS[φ0] =

∫
Dφ eiSG[φ]Ψ0, (6)

where Ψ0 denotes the initial state defined by a Euclidean
path integral. Therefore ZCFT[φ0] takes complex values
as we can easily see from the classical saddle point ap-
proximation. For example, assume d = 2 for simplicity.
It is evaluated in terms of the Liouville action [44]:

ZCFT = e−SE ,

SE =
icdS

24π

∫
d2x

[
(∂1φ)2 + (∂2φ)2 + µe2φ

]
, (7)

where the metric on S2 is described by ds2 = e2φ(dx2
1 +

dx2
2). Here cdS is defined by

cdS =
3RdS

2GN
. (8)

This means that the path integral on the north and south
semi-sphere gives different states and thus the reduced
density matrix ρA also becomes non-hermitian as illus-
trated in Fig. 1. In this way, the entanglement entropy in
dS/CFT should more properly be regarded as the pseudo
entropy. Similar treatment appears in the context of non-
hermitian condensed matter systems, see e.g. [45–47].

In the d = 2 case, if we choose the subsystem A to
be an arc with the angle θ0 on the boundary S2, the
evaluation of the geodesic distance LA between to two
boundaries of A leads to

SA =
LA

4GN
= −i cdS

3
log

[
2

ε
sin

(
θ0

2

)]
+
πcdS

6
, (9)

where the imaginary part comes from the time-like
geodesic in (3) while the real part does from the space-
like one in (4). We introduced the UV cutoff ε of the CFT
by eτ∞ = 2/ε. This is the holographic pseudo entropy in
the global dS3.

In the Poincaré dS3

ds2 = R2
dS

−dη2 + dt2E + dx2

η2
(10)

the holographic pseudo entropy for an interval A defined
by −x0/2 ≤ x ≤ x0/2 at tE = 0 is found to be

SA = −i cdS

3
log
(x0

ε

)
+
πcdS

6
. (11)

We can obtain these results (9) and (11) via the direct
computation of geodesic lengths. Equally we can obtain
them from the known holographic entanglement entropy
via the transformation from the Euclidean AdS (EAdS)
to dS: given by

RAdS = −iRdS, z = −iη, (Poincaré dS) (12)

RAdS = −iRdS, ρ = τ − πi

2
, (Global dS) (13)

TIME-LIKE ENTANGLEMENT ENTROPY AS
PSEUDO ENTROPY

Interestingly, when we extend entanglement entropy
to time-like subsystems, which we call time-like entan-
glement entropy, we encounter complex values even for
standard unitary CFTs. The entanglement entropy SA
for an interval A whose time-like and space-like width are
given by T0 and X0 reads

SA =
cAdS

3
log

√
X2

0 − T 2
0

ε
, (14)

where cAdS = 3RAdS

2GN
is the central charge of the dual CFT

[48, 49]. The time-like entanglement entropy is obtained
by setting X0 = 0:

SA =
cAdS

3
log

(
T0

ε

)
+
iπcAdS

6
. (15)

Note that the above procedure can be applied to any
unitary CFTs. We will argue that this quantity is also
correctly regarded as pseudo entropy rather than entan-
glement entropy.

A
A

t

x

t

x

FIG. 2. Definition of Time-like Entanglement Entropy

To see this, we consider its field theoretic calculation.
For illustration purpose, consider a free scalar Φ with
a mass m in two dimensions. The space and time co-
ordinate are denoted by x and t, where the former is
compactified with the periodicity β. The action of the
scalar field reads

SΦ =
1

2

∫ ∞
−∞

dt

∫ β

0

dx
[
(∂tΦ)2 − (∂xΦ)2 −m2Φ2

]
.(16)

Now, to calculate the time-like entanglement entropy,
we regard t as the “space” direction and x as the Eu-
clidean time by rotating the spacetime by ninety degree,
as depicted in Fig. 2. In this viewpoint we regard the
total partition function is written as

ZΦ = Tr[e−βH̃ ], (17)

where the “Hamiltonian” H̃ reads

H̃ = − i
2

∫ ∞
−∞

dt
[
Π2 + (∂tΦ)2 −m2Φ2

]
. (18)
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Here Π = i∂xΦ is the canonical momentum. In the mass-
less case m = 0, in terms of the standard positive definite
Hamiltonian (we again regard t as a space coordinate)

HCFT =
1

2

∫ ∞
−∞

dt
[
Π2 + (∂tΦ)2

]
, (19)

where the partition function can be rewritten as

Zφ = Tr[eiβHCFT ]. (20)

If we trace out the region B, the reduced density matrix
ρA is given by

ρA = TrA[eiβHCFT ], (21)

which is not hermitian. Note also that the time-like en-
tanglement entropy is identical to the entanglement en-
tropy at imaginary temperature.

We introduce two different states by doubling the
Hilbert space similar to the thermofield double:

|ψ〉 =
1√
Z(δ)

∑
n

ei(β+iδ)En/2|n〉1|n〉2,

|ϕ〉 =
1√
Z(δ)

∑
n

e−i(β−iδ)En/2|n〉1|n〉2, (22)

such that we obtain

Tr2|ψ〉〈ϕ|
〈ϕ|ψ〉

=
ei(β+iδ)H

Trei(β+iδ)H
, (23)

where δ is an infinitesimally small UV regulator. In this
way, the time-like entanglement entropy for the reduced
density matrix (21) is an example of pseudo entropy (2).

In the dual AdS3, we can interpret the time-like entan-
glement entropy (15) as a geodesic length as follows. In
the Poincaré coordinate

ds2 = R2
AdS

dz2 − dt2 + dx2

z2
, (24)

the relevant geodesic is identified with

t =
√
z2 + T 2

0 /4, (25)

via the Wick rotation of the familiar semi-circle geodesic.
This is depicted in the left panel of Fig. 3. Indeed the
length of this space-like geodesic reads

SA =
RAdS

4GN
· 2T0

∫ ∞
ε

dz

z
√
z2 + T 2

0 /4
=
c

3
log

T0

ε
. (26)

This explains the real part of (15). To understand the
imaginary part, we embed the Poincaré coordinate in the
global one:

ds2 = R2
AdS(− cosh2 ρdτ2 + dρ2 + sinh2 ρdθ2), (27)

as sketched in the right panel of Fig. 3. The Poincaré
coordinate is covered by the blue region and therefore

τ=0

τ=π

τ=-π

τ=τ0/2

τ=-π/2

τ=π/2

x

z

t

τ

ρ

ｔ=T0/2

ｔ=-T0/2

τ=-τ0/2

FIG. 3. The left panel shows the space-like geodesic (green
curve) in the Poincaré coordinate, which is embedded in the
global coordinate with an additional time-like geodesic (red
line) in the right panel.

we need to connect the two endpoints at ρ = 0 and τ =
±π2 by a time-like geodesic. Since the length is π, this
explains the imaginal part iπ cAdS

6 of (15).
If we consider the time-like interval with the length

τ0 in the two dimensional CFT on a cylinder, the above
global AdS3 geodesic leads to the following estimation of
the time-like entanglement entropy

SA =
cAdS

3
log

[
2

ε
sin
(τ0

2

)]
+
cAdS

6
πi. (28)

It is also useful to note that this can also be obtained by
performing the analytical continuation β → −iβ (remem-
ber (21)) on the known finite temperature CFT result for
a length L interval A [49]

SA =
cAdS

3
log

[
β

πε
sinh

πL

β

]
, (29)

by setting β = 2π, L = τ0 with ε→ −iε.

<latexit sha1_base64="4o44dBggEqDUdEKqHhlVhgw21xc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK/YI2lM120y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEikMuu63U1hb39jcKm6Xdnb39g/Kh0ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4bua3n7g2IlYNnCTcj+hQiVAwilbq9IIwa/Tdab9ccavuHGSVeDmpQI56v/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDG/8TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpX1cuHy0rtNo+jCCdwCufgwTXU4B7q0AQGEp7hFd6cR+fFeXc+Fq0FJ585hj9wPn8AyxiP0g==</latexit>

T0

<latexit sha1_base64="4o44dBggEqDUdEKqHhlVhgw21xc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK/YI2lM120y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEikMuu63U1hb39jcKm6Xdnb39g/Kh0ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4bua3n7g2IlYNnCTcj+hQiVAwilbq9IIwa/Tdab9ccavuHGSVeDmpQI56v/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDG/8TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpX1cuHy0rtNo+jCCdwCufgwTXU4B7q0AQGEp7hFd6cR+fFeXc+Fq0FJ585hj9wPn8AyxiP0g==</latexit>

T0

FIG. 4. Space and time-like geodesics whose length gives
the time-like Holographic Entanglement Entropy in the BTZ
geometry. For time intervals not symmetric about the origin
(right panel) the space-like geodesics intersect the past and
future singularities in different locations.

At finite temperature, the gravity dual is given by the
BTZ black hole:

ds2 = −
(
r2 − r2

+

)
dt2 +

dr2

r2 − r2
+

+ r2dφ2, (30)
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where r+ = 2π
β . When A is a time-like interval with

length T0, the time-like entanglement entropy can be
found again from the geodesic length, leading to

SA =
cAdS

3
log

[
β

πε
sinh

(
π

β
T0

)]
+
cAdS

6
iπ. (31)

The space-like and time-like geodesic gives the real and
imaginary part as depicted in Fig. 4.

We would also like to note that the time-like entan-
glement entropy can also be obtained from the de Sitter
pseudo entropy by using the relation (12) between AdS
and dS. For example, (15) is reproduced from (11) by
setting RAdS = −iRdS, z = −iη and t = −ix.

HIGHER DIMENSIONAL EXTENSION

We can straightforwardly extend the above holo-
graphic calculations to higher dimensions. For simplicity,
let us only consider the Poincaré AdSd+1

ds2 = R2
AdS

dz2 − dt2 + dy2 + dx2

z2
, (32)

where y is a direction that we regard as an alternative
“time” and x ∈ Rd−2 are the remaining directions. Here
we take a hyperbolic subsystem A defined by t2 − x2 ≥
T 2

0 /4 as a generalization of a temporal interval in the
d = 2 case. Introducing a radial coordinate ξ =

√
t2 − x2

for the unit Hd−2, the holographic entanglement entropy
is evaluated by varying a functional

SA =
Rd−1

AdS

4G
(d+1)
N

Vol(Hd−2)

∫
dz
ξd−2

zd−1

√
1− ξ′(z)2, (33)

with a boundary condition ξ(0) = T0/2. The resulting
extremal surface is the union of a space-like surface

ξ2 − z2 =
T 2

0

4
(34)

and a time-like surface

z2 − ξ2 =
T 2

0

4
. (35)

This can be regarded as a generalization of Fig. 3 in
d = 2. Thus we find

SA =
Rd−1

AdS

4G
(d+1)
N

Vol(Hd−2)

 d−3
2∑

k=0

( d−3
2
k

)
d− 2k − 2

(
T0

2ε

)d−2k−2

+
i
√
πΓ
(
d−1

2

)
2Γ
(
d
2

) ]
, (36)

for odd d and

SA =
Rd−1

AdS

4G
(d+1)
N

Vol(Hd−2)

 d
2−2∑
k=0

( d−3
2
k

)
d− 2k − 2

(
T0

2ε

)d−2k−2

+
Γ
(
d−1

2

)
√
πΓ
(
d
2

) log

(
T0

2ε

)
+
i
√
πΓ
(
d−1

2

)
2Γ
(
d
2

) ]
, (37)

for even d, where Vol(Hd−2) denotes the volume of Hd−2,
assumed to be properly regularized.

We can relate this result (36) to the entanglement en-
tropy for a spherical region [9] in EAdS by an analytic
continuation T0 → −iT0, Vol(Hd−2) → id−2Vol(Sd−2).
After that, by taking another analytic continuation from
EAdS to dS; RAdS → −iRdS, ε → −iε, we obtain the
pseudo entropy for dSd+1/CFTd. It is remarkable that
the resulting pseudo entropy has the real part

Rd−1
dS π

d
2

4G
(d+1)
N Γ

(
d
2

) , (38)

which is identical to a half of the de Sitter entropy in
dSd+1. When d = 2, this reduces to the real part
πcdS/6 of (9). On the other hand, all the divergent terms
are purely imaginary, which come from the time-like ex-
tremal surfaces in (3).

NUMERICAL ANALYSIS

Here we present our numerical checks for the time-like
entanglement entropy illustrated in Fig. 2 for 2d free
scalar and free Dirac fermion theories. We adapt the
correlator method [50–52] to analyse time-like entangle-
ment. For the case of a continuous spatial direction and
discrete time direction on an infinite lattice, the relevant
correlators for a pure time-like region in the scalar theory
are given by

Tr[e−βH̃Φ(t)Φ(t′)] =

∫ π

−π

dk

2π

coth −iβωΦ

2

2ωΦ
eik(t−t′)

Tr[e−βH̃Π(t)Π(t′)] =

∫ π

−π

dk

2π

ωΦ coth −iβωΦ

2

2
eik(t−t′)

(39)

where ωΦ(k) =
√
m2 + 4

ε2 sin2 k
2 and for the Dirac

fermion theory the correlators are given by

Tr[e−βH̃Ψ†(t)Ψ(t′)] =
δt,t′

2
1

−
∫ π

−π

dk

2π

tanh(−iβωΨ)

2ωΨ

(
sin k m
m − sin k

)
eik(t−t′)

(40)

where ωΨ(k) =
√
m2 + 1

ε2 sin2 k (for our conventions see

the appendix of [53]). The important point in both the-
ories is that these correlation functions are the same as
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the thermal state correlators in a theory with a stan-
dard Hamiltonian after applying the analytic continua-
tion β → −iβ. The non-trivial point for our definition of
time-like Hamiltonian is that as the expression of H̃ and
Fig. 2 are hinting, we apply m→ im (the IR regulator in
the CFT case) and ε→ −iε (the UV cutoff) in these cor-
relators in order to get time-like entanglement entropy.
Fig. 5 shows our numerical results which perfectly agree
with our analytic results.

Scalar

Diarc Fermion

0.3353 log(t)+3.889

0.3356 log(t)+0.718

0 20 40 60 80 100
0

1

2

3

4

5

T0

S
(T
0
)

β = 1000 , ϵ = - i , m = 10-6 i

FIG. 5. Numerical results for time-like entanglement and the
corresponding fit functions for free scalar and Dirac theories.

It is worth to note that the imaginary part can be also
captured in our numerical method by considering more
general regularization prescriptions such as ε → −iaε,
where a is a real number. The value of a solely affects the
coefficient of the imaginary part, which is independent of
the subregion length.

DISCUSSIONS

In this article, we argued holographic entanglement en-
tropy in dS/CFT and time-like entanglement entropy in
ordinary CFTs both should correctly be understood as
pseudo entropy. They are related with each other via
an analytical continuation. Our results strongly imply
the imaginary part of pseudo entropy describes an emer-
gence of time coordinate in holography. This generalizes
an emergent space from quantum entanglement [54, 55].
We expect this will help us understand the basic mecha-
nism of emergent time in dS/CFT in the near future.
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