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Abstract These are the lecture notes for a one-semester graduate course on black
holes and quantum gravity. We start with black hole thermodynamics, Rindler space,
Hawking radiation, Euclidean path integrals, and conserved quantities in General Rel-
ativity. Next, we rediscover the AdS/CFT correspondence by scattering fields off near-
extremal black holes. The final third of the course is on AdS/CFT, including correlation
functions, black hole thermodynamics, and entanglement entropy. The emphasis is on
semiclassical gravity, so topics like string theory, D-branes, and super-Yang Mills are

discussed only very briefly.
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1 The problem of quantum gravity

These are lectures on quantum gravity. To start, we better understand clearly what
problem we are trying to solve when we say ‘quantum gravity.” At low energies, the

classical action is .
- o /s/_—g (R—2A + Loarser) - (1.1)

Why not just quantize this action? The answer of course is that it is not renormalizable.

This does not mean it is useless to understand quantum gravity, it just means we have
to be careful about when it is reliable and when it isn’t. In this first lecture we will
consider gravity as a low-energy effective field theory,* see when it breaks down, and
make some general observations about what we should expect or not expect from the

UV completion.

1.1 Gravity as an effective field theory

The rules of effective field theory are:

1. Write down the most general possible action consistent with the symmetries;
2. Keep all terms up to some fixed order in derivatives;

3. Coefficients are fixed by dimensional analysis, up to unknown order 1 factors

(unless you have a good reason to think otherwise);
4. Do quantum field theory using this action, including loops;
5. Trust your answer only if the neglected terms in the derivative expansion are

much smaller than the terms you kept.

This works for renormalizable or non-renormalizable theories. Let’s follow the steps
for gravity. Our starting assumption is that nature has a graviton — a massless spin-2

field. This theory can be consistent only if it is diffeomorphism invariant.

*Donaghue gr-qc/9512024.



Counting metric degrees of freedom
This can be argued various ways*; we’ll just count degrees of freedom. In 4D, a massless

particle has two degrees of freedom (2 helicities). Similarly, the metric g, has'
10 components — 4 diffeos — 4 non-dynamical = 2 dof . (1.2)

In D dimensions, we count dof of a massless particle by looking at how the particle
states transform under SO(D — 2), the group of rotations that preserve a null ray.¥ A
spin-2 particle transforms in the symmetric traceless tensor rep of SO(D — 2), which
has dimension (D —2)(D —1) —1 = $D(D — 3). Similarly, assuming diffeomorphism

invariance, the metric has
D(D — 3) (1.3)

degrees of freedom.

Note that in D = 3, the metric has no (local) dof. It turns out that it does have some

nonlocal dof; this will be useful later in the course.

Back to effective field theory: Steps 1 and 2, the derivative expansion

The only things that can appear in a diff-invariant Lagrangian for the metric are objects
built out of the Riemann tensor R,,,, and covariant derivatives V,. Each Riemann
contains 00dg, so the derivative expansion is an expansion in the number of R’s and

V’s. Up to 4th order in derivatives,

1

S:
167TGN

/ vV—4 (—2A + R+ R*+ CoRy R + 3R pe R™P7 + - ) (1.4)

So the general theory is the Einstein-Hilbert term plus higher curvature corrections.

We have ignored the matter terms L4, and matter-curvature couplings, like ¢ R.

*See Weinberg QFT V1, section 5.9, and the discussion of the Weinberg-Witten theorem below,
and Weinberg Phys. Rev. 135, B1049 (1964).

"In more detail: a 4x4 symmetric matrix has 10 independent components. In 4D we have 4
functions worth of diffeomorphisms, 2/ — z#’ (z*). And go,, cannot appear in a 2nd order diff-invariant
equation of motion, so these components are non-dynamical. For more details, see the discussion of
gravitational waves in any introductory GR textbook, which should show that in transverse-traceless
gauge the linearized Einstein equation have two independent solutions (the ‘+’ and ‘x’ polarizations).

iSee Weinberg QFT V1, section 2.5.



Step 3: Coefficients = scale of new physics

Coefficients should be fixed by dimensional analysis, up to O(1) factors. This doesn’t
work for the cosmological constant: experiment (ie the fact the universe is not Planck-
sized) indicates that A is unnaturally small. This is the cosmological constant problem.
We will just sweep this under the rug, take this fine-tuning as an experimental fact,

and proceed to higher order.

For these purposes let’s take the coordinates to have dimensions of length, so the metric
is dimensionless, and R has mass dimension 2. The action should be dimensionless
(since i = 1). Looking at the Einstein-Hilbert term, that means [Gn] = 2 — D, so in
terms of the Planck scale,

GLN = (Mp)P-2 | (1.5)
In D > 2, this term is not renormalizable. This means that the theory is strongly
coupled at the Planck scale. If we try to compute scattering amplitudes using Feynman
diagrams, we would find non-sensical, non-unitary answers for £ = Mp. The rules
of effective field theory tell us that we must include the R? terms, with coefficients
123 ~ 1/M%. Higher curvature terms should also be included, suppressed by more
powers of Mp. More generally, the rule is that these coefficients should be suppressed
by the scale of new physics, which we will call M,;. New physics must appear at or
below the Planck to save unitarity, so My < Mp, but it’s possible that My < Mp. So

to allow for this possibility, we set

1

C1,2,3 ™~ W . (]_6)
In string theory M, would be the mass of excited string states:
1 /
M ~ 7.7 C123 ~ & (1‘7)

S

where £, is the string length and o/ = £2 is the string tension. In this context the R?

and higher curvature terms in the action are called ‘stringy corrections.’

Steps 4 and 5: Do quantum field theory, but be careful what’s reliable

In this section to be concrete we will work in D = 4. To do perturbation theory (about

10



flat space) with the action (1.4), we set

1
» (1.8)

=+ 7

and expand in h, or equivalently in 1/Mp. The factor of Mp is inserted here so that

the quadratic action is canonically normalized; schematically, the perturbative action
looks like

1 it 2heh + LnoPhePh 4 -
S /ahah+MPhahah+ I (ahah+MPhahah+ (1.9)

where the first terms come from expanding the Einstein action, and the other terms
come from the higher curvature corrections.* In curved space, the higher curvature

terms would also contribute to the terms like hOhOh since R ~ const + 0%h + - - .

Scattering and the strong coupling scale

As expected in a non-renormalizable theory, the perturbative expansion breaks down
at high energies. First consider the case where we set My = Mp (or, we keep only the
Einstein term in the Lagrangian) and calculate the amplitude for graviton scattering

in perturbation theory:

\/MG_N—F crosses + M: (1.10)

This is an expansion in the coupling constant /Gy = 1/Mp; but this is dimensionful, so

it must really be an expansion in F/Mp. That is, each diagram contributes something

2
*The term written here comes from a term in the action (Aj\j—;) R2, where we pick off the terms

V=g ~1+dg, R~ 8%g, then rescale §g = ﬁh



of order

2 1+number of loops
( ) (1.11)

M}
So the strong coupling scale, where loop diagrams are the same size as tree diagrams,
is

Estrong ~ MP . (112)

Below the strong coupling scale, this is a perfectly good quantum theory. We can use
it to make reliable predictions about graviton-graviton scattering, including calculable

loop corrections.

If there are two different scales M, and Mp with My < Mp the situation is slightly
more complicated. The Einstein term is strongly coupled at the Planck scale, but
looking at (1.9), the higher curvature terms become strongly coupled at a lower scale

somewhere between M, and Mp,
Estrong ~ M]gnglix (113)

for some x € (0,1). (This is a known number that you can find by examining all the
diagrams.) It is important, however, that interactions in the higher curvature terms
still come with powers of 1/Mp, so even in this case Egong contains some factor of Mp

(ie, > 0): the theory is still weakly coupled at the scale of new physics, £ ~ M.

Classical corrections to the Newtonian potential and ghosts

Returning to the classical theory, consider for example the theory with just the first
term in (1.4), so ¢; = (M,)™? and ¢y = ¢3 = 0. The equations of motion derived from
this action are schematically

1
Uh
+ (51

s

2
) O0h = 87GNT . (1.14)

Going to momentum space [1 ~ E2, so clearly the higher curvature term is negligible

at low energies F < M,. The propagator looks like

1 1 1
- - - 1.15
q2 + Ms—2q4 q2 q2 + Ms2 ( )

12



The 2nd term looks like a massive field with mass M, but the wrong sign. It is a new,
non-unitary degree of freedom, or ‘ghost’, in the classical theory. Although the only
field is still the metric, it makes sense that we've added a degree of freedom because
we need more than 2 functions worth of initial data to solve the 4th order equation of

motion (1.14).

The ‘ghost’ should not bother us, because it appears at the scale M. This is the scale
of new physics where we should not trust our effective field theory anyway. And at
energies F < Mj, the ghost has no effect on classical gravity. To see this, let’s compute
the classical potential between two massive objects. The first term in (1.15) gives the
Newtonian 1/r potential. The second term looks like a massive Yukawa force, so the

classical potential is

(1.16)

1 e ™M
’

V(r) = —Gymims {; —

This tiny for distances r > 1/M.

Loop corrections to the Newtonian potential

The 2pt function has calculable, reliable quantum corrections:

The first two terms are the classical part,

1 1 1

FiMig g T (118)

and the log term is the loop diagram (including external legs!). a is an order 1 number
that can been calculated from this diagram, and we’ve dropped some terms to simplify

the discussion (see Donaghue for details). To calculate the attractive potential between

13



two stationary masses, we set the frequency to zero ¢° = 0 and go to position space,*

/d3§<q%+ML3—Mil%logqﬂ—l—---)e“fw%+ML35(T)+@ (1.19)
This Fourier transform is just done by dimensional analysis (we've dropped numerical
coefficients). The first term is the classical Newtonian potential, the second term is
the classical higher-curvature correction, and the last term is a quantum correction.
The delta function does not matter at separated points; it is UV physics and does
not affect the potential. It came from the same physics as the Yukawa term e~ in
our discussion above— the difference is that the Yukawa term is the exact classical
contribution whereas the delta function comes from expanding out the propagator in

a derivative expansion.

The last term in (1.19) is a reliable prediction of quantum gravity, with small but

non-zero effects at low energies.

Does M, = Mp?

So does My = Mp, or is there a new scale M, < Mp? This is basically the question
of whether the new UV physics that fixes the problems of quantum gravity is weakly
coupled (Mg < Mp) or strongly coupled (no new scale). Both options are possible,

and both are realized in different corners of string theory.

If we ask the analogous question about other effective field theories that exist in nature,
then sometimes the new physics is strongly coupled (for example, QCD as the UV
completion of the pion Lagrangian) and sometimes it’s weakly coupled (for example,

electroweak theory as the UV completion of Fermi’s theory of beta decay).

Breakdown

As argued above, the effective field theory breaks down at (or below) Mp. It is conceiv-
able that this is just a problem with perturbation theory, and that the theory makes
sense non-perturbatively, for example by doing the path integral on a computer. The
problem is that the theory is UV-divergent and must be renormalized; this means we

do not have the option of just plugging in a particular action, say just the Einstein term

*See for example Peskin and Schroeder section 4.7.

14



| v/=gR, and using this to define a quantum theory. We must include the full series of
higher curvature terms. Each comes with a coupling constant, so we have an infinite
number of tunable parameters and lose predictive power. The only way this theory
can make predictions is if these infinite number of running couplings flow under RG to
a UV fixed point with a finite number of parameters. This idea is called ‘asymptotic
safety,” and although it’s a logical possibility there is little evidence for it. It is not

how other effective fields theories in nature (eg pions) have been UV completed.

1.2 Quantum gravity in the Ultraviolet

We have seen that at £ < Mp, ordinary methods in quantum field theory can be
applied to gravity without any problems. So the real problem, of course, is how to
find a UV completion that reduces at low energy to the effective field theory we’ve just
described. This problem is unsolved, but there has been a lot of progress. The point of
this section is to make a few comments about what we should and should not expect

in a theory of quantum gravity, and to introduce the idea of emergent spacetime.

Quantum gravity has no local observables
Gauge symmetry is not a symmetry. It is a fake, a redundancy introduced by hand to
help us keep track of massless particles in quantum field theory. All physical predictions

must be gauge-independent.

In an ordinary quantum field theory without gravity, in flat spacetime, there two types
of physical observables that we most often talk about are correlation functions of
gauge-invariant operators (Oy(xy) - - - Op(x,,)), and S-matrix elements. The correlators
are obviously gauge-independent. S-matrix elements are also physical, even though
electrons are not gauge invariant. The reason is that the states used to define the
S-matrix have particles at infinity, and gauge transformations acting at infinity are
true symmetries. They take one physical state to a different physical state — unlike
local gauge transformations, which map a physical state to a different description of

the same physical state.

In gravity, local diffeomorphisms are gauge symmetries. They are redundancies. This

means that local correlation functions like (O;(x1) - - O, (z,)) are not gauge invariant,

15



and so they are not physical observables.” On the other hand, diffeomorphisms that
reach infinity (like, say, a global translation) are physical symmetries — taking states
in the Hilbert space to different states in the Hilbert space — so we get a physical
observable by taking the insertion points to infinity. This defines the S-matrix, so it is

sometimes said that ‘The S-matrix is the only observable in quantum gravity.’

This is not quite true, since there are also non-local physical observables. For example,
suppose we send in an observer from infinity, along a worldline zf(7), with 7 the
proper time along the path. Although the coordinate value x5 (7) depends on the
coordinate system, it unambiguously labels a physical point on the manifold; that is,
x (1) labels the same physical point as 2 (71) in some other coordinates. Therefore
(O1(xo(71)) - - - On(0(75))) should be a physical prediction of the theory, which answers
the physical question ‘If T follow the path z(7), carrying an O-meter, what do I
measure?’. So apparently, to construct diff-invariant physical observables, we need to

tie them to infinity. Although this sounds like a straightforward fix, it is actually a

radical departure from ordinary, local quantum field theory.

The graviton is not composite (Weinberg-Witten theorem)

In QCD, there are quarks at high energies, and pions are composite degrees of freedom
that appear at low energy where the quarks are strongly coupled. The pion Lagrangian
is non-renormalizable; it breaks down at the QCD scale and must be replaced by the
full UV-complete theory of QCD.

Based on this analogy, we might guess that the UV completion of gravity is an ordinary,
D = 4 quantum field theory with no graviton, and that the graviton is a emergent
degree of freedom at low energies. This is wrong. The graviton may be an emergent
degree of freedom, but it cannot come from an ordinary D = 4 quantum field theory
in the UV. The reason is the Weinberg-Witten theorem:

*This is true in the effective field theory of gravity too, not just in the UV. However in perturbation
theory it is not a problem. In perturbation theory, coordinates x* label points on the fixed background
manifold, which are meaningful. It is only when we allow the geometry to fluctuate wildly that this
really becomes a problem.

t See the original paper for the proof, it is short and clear. The basic idea is to first argue that,
since states carry energy, (p|T%(0)|p) # 0. However, if these are single-particle states for a particle
with helicity £2, then there is just now way for (p’|T),, |p) to transform properly under rotations unless
it vanishes.

16



A 4D Lorentz-invariant QFT with a conserved, gauge-invariant stress tensor T, cannot

have massless particles with spin > 1.

This does not rule out general relativity itself because 7},, is not gauge invariant in GR
(or, equivalent, the physical part of T}, is not really a Lorentz tensor). It does rule
out a composite graviton: If gravity emerged from an ordinary QFT, then in the UV
there is no diffeomorphism symmetry, the stress tensor is gauge invariant, so there can

be no graviton in the spectrum.

Emergent spacetime

So the theory of the graviton is sick in the UV, but if we stick to ordinary QFT we
cannot eliminate the graviton in the UV. This leaves two possibilities. One is that
the graviton appears in the UV theory, along with other degrees of freedom which
cure the problems seen in effective field theory. The other is that the graviton is an
emergent degree of freedom, but the UV theory is not an ordinary 4D QFT. These
are not mutually exclusive, and in fact both of these possibilities are realized in string

theory (simultaneously!).

In this course we will focus on the second possibility. We will discuss models where
not only the graviton, but spacetime itself is emergent. The fundamental degrees of
freedom of the theory do not live in the same spacetime as the final theory, or in
some cases do not live in any spacetime at all. Spacetime is an approximate, collective
description of these underlying degrees of freedom, and makes sense only the infrared.
The graviton is emergent, but evades Weinberg-Witten because the way it emerges is

outside the usual framework of QFT.

A look ahead

There are many ways to approach this subject. In this course we will take a route that
begins and ends with black holes. Unlike other EFTs (eg the pion Lagrangian), the
Einstein action contains an enormous amount of information about the UV completion
— infrared hints about the ultraviolet. Much of this information is encoded in the
thermodynamics of black holes, so that is our starting point, and will be the basis of
the first half of the course. As it turns out, black holes also lead to emergent spacetime

and the AdS/CFT correspondence, which are the topics of the second half of the course.

17



1.3 Homework

Review the chapter on black holes in Carroll’s textbook (or online lecture notes) on

General Relativity.

18



2 The Laws of Black Hole Thermodynamics

In classical GR, black holes obey ‘laws’ that look analogous to the laws of thermody-
namics. These are classical laws that follow from the Eintsein equations. Eventually,
we will see that in quantum gravity, this is not just an analogy: these laws are the
ordinary laws of thermodynamics, governing the microsopic UV degrees of freedom

that make up black holes.

2.1 Quick review of the ordinary laws of thermodynamics

The first law of thermodynamics is conservation of energy,
AFE =Q (2.1)

where Q is the heat transferred to the system.* For quasistatic (reversible) changes

from one equilibrium state to a nearby equilibrium state, §Q = T'dS so the 1st law is
TdS =dFE . (2.2)

Often we will turn on a potential of some kind. For example, in the presence of an

ordinary electric potential ®, the 1st law becomes
TdS = dFE — ®dQ (2.3)

where () is the total electric charge. If we also turn on an angular potential, then the
1st law is
TdS =dE — QdJ — ®dQ . (2.4)

The second law of thermodynamics is the statement that in any physical process,

entropy cannot decrease:
AS>0. (2.5)

These laws can of course be derived (more or less) from statistical mechanics. In the

microscopic statistical theory, the laws of thermodynamics are not exact, but are an

*Often the rhs is written @Q + W where —W is the work done by the system. We’ll set W = 0.
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extremely good approximation in a system with many degrees of freedom.

2.2 The Reissner-Nordstrom Black Hole

The Riessner-Nordstrom solution is a charged black hole in asymptotically flat space.

It will serve as an example many times in this course.

Consider the Einstein-Maxwell action (setting units Gy = 1),*

1
S = Ton d'v/—g (R — F,,F") (2.6)

where F,, =V, A, -V, A, =0,A, — 0,A,. This describes gravity coupled to electro-

magnetism. The equations of motion derived from this action are

Ry — tguR = 87T, (2.7)
V., F'" =0 (2.8)

with the Maxwell stress tensor

2 55matte7‘ 1
T, = (

1
S e S———— (A Ay 2 C R R A 2.9
12 /—_g 59;“, 47’(’ g# B + 1284 l/) ( )

4

The Reissner-Nordstrom solution is

dr?

ds* = —f(r)dt* + —— + r*dS3 2.10
( ) f(T’) 2 ( )

with o1/ )
f(r)zl——+Q2 , (2.11)

r
and an electromagnetic field
Q Q

Ay dxt = —?dt, SO F. = i (2.12)

This component of the field strength is the electric field in the radial direction, so this

is exactly the gauge field corresponding to a point source of charge @ at r = 0.

*See Carroll Chapter 6 for background material. The factors of 2 in that chapter are confusing; see
appendix E of Wald for a consistent set of conventions similar to the ones we use here.
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This is a static, spherically symmetric, charged black hole. There is nothing on the rhs
of the Maxwell equation (2.8), so the charge is carried by the black hole itself; there are
no charged particles anywhere. The parameter () in the solution is the electric charge;

this can be verified by the Gauss law,

1 1
Qelectric = E /32 *F = Erz / dQZFrt = Q . (213>

This integral is over the boundary of a fixed-time slice ¥, ie a surface of constant ¢ and

constant r > 1.

Horizons and global structure
Write

f(r):%(r—hr)(r—r_), ry =M+ /M2 - Q2. (2.14)

Then r, is the event horizon and r_ is the Cauchy horizon (also called the outer and
inner horizon). The coordinates (2.10) break down at the event horizon, though the
geometry and field strength are both smooth there. There is a curvature singularity at
r = 0. See Carroll’s textbook for a detailed discussion, and for the Penrose diagram of
this black hole.

We will always consider the case M > @ > 0. If |Q| > M, then r, < 0, so the
curvature singularity is not hidden behind a horizon. This is called a naked singularity,
and there are two reasons we will ignore it: First, there is a great deal of evidence for
the cosmic censorship conjecture, which says that reasonable initial states never lead
to the creation of naked singularities.” Second, if there were a naked singularity, then
physics outside the black hole depends on the UV (since the naked singularity can spit

out visible very heavy particles), and we should not trust our effective theory anyway.

*There are also interesting violations of this conjecture in some situations, but in mild ways [Pre-
torious et al.]
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2.3 The 1st law

Now we will check that this black hole obeys an equation analogous to (2.3), if we

define an ‘entropy’ proportional to the area of the black hole horizon:

S

e x Area of horizon . (2.15)

We’ve temporarily restored the units in order to see that this is the area of the horizon
in units of the Planck length ¢p = \/AG . (Now we’ll again set Gy = h = 1.) For now
this is just a definition but we will see later that there is a deep connection to actual

entropy. The horizon has metric ds* = r3d€23, so the area is simply
A =drr? = dn(M + /M2 — Q2) . (2.16)
Varying the entropy gives
ds = (%) dM — (%) dQ . (2.17)
Rearranging, this can be written as the 1st law in the form
TdS = dM — ®dQ (2.18)
with

T re—r_ \/m <I>—Q

_ Q
dmri 2m(M + /M2 = Q%)% re M4 /M@

M, the mass of the black hole, is the total energy of this spacetime, so this makes

(2.19)

sense. ® also has a natural interpretation:
O = —Aolr=r, - (2.20)

It is the electric potential of the horizon.

But, we have no good reason yet to call 7" the ‘temperature’ or S the ‘entropy’ (this

will come later).
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The 1st law relates two nearby equilibrium configurations. There are two ways we
can think about it: (i) as a mathematical relation on the space of solutions to the
equations, or (i7) dynamically, as what happens to the entropy if you throw some

energy and charge into the black hole.

T is related to the surface gravity of the black hole

T = — 2.21
or ( )

which is defined physically as the acceleration due to gravity near the horizon (which
goes to infinity) times the redshift factor (which goes to zero). If you stand far away
from the black hole holding a fishing pole, and dangle an object on your fishing line
near so it hovers near the horizon, then you will measure the tension in your fishing
line to be KMopject- It can be shown that s is constant everywhere on the horizon
of a stationary black hole. This is analogous to the ‘Oth law of thermodynamics’: in

equilibrium, temperature is constant.

If we restore units, then note that S o h, so

T o h. (2.22)

Exercise: Thermodynamics of 3d Black Holes

Difficulty level: easy

Three-dimensional gravity has no true graviton, since a massless spin-2 particle has
%D(D — 3) = 0 local degrees of freedom. However, with a negative cosmological
constant, there are non-trivial black hole solutions, found by Banados, Teitelboim, and
Zanelli. The metric of the non-rotating BTZ black hole is

2

ds? = (2 | —(r® — 8M)dt® + m +r2de?| | (2.23)

where ¢ is an angular coordinate, ¢ ~ ¢ + 2w. This is a black hole of mass M in a

spacetime with cosmological constant A = —giz.

(a) Compute the area of the black hole horizon to find the entropy.
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(b) Vary the entropy, and compare to the 1st law T'dS = dM to find the temperature
of the black hole.

(c) Put all the factors of Gy and h back into your formulas for S and 7. S should
be dimensionless and T should have units of energy (since by T we always mean

T = kpTihermodynamic)- Does T have any dependence on Gn?

Exercise: Thermodynamics of rotating black holes.
Difficulty level: Straightforward, if you do the algebra on a computer

The Kerr metric is

A(r)
2

P2
A(r)

ds? = —

1
(dt —asin? Odg)? + dr®+ p*df* + — sin? 0(adt — (r* +a®)d¢)? , (2.24)
p

where
A(r) =r? +a* - 2Mr p? =r*+a’cos’ 0 (2.25)

and —M < a < M. This describes a rotating black hole with mass M and angular

momentum

J=aM . (2.26)

(a) Show that the entropy is

S =2tMry =2rM(M + VM? —a?) . (2.27)

(b) The first law of thermodynamics, in a situation with an angular potential €2, takes

the form
TdS =dM — QdJ . (2.28)

Use this to find the temperature and angular potential of the Kerr black hole in terms
of M,a. (Hint: The angular potential can also be defined as the angular velocity of

3 . — _gu
the horizon: (2 = g r=ry-)
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2.4 The 2nd law

The second law of thermodynamics says that entropy cannot decrease: AS > 0. This
law does not require a quasistatic process; it is true in any physical process, including
those that go far from equilibrium. (For example, if gas is confined to half a box, and

we remove the partition.)

Hawking proved, directly from the Einstein equation, that in any physical process
the area of the event horizon can never decrease. This parallels the second law of
thermodynamics! This is a very surprising feature of these complicated nonlinear

PDEs. We will not give the general proof; see Wald’s textbook.

Exercise: Black hole collision

Difficulty level: 2 lines

The 2nd law also applies to multiple black holes. In this case the statement is that the
total entropy — ie the sum of the areas of all black holes — must increase. Argue that if
two uncharged, non-rotating black holes collide violently to make one bigger black hole,

then at most 29% of their initial rest energy can be radiated in gravitational waves.

Exercise: Perturbative 2nd law

Difficulty level: FEasy if familiar with particle motion on black holes

The 2nd law applies to the full nonlinear Einstein equation. In most cases, like a
black hole collision, it is hopeless to actually solve the Einstein equations explicitly
and check that it holds. But one special case where this can be done is for small
perturbations of a black hole. In this exercise we will drop a charged, massive particle

into a Reissner-Nordstrom black hole, and check that the entropy increases.”

Suppose we drop a particle of energy € and charge ¢ into a Reissner-Nordstrom black

hole along a radial geodesic (to avoid adding angular momentum), with ¢ < M and

*Reference: MTW section 33.8.
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q < Q. This will change the mass and charge of the black hole,
M — M + e, Q—-Q+q. (2.29)

Although initially there will be some fluctuations in the spacetime and ripples on the
horizon from the particle that just passed through, these will quickly decay so that
we have once again the Reissner-Nordstrom solution, now with the new energy and
charge. Therefore, in this process the area of the black hole horizon changes according

to the 1st law (2.18),

0S = %(6 — ®q) . (2.30)

(a) The infalling particle follows a trajectory x#(7) where 7 is proper time. Its 4-
momentum 1is

dz*
w27
P dr

In a spacetime with a time-translation Killing vector ¢, the energy of a charged

(2.31)

particle
e=—(p+qd) ¢V . (2.32)

This is conserved along the path of the particle (which is not a geodesic, since it feels an
electromagnetic force). For a charged particle on the Reissner-Nordstrom black hole,

find € in terms of f(r) and the components of p*.
(b) Assume @ > 0. For one sign of ¢, the energy e can be negative. Which sign?

If we drop a negative-energy particle into a black hole, the mass of the black hole
decreases. Therefore it is possible to extract energy using this process. For uncharged
but rotating black holes, a similar procedure can be used to extract energy in what
is called the Penrose process. Particles far from the black hole cannot have negative
energy, so negative-energy orbits are always confined to a region near the horizon. This

region is called the ergosphere.

(c) Although we can decrease the energy of the charged black hole, we cannot decrease
the entropy. To show this, we need to find the minimal energy of an orbit crossing the

horizon. Assume the particle enters the horizon along a purely radial orbit,* p? = p? =

*This assumption is not necessary. In the general case, the particle can add angular momentum to
the black hole, so we need to consider the charged, rotating Kerr-Newman spacetime. This is treated
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0. The proper time along the orbit is

dr® = —ds® = f(r)dt* — ;(—7; . (2.33)

Use this equation to write € in terms of p”, ¢, and f(r).

(d) € is conserved along the orbit, so you can evaluate it where the particle crosses the

horizon, r = r,. Show that the minimal value of € is
€min = qA(r =1y) . (2.34)

Conclude that the 2nd law of thermodynamics is obeyed.

(e) Reversible processes are those in which AS = 0. How would you reversibly drop
a charged particle into a Reissner-Nordstrom black hole? (i.e., what charge would it

have and how would you drop it?)

2.5 Higher curvature corrections

Everything in this section so far has assumed the gravity action is [ \/=g(R —2A). As
discussed in section 1.1, this is incomplete: there should be higher curvature corrections

suppressed by the scale of new physics.

In a general theory of gravity including curvature corrections, the formula for the

entropy also receives corrections,

A
S = Zea + higher curvature corrections . (2.35)

The more general formula is called the ‘Wald entropy’. We will postpone the general
discussion of the Wald entropy until later; for now suffice it to say that the 1st law still
holds. The 2nd law, however, does not. There are known counterexamples involving

black hole collisions.” To my knowledge this is not fully understood. A likely explana-

in detail in [MTW section 33].
*See arXiv: [hep-th/9305016], [0705.1518], [1011.4988].
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tion is that this signals a breakdown of the effective field theory — i.e., that when these
violations occur we must include higher corrections or corrections from new physics in

the UV.

2.6 A look ahead

We have seen that the classical Einstein equations lead to laws of black hole mechanics
that are analogous to the laws of thermodynamics. In quantum gravity, it is not just

an analogy.

Temperature

What we called ‘1" is a true temperature: black holes radiate as blackbodies with
temperature T'. This is Hawking radiation. It does not rely on quantizing gravity itself
— it is a feature of quantum field theory in curved space, which will be derived in the

next couple lectures.

Generalized second law

The entropy S is also a real entropy. This means that the total entropy of a system
is the ordinary entropy (of whatever gas is present, or a cup of tea, etc) plus the total
entropy of all the black holes in the system. The generalized second law is the statement

that the total entropy cannot decrease:
Stot = Sblack holes + Sstuff ) AStot >0. (236>

If you throw a cup of hot tea into a black hole, then this entropy seems to vanish. This is
puzzling, because if we didn’t know about black hole entropy, we might conclude that
the ordinary 2nd law (applied to the tea) had been violated by destroying entropy.
However, the generalized second law guarantees that in this process the area of the

horizon will increase, and this will (at least) make up for lost entropy of the tea.

Counting microstates

Finally, we know that in quantum mechanics, entropy is supposed to count the states
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of a system:
S(E) = log (# states with energy F) . (2.37)

For a supermassive astrophysical black hole like the one at the center of the Milky Way,
2

this is an enormous number, or order (%) ~ 10%. For comparison, the entropy

of all baryons in the observable universe is around 1082, and the entropy of the CMB

is about 10%°. So black holes must have enormous number of states!

(Classical black holes have no microstates. They are completely specified by M, J, Q)
(this statement is called the no hair theorem). How, then, can they have entropy? The
answer should be that in the UV completion of quantum gravity, black holes have many
microstates. This is exactly what happens in certain examples in string theory, and in
AdS/CFT, as we'll see later. Unlike Hawking radiation, to understand the microscopic
origin of black hole entropy requires the UV completion of quantum gravity. Turning
this around, this means that black hole entropy is a rare and important gift from
nature: an infrared constraint on the ultraviolet completion, that we should take very

seriously in trying to quantize gravity.
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3 Rindler Space and Hawking Radiation

The next couple of lectures are on Hawking radiation. There are many good refer-
ences to learn this subject, for example: Carroll’s GR book Chapter 9; Townsend
gr-qc/9707012; Jacobson gr-qc/0308048. Therefore in these notes I will go quickly
through some of the standard material, but slower through the material that is hard

to find elsewhere. I strongly recommend reading Carroll’s chapter too.

Hawking radiation is a feature of QFT in curved spacetime. It does not require that
we quantize gravity — it just requires that we quantize the perturbative fields on the

black hole background. In fact we can see very similar physics in flat spacetime.

3.1 Rindler space

2d Rindler space is a patch of Minkowski space. In 2D, the metric is
ds®* = dR* — R*dn* . (3.1)

There is a horizon at R = 0 so these coordinates are good for R > 0,7 =anything.

Notice the similarity to polar coordinates on R?, if we take n — i¢. This suggests
the following coordinate change from ‘polar-like’ coordinates to ‘Cartesian-like’ coor-
dinates,

x = Rcoshn, ¢= Rsinhny . (3.2)

The new metric is just Minkowski space RM!,
ds* = —dt* + dz?* . (3.3)

Looking at (3.2), we see 22 — t* = R* > 0, so the Rindler coordinates only cover the

patch of Minkowski space with
x>0, |t|<x. (3.4)

This is the ‘right wedge’, which covers one quarter of the Penrose diagram.
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Higher dimensional Rindler space is
ds* = dR* — R*dn* + dij* | (3.5)

so we can map this to a patch of R"P~! by the same coordinate change. The other

coordinates just come along for the ride.

A ‘Rindler observer’ is an observer sitting at fixed R. This is not a geodesic — it is a
uniformly accelerating trajectory. You can check this by mapping back to Minkowski
space. Rindler observers are effectively ‘confined’ to a piece of Minkowski space, and
they see a horizon at R = 0. This horizon is in many ways very similar to a black hole

horizon.

Exercise: Rindler time translations are Minkowski boosts

Difficulty level: a few lines

Gy = Oy is an obvious Killing vector of Rindler space, since the metric is independent
of n. By explicitly transforming this vector to Minkowski coordinates, show that it is

a Lorentz boost.*

3.2 Near the black hole horizon

Black holes have an approximate Rindler region near the horizon. For example, start

with the Schwarzschild solution

dr? 2M
ds* = —f(r)dt* + + 7r2d§3, fry=1-——. 3.6
() i 9 () =1 (36)
Make the coordinate change
r=2M(1+¢€), so f(r)=é (3.7)

*Reminder: The notation ¢ = J,, means, in components, (#0,, = 0, i.e., { = 1.
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and expand the metric at small e,
ds® = —*dt* + 16 M*de* + AM?dQ5 + - - - (3.8)

The (t,€) piece of this metric is Rindler space (we can rescale t and € to make it look
exactly like (3.1)).

Although 2d Rindler is a solution of the Einstein equations, the metric written in (3.8)
(excluding the dots) is R x S%. This is not a solution of the Einstein equations. Tt

is only an approximate solution for small e.

3.3 Periodicity trick for Hawking Temperature

Now we will give a ‘trick’ to derive the Hawking temperature. The trick is to argue that
that, in the black hole metric, the time coordinate must be periodic in the imaginary
direction, and this imaginary periodicity implies that the black hole has a temperature.
Actually, this trick is completely correct, and we will justify it later from the path

integral, but don’t expect this subsection to be very convincing yet!

First we want to argue that QFT at finite temperature is periodic in imaginary time,
with periodicity
t~t+103, Bg=1/T. (3.9)

We will return this in detail later, but for now one way to see it is by looking at the

thermal Green’s function®*
1
Gs(1,7) = — Tt pihermaTr [O(T,2)0(0,0)] = - Tr e PHTL[O(1,2)0(0,0)], (3.10)

where 7 = it is Euclidean time, and Tr means Euclidean-time ordering (i.e., put the

*This definition holds for —3 < 7 < 8. A good reference for the many types of thermal Green’s
functions is Fetter and Walecka, Quantum Theory of Many-particle Systems, 1971, in particular chap-
ters 7 and 9. The function Gg defined here is equal to the Euclidean Green’s function on a cylinder
that we will discuss later (up to normalization).

32



larger value of 7 on the left). This is periodic in imaginary time,*

Gs(r,z) = —% Tr e PHO(1,2)0(0,0) (3.11)
— _% Tr 0(0,0)e PHO(1, z) (3.12)
_ _% Tr e=PH0(8,0)0(r, ) (3.13)
= Gyt — B,z) (3.14)

Now returning to black holes, Rindler space (3.1) is related to polar coordinates, dR? +
R%d¢? with n = i¢. Polar coordinates on R? are singular at the origin unless ¢ is a

periodic variable, ¢ ~ ¢ + 2w. Therefore 7 is periodic in the imaginary direction,
n~n+2mi. (3.15)

Going back through all the coordinate transformations relating the near horizon black
hole to Rindler space, this implies that the Schwarzschild coordinate ¢ has an imaginary
periodicity

t~t+i3, 6=8rM . (3.16)

Comparing to finite temperature QFT,

1 1

3 87M

(3.17)

This agrees with the Hawking temperature derived from the first law, (2.19) (setting
@ = 0). As mentioned above, this derivation probably is not very convincing yet, but

it is often the easiest way to calculate T given a black hole metric.

Exercise: Schwarzschild periodicity
Difficulty level: easy
Work through the coordinate transformations in section (3.2) to relate the Schwarzschild

near-horizon to Rindler space, and show that (3.15) implies (3.16).

*1st line: definition (we assume 0 < 7 < (3, so this is 7-ordered). 2nd line: cyclicity of trace. 3rd
line: definition of time translation, O(7,z) = e 0(0,z)e~"H. 4th line: definition.
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Exercise: Kerr periodicity
Difficulty level: moderate — a few pages
Field theory at finite temperature and and angular potential is periodic in imaginary

time, but with an extra shift in the angular direction:

(t.¢) ~ (t+ifB, ¢ —iBQ) . (3.18)

(a) Derive (3.18) by an argument similar to (3.11). The density matrix for QFT at
finite temperature and angular potential is p = e =) where J is the angular

momentum.

(b) Starting from the Kerr metric (11.22), we will follow steps similar to section 3.2
to relate the near horizon to Rindler space. This will be easiest if you write A(r) =
(r —ry)(r —r_) and work in terms of r4 instead of plugging in all the M’s and a’s.
Also, you can safely ignore that 6-direction by setting § = 7/2 (you should come back

at the end of the problem and convince yourself that this was reasonable).

Plug in 7 = 7, (1 + €2) and expanding in €. You should find something of the form
ade® + (bdg — cdt)® + (edp + fdt +---) + -+ . (3.19)

where a, b, c, e, f are some constants.

(c¢) To find the correct periodicity in this situation, define the corotating angular coor-
dinate ¢ = bp — ct (this coordinate rotates with the horizon). Now the usual Rindler
argument implies that ¢ has an imaginary identification with ¢ held fixed. Translate
this identification back into t, ¢ coordinates and compare to (3.18) to read off 5 and
). Check that your answers agree with the ones you derived from the first law in the

exercise around (11.22).
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3.4 Unruh radiation

Suppose our spacetime is Minkowski space, in the vacuum state. An observer on a
worldline of fixed x will not observe any excitations. So, if the observer carries a
thermometer, then the thermometer will read ‘temperature = 0’ for all time. More
generally, if the observer carries any device with internal energy levels that can be ex-
cited by interacting with whatever matter fields exist in the theory (an Unruh detector),

then this device will forever remain in its ground state.

However, now consider a uniformly accelerating observer with acceleration a. This
corresponds to a Rindler observer sitting at fixed R = 1/a. We will show that in

the same quantum state — the Minkowski vacuum — this observer feels a heat bath at

a

temperature 7' = o-.
No unique vacuum

Thus the Minkowski vacuum is not the same as the Rindler vacuum. This is a general
feature of quantum field theory in curved space (although in this example spacetime
is flat!). In general, there is no such thing as the vacuum state, only the vacuum state
according to some particular observer. The reason for this is the following. In QFT,

we expand quantum fields in energy modes,

qu Z <aw’keiwt—z‘kx_'_ai)’ke—iwt-i-ikm) ' (3.20)

w>0,k

The ‘vacuum’ is defined as the state annihilated by the negative energy modes:
a,|0) =0, (3.21)

and excitations are created by the positive-energy modes a'.

The ambiguity comes from the fact that energy is observer dependent. The energy is
the expectation value of the Hamiltonian; and the Hamiltonian is the operator that

generates time evolution
l
h

Therefore the Hamiltonian depends on a choice of time t. In GR, we are free to call

[H,0] = 9,0 . (3.22)
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Figure 1: Different choices of time in Minkowski vs Rindler space.

any timelike direction t. Different choices of this coordinate correspond to different
choices of Hamiltonian, and therefore different notions of positive energy, and therefore

different notions of vacuum state. See figure.

The Unruh temperature

The quick way to the Unruh temperature is the imaginary-time periodicity trick. Since
the Rindler time coordinate 7 is periodic under n ~ n+2m¢, this looks like a temperature
T = % This is the temperature associated to the time translation d,. In other words,
if H, is the Hamiltonian that generates n-translations, then the periodicity trick tells

us that the density matrix for fields in Rindler space is

PRindier = € 717 (3.23)

The proper time of a Rindler observer at fixed R = Ry is
dr = Rydn . (3.24)

Therefore Ry is the redshift factor, and the temperature actually observed (say by a

thermometer) is
1 1 1 a

JIm2r  2mR, 21

Where in this argument did we actually decide which state we are in? There are

(3.25)

Ehermometer =

excitations of Rindler/Minkowski space — say, a herd of elephants running by — where
an observer will certainly not measure a uniform heat bath of thermal radiation! The

answer is that by applying the periodicity trick, we have actually selected one particular
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very special state, (3.23). What we still need to show is that this state is in fact the

Minkowski vacuum.

First, some FAQ:*

e Does a Minkowski observer see that the Rindler observer is detecting particles?
Yes, the Minkowski observer can see that the Rindler observer’s particle detector
is clicking. How does that make any sense if the Minkowski observer doesn’t see
the particles being absorbed? The Minkowski observer actually sees the Rindler
observer’s detector emit a particle when it clicks. This can be worked out in
detail, but the easy way to see this is that the absorption of a Rindler mode
changes the quantum state of the fields; the only way to change the vacuum

state is to excite something.

e Doesn’t this violate conservation of energy? No, the Rindler observer is uniformly
accelerating. So this observer must be carrying a rocket booster. From the point
of view of a Minkowski observer, the rocket is providing the energy that excites

the Rindler observer’s thermometer, and causes Minkowski-particle emission.

e How hot is Unruh radiation? Not very hot. In Kelvin, T" = ha/(27ckg). To

reach 1K, you need to accelerate at 2.5 x 10%°m /s%.

e According to the equivalence principle, sitting still in a uniform gravitational field
1s the same as accelerating. So do observers sitting near a massive object see
Unruh radiation? Only if it’s a black hole (as discussed below). Observers
sitting on Earth do not see Unruh radiation because the quantum fields near the
Earth are not in the state (3.23). This is similar to the answer to the question

‘why doesn’t an electron sitting on the Earth’s surface radiate?’.

Back to Minkowski

One very explicit method to show that the thermal Rindler state is in fact the Minkowski
vacuum is to compare the Rindler modes to the Minkowski modes, and check that im-
posing aMinkowski|()) = () leads to the state (3.23) in the Rindler half-space. This is

already nicely written in Carroll’s GR book and many other places so I will not bother

*See http://www.scholarpedia.org/article/Unruh_effect for further discussion and references.
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writing it here. Read the calculation there. But don’t be fooled — that method gives
the impression that the Rindler temperature has something to do with the modes of a
free field in Minkowski space. This is not the case. The Rindler temperature is fixed by
symmetries, and holds even for strongly interacting field theories, for example QCD.

The general argument will be given in detail below, using Euclidean path integrals.

Exercise: Rindler Modes
Work through the details of section 9.5 in Carroll’s GR textbook Spacetime and Ge-

ometry.

3.5 Hawking radiation

We have shown that Unruh observers see a heat bath set by the periodicity in imaginary
time. We have also seen that the near-horizon region of a black hole is Rindler space.
Putting these two facts together we get Hawking radiation: black holes radiate like a

blackbody at temperature 7. Some comments are in order:

1. This section has argued intuitively for Hawking radiation but don’t be disturbed
if you find the argument unconvincing. There are two ways to give a more
explicit and more convincing derivation. One is to match in modes to out modes
and calculate Bogoliubov coefficients; I recommend you read this calculation in
Carroll’s book. The other method is using Euclidean path integrals to put the
imaginary-time trick on a solid footing. We will follow this latter method in the

next section.

2. This is the same T that appeared in the 1st law of thermodynamics. Historically,
the 1st and 2nd law were discovered before Hawking radiation. Since T" and S
show up together in the 1st law, it was only possible to fix each of them up to
a proportionality factor. This ambiguity was removed when Hawking discovered

(to everyone’s surprise) that black holes actually radiate.
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3. In this derivation of Hawking radiation we have chosen a particular state by
applying the imaginary-time periodicity trick. In the Unruh discussion, this trick
selected the Minkowski vacuum. Another way to say it is that the imaginary-
time trick picks a state in which the stress tensor is regular on the past and
future Rindler horizon. Therefore, by applying this trick to black holes, we have
selected a particular quantum state which is regular on the past and future event
horizon. This state is called the Hartle- Hawking vacuum. Physically, it should be

interpreted as a black hole in thermodynamic equilibrium with its surroundings.
Others commonly discussed are:

(a) The Boulware vacuum is a state with no radiation. In Rindler space, it
corresponds to the Rindler vacuum, pginaer = |0)(0|. This state is singular on

the past and future Rindler/event horizons, so is not usually physically relevant.

(b) The Unruh vacuum is a state in which the black hole radiates at temperature
T, but the surroundings have zero temperature. This is the state of an astro-
physical black hole formed by gravitational collapse. It is regular on the future
event horizon, but singular on the past even horizon (which is OK because black
holes formed by collapse do not have a past event horizon). If we put reflecting
boundary conditions far from the black hole to confine the radiation in a box, or
if we work in asymptotically anti-de Sitter space, then the Unruh state eventually

equilibrates so at late times is identical to the Hartle-Hawking state.

4. If you stand far from a black hole, you will actually not quite see a blackbody. A
Rindler observer sees an exact blackbody spectrum, as does an observer hovering
near a black hole horizon. But far from the black hole, the spectrum is modified
by a ‘greybody factor’ which accounts for absorption and re-emission of radiation
by the intervening geometry. Far from a black hole, the occupation number of a

mode with frequency w is

<nw> = eﬁwl_ 1 X Uabs(w) . (326)

The first term is the blackbody formula and the second term is the greybody
factor. The greybody factor is equal to the absorption cross-section of a mode
with frequency w hitting the black hole, since transmission into the black hole is

equal to transmission out of the black hole.
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5. In Rindler space, an observer on a geodesic (i.e., Minkowski observer) falls
through the Rindler horizon, and this observer does not see the Unruh radia-
tion. Similarly, you might expect that freely falling observers jumping into a
black hole will not see Hawking radiation. This is almost correct, as long as the
infalling observer is near the horizon in the approximately-Rindler region, but
not entirely — the potential barrier between the horizon and r = oo causes some
of the radiation to bounce back into the black hole, and this can be visible to an

infalling observer.
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4 Path integrals, states, and operators in QFT

To put our derivation of Hawking radiation on a solid footing, and for other applications
to gravity later on, we will now take a slight detour to explain the relationship between
path integrals and states in quantum field theory. (This is material not normally
covered in detail in QFT courses or books; it is assumed that the reader is already

familiar with path integrals at the level of Peskin and Schroder.)

4.1 Transition amplitudes

Path integrals define transition amplitudes. A Euclidean path integral defines a tran-
sition amplitude under evolution by e=##:

omy [P Szl
(pole™]6p1) D¢ e : (4.1)

(r=0)=¢1
This involves a split into space and (Euclidean) time; ¢; » is a boundary condition that
specifies data at a fixed time. Exactly what this path integral means depends on the
topology of space. If space is a plane (or line in 2d), then we depict this by

5

(dale™™|¢1) = (4.2)

meaning it’s a Euclidean path integral over an infinite strip R¢~!xinterval, with the

boundary conditions shown and the interval has length .
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If space is a sphere (or circle in 2d), then the appropriate path integral is

-
__________

(Gale~H|gy) = f (4.3)

-
-----------

ie it is a path integral over a cylinder S¢~!xinterval, of length f3.

4.2 Wavefunctions

The transition amplitude defines the wavefunction, in the Schroedinger picture. For

example the wavefunction for the state

[0) =[61(7)) = e |¢n) (4.4)
is the overlap

Wlpo] = (2| V) . (4.5)

4.3 Cutting the path integral

A ‘cut’ is a spatial slice of the Euclidean manifold. It is a codimension-1 surface X.
To define the transition amplitude, we specified data on two cuts, at 7 =0 and 7 = (3.
We can formally think of a path integral with one set of boundary conditions and one

open cut as a quantum state. That is, the state

|T) = ™) (4.6)
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is the path integral

$(r=B)="7 Tj.
W) = / D¢ e = ‘ (4.7)
¢(T:0)=¢1 .
___________ 25

This is a formal object where the data on the top cut is left unspecified. It is a
functional |¥) that turns field data (¢s| into complex numbers (¢o|¥).

More generally, any path integral with an open cut ¥ defines a quantum state on X.
For example, this Euclidean path integral in a 2D QFT defines some particular state

on a circle, ¥ = S

| X) = (4.8)
The wavefunction of this state is computed by the path integral
X|pa] = (2| X) = (4.9)
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We could also insert some operators into this path integral to get a different state:

(4.10)

This means a Euclidedan path integral weighted by O(z1)Os(z2)e %% instead of

just the usual e=52[!,

4.4 FEuclidean vs. Lorentzian

So far we have discussed Euclidean path integrals. But states are states: they are
defined on a spatial surface and do not care about Lorentzian vs Euclidean. The state
| X), defined above by a Euclidean path integral, is a state in the Hilbert space of the
Lorentzian theory. It is defined at a particular Lorentzian time, call it ¢ = 0. It can be
—iHt

evolved forward in Lorentzian time by acting with e , or equivalently by performing

the Lorentzian path integral:

X (1) = e |X) = (4.11)
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Since | X) = |X(0)) was defined by a Euclidean path integral, the state | X (¢)) is a path

integral that is part Euclidean, part Lorentzian:

Larentzian

(4.12)

Euvclidean

Again, this equation should be read as a formal definition of the state that tells you

what path integral to perform to compute transition amplitudes:

(92 X (1)) = (4.13)

4.5 The ground state

Evolution in Euclidean time damps excitations. Suppose we start in some state |Y')

and expand in energy eigenstates:
V)= wyaln),  Hln) = Eyn) . (4.14)

Then by evolving over a long Euclidean time we can project onto the lowest energy

state,
e YY) m e HFoyl0) . (7 — o0) (4.15)

It follows that we can define the (unnormalized) ground state by doing a path integral

that extends all the way to infinity in one direction. For example the ground state on
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the line is produced by the Euclidean path integral

|0)tine = (4.16)

This means a path integral on the semi-infinite plane, with an open cut at the edge. The
ground state on a circle is produced by the path integral on a semi-infinite Euclidean

cylinder,

|0>circle - (417)

These states are unnormalized.

4.6 Vacuum correlation functions

Path integrals with cuts can be glued together to make transition amplitudes. For

example, for a theory on a line, the vacuum-to-vacuum amplitude is

2

(0]0) = / Dge 571 = (4.18)

The lower half-plane produces |0), the upper half-plane produces (0|, and glueing them
together along the cuts at 7 = 0 produces the transition amplitude. One way to see

that we should glue is to insert the identity:

(00) = ~(0]¢1) {10} . (4.19)

1
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The first term is a path integral on the upper half plane; the second term is a path
integral on the lower half plane; and summing over all possible boundary conditions
¢1 in the middle just says that fields should be continuous across 7 = 0 and therefore

glues the half-planes together.

Expectation values of local operators are computed by similar path integrals, but with
extra operator insertions. For example, correlation functions are expectation values in

the vacuum state. In Fuclidean signature these are computed by the path integral

(O1(21)O02(72)) = (0]O2(22)O01(1)|0) (4.20)

s

s
%

- | o (4.21)

This picture means the path integral of O;(z1)Os(x2)e %! over fields on RY. (The
ordering of operators does not matter on the lhs of (4.20), but is important on the rhs;

more in this below.)

Time-ordered Lorentzian vacuum correlation functions are computed by a more com-
plicated, ‘folded’ path integral that is part Euclidean and part Lorentzian. For example

(assuming t, > to),

<01 (tl, fl)OQ(tQ, fg) ce > == <O| (GthlOl (07 fl)e_thl) (eiH”Og(O, fg)e_thQ) |0> (422)
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is computed by the following path integral:
t

e—iH{t1—t2)

p—iHts

{;+.l .”’nrl

- [ arentzian time

|0} (0]

- Fuclidean time —————» (4.23)

This path integral starts at ¢ = —i00 on the left; evolves to t = 0 to prepare the
vacuum state; evolves in Lorentzian time to t = t, where Oy is inserted; then evolves
to t; where O; is inserted; then evolves backwards in Lorentzian time to ¢ = 0; then
evolves to t = 4100 for the vacuum ‘bra’. Again, this picture means you should do the

path integral
/ D¢ Oy (ty, 1) Oy(ty, Tp)e™) (4.24)

where we integrate over all fields ¢ defined on the mixed-signature manifold in the
picture. The Lorentzian action appears in this expression; when you integrate over the
Euclidean part of the manifold, the fact that ¢ is imaginary will automatically change

this into e5E[¢!,

We rarely need to think about doing folded path integrals like (4.23). Instead, we
do one of two equivalent things: (1) We compute the Euclidean path integral with

arbitrary values of the insertion points, then analytically continue to Lorentzian time,
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or (2) We use an ie prescription to compute the Lorentzian path integral. Actually the
usual ‘e prescription is just a deformation of the integration contour (that is, integration
contour in field space) shown in figure (4.23), and computes exactly the same quantity.
So if you're ever wondered what you were doing with that ie, the answer is the figure
in (4.23)!

Aside: Some comments on time ordering

In a sense, time ordering does not really exist in Euclidean signature: fields commute,

(- O1(21)Og(x2) - -+ ) = (- -+ Oa(22)O1 (1) - ) . (4.25)

One way to see this is to note that correlators computed by the path integral

/D¢ Ox (1) O (w2) - - - €52 (4.26)

are just statistical averages, so they commute just like observables in stat-mech. Put
differently, the reason that fields don’t commute in Lorentzian signature is because
the correlator is not an analytic function of the coordinates. It has branch cuts when
Oy hits the light-cone of Oy, and requires an e prescription to define the function.
Different choices of ie prescription give different types of correlation functions, and we
denote these different choices by writing the fields in a different order. In Euclidean
signature, correlators are analytic, there are not branch cuts, and there are no €’s, so

we don’t have to worry about how fields are ordered.

However, when we cut the path integral to translate to operator language, the field
operators don’t commute, even in Euclidean signature. They are ‘time’-ordered ac-
cording to whatever slicing we choose for the path integral. So if states are defined
on constant-Euclidean-time slices, the path integral translates into an operator expres-
sion with fields ordered according to their Euclidean time. If states are defined on
constant-r slices (as we often do in conformal field theory), then the corresponding

operator expression has radially-ordered fields.
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4.7 Density matrices

A density matrix is an operator; it takes a bra and a ket, and produces a complex
number. Thus any path integral with two open cuts defines a density matrix (un-
normalized). For example, the density matrix p = e ##, for a theory on a circle, is

formally the doubly-cut Euclidean path integral

__________

p=e P = ] : (4.27)

..........

This is just a picture representing the statement that matrix elements (¢2|p|p;) are

computed by the path integral with boundary conditions ¢; » on the cuts.

4.8 Thermal partition function

The density matrix p = e ## is the density matrix in a thermal ensemble at tempera-

ture T' = 1/(. The thermal partition function is
Z(B) =tr e PH (4.28)

This can be represented by a Euclidean path integral as follows:

Z(B) = trePH (4.29)
= (eule™gn) (4.30)
®1

-
----------

S f (4.31)

.........



In the last line, by summing over ¢; we are really just imposing periodic boundary
conditions on the cylinder. This glues together the two ends of the cylinder, producing
a torus. So the thermal partition function for a 2D theory on a circle is equal to a path

integral on a torus:

on circle: Z(8) = (4.32)

Similarly, the thermal partition function for a 2D theory on a line is computed by a

path integral on an infinitely long cylinder of period (:

on line: Z(B) = (4.33)

6}

The trace ‘glues together’ parts of the Euclidean manifold that computes p.

The same thing works in higher-dimensional QFT at finite temperature: If space is a
plane R%! the thermal partition function is the path integral on R*!' x S!, and for

a theory on S9!, the thermal partition function is a path integral on %1 x S*.

4.9 Thermal correlators

Equal-time correlators at finite temperature are defined (up to normalization) by
<Ol<t = 07 fl)OQ(t = O, fg) s >g = Tr G_BHOl(O, 51)02(0, fg) ce (434)

By the same logic, this is computed by a path integral on a cylinder R4t x S (if space

is a plane) or on S?°! x S (if space is a sphere).
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To compute different-time Lorentzian correlators at finite temperature, the easist method
is usually to compute the Euclidean correlators first, as functions of arbitrary insertion

points on the Euclidean cylinder, then analyatically continue.

Finite-temperature correlators in 2d CFT

Difficulty level: moderate, a couple pages

In a 2d conformal field theory, the 2pt function on the Euclidean cylinder of size [ is
fixed entirely by conformal invariance. Let w = x + it be a complex coordinate on
the Euclidean cylinder (¢ is Euclidean time and x is space). Then the 2pt function

on the cylinder is

1 A
sinh (27 (w; — ws)/B) sinh (27 (w1 — wz)/ﬁ)) (4.35)

(O(wy, w1)O(wa, we))g = (

where A is called the scaling dimension of the operator O.
(a) Draw a picture of the path integral on the cylinder that computes (4.35).

(b) Translate your picture into operator language. Compare to (3.10). (Don’t worry

about the overall sign, this is a convention.)

(c¢) Check that the 2pt function written in (4.35) indeed has the periodicity of a thermal

correlator (see discussion around (3.10)).

(d) Analytically continue to find the finite-temperature 2pt function at real (Lorentzian)
times (O(ty, x1)O(t2, x2)), where t is Lorentzian time. Don’t worry about which Lorentzian
ordering you are computing, just pick one. (The most obvious continuation will com-

pute the time-ordered Lorentzian correlator.)

(e) Fix t; = 1 = 0. Draw a picture of the complex-t, plane showing the singularities
of (4.35). When you analytically continued in part (d), you implicitly chose a contour
in this plane to define the analytic continuation. Check that if (f9,x2) lies inside the
future light-cone of (1, x1), then the analytic continuation is ambiguous, due to one of
the poles in the complex-t5 plane. This ambiguity is why timelike separated fields in

Lorentzian signature do not commute.
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5 Path integral approach to Hawking radiation

5.1 Rindler Space and Reduced Density Matrices

We will use the Euclidean path integral to justify the claim in (3.23) that the Minkowski
vacuum corresponds to the Rindler state pringer = €~ 2™, Consider a 2d QFT on a

line, and let the state of the full system by the Minkowski vacuum,

p = 10){0[ - (5.1)

As argued above, this state is prepared by a path integral on a half-plane, cut on the
line t = 0. Let us divide the line into x > 0 (region A) and x < 0 (region B). The

reduced density matrix in region A is

pa=trgp . (5.2)

This has the nice property that all observables restricted to region A (or to the Rindler

wedge that is the causal evolution of region A) can be computed from p,4 alone:
Tr pO(xy) -+ O(zy) = Tr paO(zy)---O(xy,) , for xz; >0, |t] <z, . (5.3)

The path integral representation of p,4 is

(Dalpaldr) = D (6, $200)(0]¢1, 6) (5.4)
¢
- oo (5.5)
o o3}

The upper half of this diagram corresponds to the transition amplitude ) ¢~><(/5’ $2]0)

and the lower half to the transition amplitude (0|, <;~5> The trace sums over fields in
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the left Rindler wedge, which glues together these slits in the path integral, so in fact

(92lpaldr) = I===2r o (5.6)

Now comes the key observation: we can re-slice this path integral by going to polar
coordinates dR? + R%d¢?, and calling ¢ ‘time’. Let Hpginger be the operator that
generates ¢-evolution. That is,

%[H, 0] = 9,0 (5.7)

for any operator O. Then we can translate this same path integral back into op-
erator language in a different way. That is, the path integral in (5.6) is equal to

(¢h|e= 2 HRindier | ) Therefore

pA — 6_27rHRindler . (58)

This looks just like a thermal state at temperature 1/27, but it is thermal with respect
to the rotation generator. When we go back to Minkowski space ¢ — 7, this becomes
the boost generator corresponding to the causal development of the Rindler wedge.

Therefore Hpingier is exactly what we called H, above.

This is a complete path-integral derivation of the statement that the Minkowski vacuum
leads to a thermal state in Rindler space. As mentioned above, this can also be shown
by explicit comparison of modes, but the path integral derivation can be more useful
for intuition. Another big advantage is that in the path integral derivation, we did not
assume anywhere that the matter fields were free, or even necessarily weakly coupled—

it is completely general.

Modular Hamiltonian
The Hamiltonian that appears in the relation pringer = €~ 2 Rindier is a special case
of a modular Hamiltonian. A modular Hamiltonian is simply defined as the log of a

density matrix (up to normalization). It is very useful for characterizing entanglement,
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both in quantum gravity and in condensed matter physics.

5.2 Example: Free fields

So far, we have answered the question “What is the quantum state of fields on Rindler
space?” The complete answer is equation (5.8), and does not require any mention of

“particles” (which only make sense at weak coupling), or any particular observer.

However to gain a more concrete intuition for the physics it is very useful to think in
terms of particles. So in this subsection we will apply to result (5.8) to free (or weakly
interacting) fields, and discuss what an accelerating observer capable of detecting these

particles would actually experience.

A massless free field in 2D Rindler space (in Lorentz signature) obeys the wave equation
0¢ =V, Vid =0 . (5.9)

Since 7 is our ‘time’ coordinate, we take the ansatz ® = e ™“"f(R), and find the

solution
P = e iwntiklog Rt w? =k? w>0. (5.10)

As usual in QFT, we expand the field operator in terms of creation and annihilation

operators,
by, R) = /dk (bk.CDk + bL@Z) (5.11)

The creation operators b' create positive-energy modes ¢5. The b’s annihilate positive-

energy modes. The Rindler vacuum state is defined by
|0)gr = bg|0)r =0, vk . (5.12)

It is clear that this is not the Minkowski vacuum state: Minkowski modes are expanded
in Minkowski plane waves, and Minkowski creation and annihilation operators aL, aj
are not the same as the Rindler ones. The fact that Rindler space has a different choice

of ‘time’ means it has a different choice of ‘energy’ and therefore a different notion of
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‘particle’ and 'vacuum’:
time coordinate < energy « particle «» vacuum . (5.13)

How does this relate to our more abstract path integral discussion above? w in the
mode-expansion (5.11) is exactly the eigenvalue of the Rindler Hamiltonian H ginarer-
That is, the 1-Rindler-particle state,

k) r = bL|0) r (5.14)

satisfies*

HRindler‘k>R = U)|k’> . (515)
Just like in flat space there are also multiparticle states.

In the Minkowski vacuum, the quantum state of these fields is pripgier = €~ 2" HRindier
We can use this to calculate observables. For example, what is the occupation number
of a mode with Rindler energy w = |k|? The calculation is identical to the usual

blackbody calculation:

1
() = > Tt e~ Hrinaer iy, 7 = Ty e~ 2 Hrinaier (5.16)
The number operator bek counts the number of quanta in the mode, so it ranges from

n=20...00, 80

(ng) = (Z ne—2mlkl> / (Z 6—27mk>

I (5.17)

o2kl — 1 -
This is of course the Planck blackbody spectrum.
What does an observer actually see?

An observer who has can detect the ®-particle will see the blackbody spectrum (5.17).

However there is one last subtlety: an observer carrying a thermometer, or a calorimeter

*For the same reason that, in flat spacetime, if we write modes o< e ™" then w is the energy.
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that measures energy in, say, joules, does not measure the energy w. In fact, w is
dimensionless, since the Rindler time coordinate is dimensionless, so this wouldn’t
even make sense.”* What an observer actually calls ‘energy’ is the quantity conjugate
to the observer’s proper time. That is, the observer will consider a mode ~ g~ WobsTobs
to have energy wyps, in joules or similar energy units. The proper time of a uniformly
accelerating observer with acceleration a (and therefore Rindler position R,,s = 1/a)
is

1
dTobs = Robsdn = adn s (518)

so the observer will see a mode e~™" to have energy
Wobs = AW . (5.19)
Accordingly, the temperature shown on an accelerating thermometer will be

a
Tops = — . 5.20
b 2T ( )

Aside: Transient acceleration
Strictly speaking, our discussion of accelerating observers assumes that the observer
has always been accelerating, and will continue accelerating forever. Only observers

who will continue accelerating forever actually have a Rindler horizon.

However, a temporarily accelerating observer will also see Unruh radiation. It does
not quite make sense to talk about a ‘temperature’ in this case because the observer’s
thermometer will not reach exact equilibrium in any finite time. When the observer
starts accelerating, there will be some transient effects, and then the observer will feel
thermal radiation; the thermometer will start to heat up, asymptotically approaching
temperature a/27; and when the observer stops accelerating the thermometer will again

experience some transient effects, then radiate and cool back down to zero temperature.

So, as long as the acceleration lasts a long time compared to the equilibration timescale
tequit ~ 1/T ~ Ry, the Unruh temperature is still meaningful in this situation. On the
other hand, for short bursts of acceleration, our analysis does not apply. Instead we

would need to solve a time-dependent problem. This can be done using Feynman

*ie ds? = dR? — R%dn?, so all the dimensions are carried by R; 7 is like an angular coordinate.
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diagrams that describe emission/absorption of particles from an arbitrary worldline.
(There are many wrong papers on this topic. A correct, clear, and short paper that
also has a nice derivation of the Unruh effect from Green’s functions is: “Transient

phenomena in the Unruh effect,” Bauerle and Koning.)

5.3 Importance of entanglement

What does physics look like in the Rindler vacuum, |0)z? To an accelerating observer,
it would look ordinary: this observer would detect no particles. A geodesic observer,
however, would detect observers, since this observer must notice that fields are not in
the Minkowski vacuum. As long as the geodesic observer is in the Rindler wedge, this
just looks like some particular excited state. However, timelike geodesics cannot stay
in the Rindler wedge forever — eventually they go through the Rindler horizon. The
Rindler vacuum state is singular at the horizon. That is, the energy density measured
by a geodesic observer diverges at the Rindler horizon. There is no "beyond’ the horizon

in this state.

This makes sense. In the Rindler vacuum, there are no correlation between fields in

the left and right Rindler wedges:*

R<0‘¢($1)¢(£2)’0>R =0 for xr1 € Rlefta To € Rright . (521)

If there are no correlations, who’s to say that these wedges are actually ‘next to each
other’? In a sense they are not. Thus in the vacuum state, the Rindler wedge does not

extend beyond the horizon.

The key to obtaining a finite energy density on the Rindler horizon is to have a lot
of entanglement between the left and right Rindler wedges. In the exercise below you
will show explicitly how, in the Minkowski vacuum, the left and right Rindler wedges
are maximally entangled, much like the two spins in Bell’s thought experiment.” Any

state with smooth horizon must be highly entangled across the horizon.

*In this equation |0) g means the product vacuum where each Rindler wedge is in its vacuum.
Thttp://en.wikipedia.org/wiki/Bell’s_theorem

99



Exercise: Entanglement warm-up

Difficulty level: easy

Consider a quantum system consisting of two particles A and B, each with two states
|0) and |1) (which you can think of as spin-up and spin-down). Suppose the full system

is in the maximally entangled pure state

[9) = 10)al1)B + [1)a]0)5 . (5.22)

(This is sometimes called a Bell pair). Find the reduced density matrix p4 for particle
A. You will find a mixed state. Compute the entanglement entropy of this mixed state,
defined as

Sa=—trapalogpa . (5.23)

Exercise: Thermofield Double

Difficulty level: conceptual

Consider a quantum system with Hilbert space H. Any mixed state p can be thought
of as a pure state in an enlarged system. That is, we can always add an auxiliary

Hilbert space H and find a pure state
V) e H®H (5.24)

such that
p=trg|U)(¥|. (5.25)

This is called purifying the mixed state. In this problem you will show that Minkowski

space is a purification of Rindler space.

The Minkowski Hilbert space* factorizes' into two copies of the Rindler Hilbert space,
Hu = Hr ® Hr (5.26)

which are the Hilbert spaces associated to the left Rindler x < 0 and right Rindler

*By ‘Minkowski Hilbert space’ we really mean Hilbert space of the theory on an infinite plane,
since Hilbert spaces are defined by the space on which a theory lives, not the spacetime. Similarly by
‘Rindler Hilbert space’ we mean the Hilbert space of the theory quantized on a half-plane.

tThis is not quite true due to UV divergences, but this doesn’t matter for this problem
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x > 0.* In terms of the field data, this just means that a field in Minkowski space at
t =0, ¢p(x), can instead be written as the pair (gz;R, ®r) where ér is a field on the
left Rindler half-plane, and ¢g is a field on the right Rindler half-plane.

(a) The Minkowski groundstate |0) is formally a functional that turns field data at

t = 0 into complex numbers. That is, the ground state wavefunction is

Uo[or, or] = a{Pr, Orl0)ar - (5.27)

The subscript M means ‘Minkowski’, ie a state on the full space. Write down the path
integral that computes this wavefunction, and draw the corresponding picture along

the lines of the path integral pictures above.

(b) Now re-slice this same path integral using the Rindler Hamiltonian H gj,ger, which

generates Euclidean rotations d,. That is, write an operator expression of the form

Uo(dr, or] = r(Pr| - |6r)R (5.28)

and fill in the dots with an expression involving H ginder-

(c) We want to show that the Minkowski state is the same as the doubled Rindler state

[TFD)por = Y e ?/*|n)gln)y (5.29)

where this is a sum over Rindler energy eigenstates, F,, is the Rindler energy, § = 27 is
the Rindler temperature, and * means CPT conjugate. This is called the thermofield
double state.

To demonstrate this, check that the matrix elements of the state defined in (5.29) agree

with the ones you wrote above,

v (PR, dr|TFD) peor = Vo bR, 9r] - (5.30)

To do you this you will need to note that the mapping from Minkowski states to Rindler

*Clearly Hr = Hp but the tilde will be useful to keep track of things.
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® Rindler states is
Or, D)1t — | D) RIOR)R | (5.31)

where the conjugation is needed because time runs ‘backward’ in the left Rindler wedge.

What you have just shown is that the full Minkowski vacuum can be reinterpreted as

the thermofield double in two copies of Rindler space.

(d) Finally, check that tracing over the left Rindler Hilbert B space produces a thermal
state in the right Rindler Hilbert space A,

pa = trg [TEDYTFD| = ¢ > Hrinaer =N " =27 n) g p(n] (5.32)

This is an alternative derivation of the Unruh thermal state.

Reference: This problem is based on Maldacena’s thermofield double interpretation of
black holes in AdS/CFT [hep-th/0106112], which we will hopefully discuss later in the

course.

Comment: Another way to approach this problem is to think of the infinite-temperature
state Y |n)rn)} as produced by a path integral over an infinitessimal strip in the
Euclidean plain, positioned along the negative 7-axis. Then the thermofield double
state is produced by evolving this by /3/4 to the left and 3/4 to the right, producing a

state on the 7 = 0 line.

Exercise: State on an interval in 2d CFT

Difficulty level: a couple pages

In this exercise you will work out the state of a 2d conformal field theory in the vacuum,
when restricted to a finite interval. This is similar to the Unruh state, but on a finite

region instead of a semi-infinite plane (which in 2d would be a half-line).

At t = 0, we define region A to be the interval x € (0, ), and region B is everything

else. Let z be a complex coordinate on 2d Euclidean space. The conformal mapping

P (5.33)
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maps the half-line in the z-coordinate to the interval x € (0,¢), where w = z +itg. In

the z coordinate, evolution of the half-line is generated by the rotational vector field (.

(a) Write ( in the z coordinate,” then do the coordinate change (5.33) to write it in

the z,tg coordinates.

(b) The modular Hamiltonian, which generates the time evolution of the interval, is
then

Hy— / da Ty | (5.34)
A

where T, is the usual stress tensor. Write the integrand explicitly in terms of T}, x,
and /.

It follows that the quantum state on the interval is

pa = e 2 (5.35)

(c¢) Sketch the vector field ¢ on the Euclidean (z,tg) plane.

(d) Continue tg — it, and sketch the vector field ¢ in 2d Minkowski space (z,1).

5.4 Hartle-Hawking state

We have seen there is no unique vacuum state in quantum field theory. The same is
true on a black hole background. A natural state to consider, which is analogous to
the vacuum state we defined in Minkowski space, is a state prepared by a path integral

on the analytically continued Euclidean spacetime,

dr?

ds? = (1 — 2M/r)dr? + —2
s =1 /T)T+1—2M/7"

+72dQ3 . (5.36)
with the imaginary-time identification 7 ~ 7+ 3. This spacetime only has r > 0, there
is no interior. The t = 0 slice of the Lorentzian spacetime is the 7 = 0 slice of the

Euclidean spacetime, see figure 2.

*i.e., define z = z1 + iz and write ¢ in terms of the two real coordinates z; and zs.
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Loventzian
fite

Euclidean
time

Figure 2: Schwarzschild spacetime. The Fuclidean path integral produces a pure,
highly entangled state on the two-sided Lorentzian spacetime. The quantum state on
the right half of the Penrose diagram, where we live, is therefore mixed. This reduced
state is the Hartle-Hawking thermal state.

Sending 7 — T+ /2 takes us to the other side of the Penrose diagram in the maximal
analytic extension of Schwarzschild. This can be shown in detail using Kruskal coor-
dinates. A simpler way to see this is to go to Rindler coordinates near the horizon.
By changing these Rindler coordinates to Minkowski-like coordinates good near the
horizon, we can continue through the horizon to the other side of the Penrose diagram.
So, just like in Rindler space, we get to the other side of the horizon by going half way

around the Fuclidean circle.

This path integral prepares an entangled state on M x M, the product of the left and
right Minkowski spaces. Just as in Rindler space, the reduced density matrix on our

spacetime M will be a mixed state,
PHH = 6_’8H (537)

where H is the ordinary Minkowski Hamiltonian associated to time translations 0.
This is called the ‘Hartle-Hawking state.” It describes a black hole in equilibrium with
a bath of radiation outside the black hole.

This is not the only state we could consider. See note 3 for a discussion of other
possibilities. Hawking showed that a black hole formed by collapse will end up in the

‘Unruh state’, which is a state where the black hole radiates into a cold outside region.

Greybody factors

The Hartle-Hawking vacuum (5.37) is time-independent. This means that, in each
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mode, the flux of outgoing Hawking radiation is equal to the flux of ingoing radiation.

A mode ¢ outside the black hole does not necessarily fall in; it is absorbed with
probability given by the absorption cross-section ous(k). Therefore, the only way a
black hole can be in thermal equilibrium with a bath at temperature 7T is if the Hawking

emission measured at infinite is actually

(k) = eﬁw;_l%bs(k) : (5.38)

The extra factor is the ‘greybody factor’. We will probably calculate some greybody

factors later.

Aside: Cosmology
If the early universe is described by inflation, then it is the story of a slowly evolving
de Sitter spacetime. De Sitter spacetime is the Lorentzian continuation of a sphere.

That is, the metric of Euclidean de Sitter is just
ds®> = dQ3, . (5.39)

The equator of the S” is the ¢t = 0 slice of global de Sitter space:

Loventzian
de Sitter

- Euclidean
— Hemisphere

The state of quantum fields during inflation is responsible for present-day observables
including the primordial temperature fluctuations in the CMB, observed by experi-
ments like COBE, WMAP, and Planck. Since there is no unique vacuum, we must
pick a state of the quantum fields in de Sitter. For various reasons,” we usually assume

this state is the so-called ‘Euclidean vacuum’, also called the ‘Bunch-Davies vacuum’

*Here are some reasons: (1) This state respects the symmetries of de Sitter; (2) At short distances,
this vacuum is the one in which comoving observers see no particles (ie it coincides locally with the
Minkowski vacuum); (3) at late times, due to the cosmological expansion, any state will dilute into
this state.
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or various other things. This state is prepared by a Euclidean path integral on the
hemisphere, cut along the equator. Therefore this quantum state, unlike the Hartle-

Hawking state, has quite possibly already been observed experimentally.

Exercise: Decay of Schwarzschild
Difficulty: a couple pages
(a) A black hole in asymptotically flat spacetime loses energy via Hawking radiation.

If the initial mass is M, how long before the black hole radiates away completely?

(b) How heavy, in solar masses, would a black hole need to be for its lifetime to be the

age of the universe ¢t ~ 13 billion years?

(If such black holes exist, we might be able to observe the final moments of decay,
when a large burst of energy is released in Hawking radiation. Unfortunately there
is no particularly good reason to think they should exist, since black holes formed by

stellar collapse must have M, iu = a fewMgy,.)

(c¢) What is the typical energy (in eV) of a particle emitted from a solar mass black

hole via Hawking radiation?

Exercise: Superradiance

Difficulty: a few lines

Rotating (Kerr) black holes are labeled by mass M and angular momentum .J, or
equivalently by a temperature T and angular potential 2. The spacetime is rotationally
invariant and stationary, so modes of a scalar field can be written ¢ ~ e=“+imog (r 0),
where n labels the solutions of given w, m.* The Hawking decay rate of a rotating black
hole is

1
Fw,m,n = Waabs(w, m, n) (540)

(a) Take the zero-temperature limit of (5.40). (Hint: w > 0 and m is any integer. The

*Actually, the wave equation fully separates, so in fact S(r,8) = R(r)F(6). This is surprising and
nontrivial, since the background has only two Killing vectors. Similarly, the geodesic equation on Kerr
has an ‘extra’ conserved quantity.
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answer should not be trivial.)
(b) For this decay rate to make any sense, what can you conclude about ogs?

Your conclusion is a phenomenon called ‘superradiance.” It is a wave analogue of the
Penrose process discussed previously. In this exercise we took the Hawking formula
as our starting point, but the result is entirely classical — you would reach the same
conclusion by solving the wave equation on the Kerr background, and treating the black

hole scattering experiment as a 1d quantum mechanics barrier transmission problem.

Superradiance very efficiently converts rest mass to radiation energy. It is believed to
be responsible for the absurdly high luminosity of quasars: a single quasar consisting of
a highly rotating black hole surrounded by infalling matter has roughly the luminosity
of the entire Milky Way (10" stars!).*

*More accurately, a close cousin of superradiance involving magnetic fields. The details of how this
works are still largely unknown.
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6 The Gravitational Path Integral

6.1 Interpretation of the classical action

In ordinary QFT, to do a path integral we first fix the spacetime manifold M, then
integrate over fields defined on M. We did the same thing in our discussion of Hawking
radiation. In quantum gravity, however, we must integrate over the geometry itself.
We are only allowed to specify the boundary conditions on the geometry as r — oo,

just like for other fields. The gravitational path integral (in Euclidean signature) is

1

7 = /DgD(beSE[g’d’], Sklg] = ~16nC /\/§(R+ -++) + boundary terms ,
TGN
(6.1)

where ¢ denotes all the matter fields.

The meaning of this path integral depends on the boundary conditions, as usual. In
analogy to the QFT case, we define the thermal partition function Z((3) as the path
integral on a Euclidean manifold with the boundary condition that Euclidean time is

a circle of proper size (3,
tg ~te+ 0, g — 1, at infinity . (6.2)

Of course we cannot actually do the path integral. In fact, we don’t even really know
how to define it.* The best we can do is to approximate it by expanding around a

classical saddlepoint, i.e., a solution of the classical equations of motion:
Z(B) ~ exp (—Sglg, ¢] + SV +--+) . (6.3)

The leading term, in which g, ¢ is a solution of the classical equations of motion, is the
semiclassical approximation to the path integral. This solution must of course obey
the correct boundary condition. The next term is the 1-loop term and is O(GY), and

the dots indicate higher-loop contributions.

We already know a solution with the correct boundary conditions: the Euclidean

*The situation in gravity is even worse than in ordinary QFTs, since the Euclidean action is not
bounded below.
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Schwarzschild black hole. This is a classical saddlepoint with a Euclidean time cir-
cle of size 3. Therefore, to leading approximation, the thermal free energy is the

Euclidean on-shell action:

log Z(B) ~ —Sklg] , (6.4)

with g the Schwarzschild metric. (We have dropped ¢ because no matter fields are

non-zero in the Schwarzschild background.)

This partition function can be used in all of the same ways as an ordinary thermody-
namic partition function. For example, recall that log Z = S — BE, so the entropy and

energy are

S = (1—B0g)log Z(5). E = —03logZ . (6.5)
We will see that these agree with the area law and the black hole mass.

A similar discussion applies with an angular potential and electric potential, but we

will stick to the Schwarzschild black hole to keep things simple.

Exercise: RN free energy
Difficulty: 2 lines
Using our previously calculated results for S and 7' (from the 1st law), and assuming

energy ' = M, find the free energy of the Reissner-Nordstrom black hole.

Exercise: RN specific heat
Difficulty: 2 lines

Compute the specific heat of Reissner-Nordstrom.

6.2 Evaluating the Euclidean action

We will now do this explicitly, in Einstein gravity (i.e., no higher curvature corrections)

with zero cosmological constant. It is not as simple as computing R (which vanishes
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for Schwarzschild!) and integrating over spacetime, since there are boundary terms to
worry about and infinities to regulate.* Although this is entirely classical, the procedure
to regulate divergences involves counterterms much like those in QFT; in fact we will

see later there is a direct link between these two apparently different divergences.

Gibbons-Hawking-York boundary term
The Euclidean action is computed by first cutting off the spacetime at some large but
fixed r = ry. In the presence of a boundary we must add to the bulk Einstein action a

boundary term, called the Gibbons-Hawking-York term (once again setting G = 1),

SE[g]:—m%@\/gR—%r [ Vi (6.6)

Here h;; is the induced metric on the boundary OM, and the extrinsic curvature of
oM is
Ki‘ = lﬁnhij = V(m]) s K= hinij s (67)

with n is the inward-pointing unit normal to OM.T

The Gibbons-Hawking-York term is needed for the action to be stationary around

classical solutions. The variation of the Einstein term has the schematic form

5/ VIR ~ / (eom)dg + / [A(g,09)0g + B(g,09)0dg| , (6.9)
M M oM

where ‘eom’ essentially means the Einstein tensor! and the boundary terms come from
integrating by parts. On a classical solution, the bulk term vanishes. If we impose
boundary conditions that fix the metric at 7 = rq, then dg|gar = 0, so the first boundary
term vanishes, but the boundary term involving dd¢g does not. The Gibbons-Hawking-

York term fixes this problem. It is chosen so that the variation of the full action (6.6)

*This subsection follows Hawking’s chapter in General Relativity, an Einstein Centenary Survey,
Hawking and Ellis eds.

t In the simple case that the boundary is, say, at fixed r, the induced metric hij = gi; where i Tuns
over the transverse directions. That is all we will need. But more generally, the projector onto OM is

h;w =Guv — NNy (68)

(as you can see by noting n*h,, = 0), and then you must define intrinsic coordinate x' on OM.
t (eom)dg o< /gG" 5,
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has the form

dSg(g] = /M(eom)5g + 3 /aM VhTH8g,, . (6.10)

We will return to this ‘stress tensor’ later, but for now the important thing is just that
the boundary term has been chosen to eliminate 9dg. Thus 0Sg[g] = 0 for variations

satisfying the boundary condition and g satisfying the equations of motion.

Euclidean Schwarzschild Black Hole
The Euclidean Schwarzschild solution is obtained from the ordinary Schwarzschild

metric by sending t — —i7,

” oM
T

2M dr?
ds* = <1 - —) dr? + N AN r2dQ); . (6.11)

What was the horizon » = 2M in Lorentzian signature is now just the origin of a polar
coordinate system, with angular coordinate 7 identified as required for regularity at
the origin,

T~T+8TM . (6.12)

Euclidean black holes are completely smooth solutions; they do not have an interior or

a singularity.

Now we want to evaluate the action. The bulk term vanishes, since the vacuum Einstein

equations set R = 0. The boundary term, evaluated on the surface r = rg, is

VhE = B(87ro — 127 M) . (6.13)

oM

This is infinite as we take ry — oco. The procedure to regulate this divergence® is to

add a ‘counterterm’ to the action,

1 1 1
Seldl =15 [ var—g- [ Vi [ Vi, e

™ Jom

where K is the extrinsic curvature of the same boundary manifold M, embedded in

*Caveat: this version of the procedure does not always work in asymptotically flat spacetime. As
far as I know there is no entirely satisfactory and unique prescription with zero cosmological constant.
Things are understood better in de Sitter space, which has finite volume, or in asymptotically anti-de
Sitter space, where a similar procedure always works and plays an important role in AdS/CFT.
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flat spacetime. This is very similar to what we do in quantum field theory, but this
calculation is entirely classical. (We will see later that in anti-de Sitter space, there is
a direct connection between the two ideas). Note that the counterterm depends only

on data intrinsic to the boundary surface — it is not allowed to depend on 0, h.

To compute the counterterm, we embed the boundary metric
dspsy = (L= 2M [1o)d7? 4 13dS25 (6.15)
in flat space, by repeating the calculation for the flat geometry

ds? = (1 —2M/ro)dr? + dr® + r?dQ3 . (6.16)

subtraction

This gives*

VhEKy = B(8rrg — 87 M + O(1/1q)) . (6.17)
oM

This eliminates the divergence (and changes the finite term!), giving our final answer

Sp = g = 47 M? (6.18)

Thus the thermal partition function, or leading approximation to the path integral, is

Z(B) = exp (—47M?) = exp (_156_7?) : (6.19)

From this we can rederive the entropy and energy using standard thermodynamics,

S = (1-B0s)log Z = d4rM* (6.20)
= —0OglogZ =M

The entropy agrees with the area law S = Area/4.

Entropy and conical defects

We have just checked this for a special case, the Schwarzschild black hole, but this

*In this case you can get the same answer by just evaluating K with M = 0. However this does
not always work. The correct procedure is to subtract the curvature of a boundary surface of identical
intrinsic geometry, embedded in flat spacetime.
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always works and agrees with the area law. Roughly, the reason it is proportional to
area is that we can think of the equation (1 — (0s)log Z as calculating the change
in the classical action produced by changing the imaginary-time identification. If you
smoothly deform a solution, then 6Sg = 0 by the equations of motion; but if you
introduce a defect, this contributes 65 = [ e fect(something). Going through the
details, you can derive Area/4.* This is also the easiest way to derive Wald’s formula,

which includes the corrections to the entropy from higher curvature terms in the action.

Exercise: Schwarzschild action
Difficulty: a page or two
Derive equations (6.13) and (6.18) using (6.7).

Exercise: Euclidean methods for the BTZ black hole

Difficulty: difficult, I suspect

Evaluate the on-shell action of the Euclidean BTZ black hole obtained by Wick-rotating
the metric (2.23). Check that you reproduce the correct entropy and energy. (Caveat!
What I called M in the metric is not the energy. The energy is F = M?/8.)

This calculation is similar to what we just did for asymptotically-flat Schwarzschild
black holes. Note that the bulk term no longer vanishes, R — 2A # 0. The full action,

including the counterterm, is

SE[g]:—l%ﬂ/M\/E(R—QA)—Si/aM\/EKJrg Vi (6.21)

m ™ Jom

Choose a to cancel the divergence; the remaining finite expression is the correct Sg.
Reference: [Balasubramanian and Kraus, hep-th/9902121].

Comment: The counterterm depends on the dimensionality of spacetime. The simple
counterterm in (6.21) only works in AdS;. In higher-dimensional AdS, there are more
available counterterms, for example [, R[h] (the intrinsic boundary curvature), and

these are also required to cancel all divergences.

*The clearest reference I know for this is section 3.1 of Lewkowycz and Maldacena, 1304.4926.]
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7 Thermodynamics of de Sitter space

Inflation is the idea that the very early universe, at ¢t < 10732s, is approximately de
Sitter spacetime. We will now take a detour to apply our methods to de Sitter space,
since in this situation they produce observable effects via the imprint of primordial

density perturbations on the CMB.

de Sitter is the maximally symmetric solution of the Einstein equations with a positive

cosmological constant. The metric is*
ds® = —dT? + (* cosh®(T/£)d3, (global coordinates) . (7.1)

These coordinates, which cover all of de Sitter space, describe a sphere SP~! that is
very large at T' — —o0, contracts to a minimum radius ¢ at 7' = 0, then expands as

T — oco. The length scale is set by the cosmological constant, A ~ 1//¢2.

To draw the Penrose diagram, we need to make the range of T finite. This can be done
by defining
tan(n/2) = tanh(7/20) . (7.2)

In these coordinates, which run over n € (=7, ), the metric is

(=dn® +dQ7_,) . (7.3)

For the Penrose diagram (which captures the causal structure but ignores distances)
we can ignore the overall factor, so this gives the diagram in figure 3. Note that de
Sitter space has an initial and final conformal boundary. (Although the diagram also
appears to have left and right boundaries, these are not really boundaries — at each
value of n space is a sphere, so those lines are just the north and south poles of the
sphere SP~1))

Vacuum

As usual, there is no unique vacuum. However we can follow our usual prescription,

*I will call these global coordinates, but in the context of cosmology this is usually called the ‘closed
slicing.’
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Figure 3: Penrose diagram of de Sitter space.

as we did for Minkowski and Schwarzschild, and define a vacuum which is prepared by
a path integral on the FEuclidean continuation of de Sitter. Euclidean de Sitter space
is just a sphere: send 7' — iff in (7.1), and you see that 6 € [—7/2,7/2] is the polar
coordinate on a sphere S of radius ¢. It is shifted by 7/2 from the usual definition,
so the surface T = 6 = 0 is the equator of the SP. This equator is the minimal-size
spatial section of de Sitter space, an SP~! of radius £. This is the T' = 0 surface at the

middle of the Penrose diagram.

The Fuclidean vacuum® is the state prepared by a path integral on the hemisphere.
This path integral prepares a quantum state on the equator, which can then be evolved

in Lorentzian time. Here is a cartoon for this path integral:

de Sitter

/‘H{'l‘lf‘{f{"{'ﬁ!

L. I N

" Hemisphere

Smiplle (7.4)

Roughly speaking, ‘most’ states will eventually end up close to the Euclidean vacuum,

} Lowventzian

since the de Sitter expansion dilutes any excitations.

This vacuum state has in a sense been observed experimentally, since it leaves an
imprint in the CMB. I say ‘in a sense’ because it is not a very fine-grained or direct

test of the details of de Sitter space, but it is nonetheless the only good explanation

*Also called the ‘Bunch-Davies vacuum’ and various other things.
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we have for those fluctuations.

7.1 Vacuum correlators

Now we will calculate the Gaussian fluctuations in de Sitter that are seen in the CMB,
using path integral methods.” We consider a free massless scalar field, in the ‘conformal
coordinates’ (7.3) in D = 4. (It turns out that scalar fluctuations of the metric reduce

to this problem.) The action is

I~ /M NS (7.5)

We want to compute the wavefunction for this scalar field, in the Euclidean vacuum.

This wavefunction is defined to be the transition amplitude
Uo; to] = (pole "|0) . (7.6)

This is a path integral over field configurations on the mixed spacetime (7.4). The

past boundary condition is regularity on the Euclidean sphere; the future boundary
condition is ¢(2, ty) = Po(€2).

In the WKB approximation the wavefunction is simply the on-shell action of a classical

solution satisfying these boundary conditions,
[po] ~ el (7.7)

In fact, since this is a free field, this expression is exact. The on-shell action is a
pure boundary term, since we can integrate by parts in (7.5) then use the equations of
motion. Thus

Ionfshell (tO) ~ \/E(,ban(b (78>

S(to)
where () is the spatial slice at time t,, 0, is the derivative normal to this slice, and

h is the spatial metric.

At late times, the SP~! spatial sphere in (7.3) is very large. When we look back at the

*This is based on Maldacena astro-ph/0210603.
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CMB, we are looking at a tiny patch of this sphere. Therefore at late times we can
think of the spatial sphere as being essentially flat. That is, we can only see modes with
wavelength much smaller than ¢. This simplifies the calculation of the wavefunction

because at late times we can approximate the metric by
, 0 2 2
ds® = ?(—dn +dz*) . (7.9)

This is enough to compute the wavefunction, since (7.8) is a pure boundary term at
t=to (n=mo)-
For a plane wave ¢g = hk(n)e“zf , the wave equation at late times (i.e., using the metric
(7.9)) is
2 —,
Op=0 = 0h(n) — 5anhk(n) + k*hi(n) =0 . (7.10)

In order to find the wavefunction, we need to find the classical solution satisfying the

boundary conditions stated above. This is

(1 — ikn)ekn
(1 — ikno)etkmo -

¢ = oy (7.11)
This satisfies all of our criteria: it solves the wave equation, and it is equal to @) at
time 1 = ny. The last criterion was regularity on the Euclidean sphere — this is what
picks the solution going as e™™" rather than the other solution ~ e~*7. To see this,

note the pole of the Euclidean sphere is ¢t = i¢mr /2, which corresponds to
n = 2tan"'(ir/4) = ico . (7.12)

Only the et solution is regular in this limit, so we've picked the correct solution,
corresponding to the Euclidean vacuum state. (This is very similar to the path-integral
calculation of the groundstate for the harmonic oscillator.) Although ¢ is a real field,
(7.11) is complex. This is fine: even though the path integral is over real field configu-
rations, the stationary phase approximation can pick out a complex saddlepoint. It is

just a trick to compute the path integral.

78



Plugging (7.11) into (7.8),

‘ , 3k 2 Bk [ Kk

This gives the wavefunction (exactly in a free theory) via (7.7). Knowing the wavefunc-
tion, we can calculate correlators using (¢?) ~ [ Dg@?|¥(¢)|*. In detail, accounting

for the normalization of the wavefunction:

[ D¢ ¢r.é-y exp <— / (;ijf)’g €2p3¢p¢_p>

(004 = 3
o [ Do exp (— @206,
L.
(27)3@75 ’, (7.14)

where we used the Gaussian integral [ dzz?e~%"/ [ dze=**" = L (and we’ve dropped

an overall momentum-conserving delta function).

The power law in (7.14) is what is meant by the statement that ‘inflation predicts a

scale-invariant spectrum of primordial scalar perturbations.’

7.2 The Static Patch

A single inertial observer travels on a geodesic which we might as well call the north
pole of SP~1. Thus the worldline of an observer is the solid line on the right side of the
Penrose diagram. It is clear from the diagram that this observer is in causal contact
with only a subregion of de Sitter. This is because the universe is expanding very
rapidly, so you cannot communicate with someone beyond a certain critical distance:
the cosmological horizon. This is labeled ‘horizon’ in figure 3. Like Rindler space, the

position of the horizon depends on the observer.

The static patch is the region of de Sitter in causal contact with an observer sitting
at the north pole. This is the analogue of the Rindler patch. The coordinates on the

static patch are

dr?

2 _ 2 /92 2
ds ——(1—7’/6 )dt —|—m

dr? +12dQ3, , . (7.15)
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This looks like a black hole except, the static patch where an observer lives is the

inside, v < £, with a cosmological horizon at r = /.

Temperature

In the Euclidean vacuum, an observer in the static patch will see a temperature.” This
is the same reason we discussed above for Rindler space and then for the Schwarzschild
spacetime in the Hartle-Hawking state. The Euclidean path integral prepares a state
entangled between the left and right static patches, and when we trace over the hidden
region, the resulting density matrix is thermal. To find the temperature we can apply
the imaginary time periodicity trick. Starting from the static patch coordinates, define

r ={(1 — €*) and expand in ¢ to find:

2
€

ds? ~ 20%(de* — Edt2) + e (7.16)

This looks like Rindler, so the Euclidean continuation is regular only if ¢t ~ t + 27i/.

Therefore the de Sitter temperature is

1
Tiqg = — . 1
45 ol (7.17)

This is the temperature that you will read on your thermometer if you are an inertial
observer in de Sitter. (Due to dark energy we are now at the start of a new de Sitter

epoch. The present-day de Sitter temperature is the Hubble scale, T' ~ 10733¢V.)

Entropy

The area of the cosmological horizon is
Area = (*Vol(Sp_5) (7.18)

Soin D =4, S =area/4 gives
SD:4 = 7'('€2 . (719)

*See Gibbons and Hawking, “Cosmological event horizons, thermodynamics, and particle creation,”
1977.
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7.3 Action

The Euclidean action of dSp is the action of SP. This is finite and there are no
boundary terms to worry about on a sphere, so it’s straightforward to calculate. In

D = 4, the Euclidean action is*

I L[ ar—on) = (225 sy = —ne? (7.20)
= —— — =——|—=—-—=|Vo = —ml° . .
E= " 96r Joo VI 6r \ 2~ !
Curiously, this is minus the entropy, i.e., the entropy is
S=logZ . (7.21)

Here’s why: Recall the thermodynamic identity log Z = —3F = —3E+.S. The energy
in GR is a pure boundary term (see next lecture!), so a compact space has F = 0. Thus

thermodynamics predicts log Z = S, and that’s exactly what we found in de Sitter.f

de Sitter is mysterious

We will not say much more about de Sitter space in this course. A big reason for this
is that we don’t have any UV-complete theory of gravity in de Sitter, like we do in
anti-de Sitter. We also have no clear answer to the question ‘What is the de Sitter
entropy?’ (Does it count the microstates of something?) Since we live in de Sitter, this

seems like a very important question.

Exercise: de Sitter in general dimensions

Difficulty level: straightforward, if using Mathematica to compute curvatures

*Given the proliferation of things called ‘S’ I will start using I for action

T Caveat: In this calculation T = 1/(27¢), with ¢ a fixed parameter, so the temperature is not
actually a tunable variable. We can’t really make sense of thermodynamics if the temperature is not
a free variable. To really make sense of the discussion in this section, we need to add some additional
matter to de Sitter, which allows us to tune the temperature. Then there is a true 1st law, with the
temperature a tunable variable. This done in for example the nice de Sitter review hep-th/0110007.
You can think of what we’ve described here as the limit of that calculation where the extra energy is
set to zero.
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Compute the entropy and the on-shell action of D-dimensional de Sitter space, and

verify the relation S = log Z.
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8 Symmetries and the Hamiltonian

Throughout the discussion of black hole thermodynamics, we have always assumed
energy = M. Now we will introduce the Hamiltonian formulation of GR and show
how to define conserved charges associated to spacetime symmetries. The energy is a
special case, associated to time-translation symmetry. There are quicker ways to reach
the conclusion energy = M (see Carroll’s book), but we will take the more careful route

because it’s useful later.

8.1 Parameterized Systems

[References: The original paper is very nice and still worth reading, especially sections
1-3: “The Dynamics of General Relativity” by Arnowitt, Deser, Misner (ADM), 1962
(but available on arXiv at gr-qc/0405109). See also appendix E of Wald’s textbook,
and for full detail see Poisson’s Relativist’s Toolkit chapter 4.

Time plays a special role in the canonical formulation of quantum mechanics, and in
the Hamiltonian approach to classical mechanics, since it is the independent variable.
In GR, time ¢ is just an arbitrary parameter, and the dynamics are reparameterization-
invariant under ¢ — #'(t), since this is just a special case of diffeomorphisms. To see
how this fits into Hamiltonian mechanics we first consider a simple analog in quantum

mechanics.

Suppose we have a system with a single degree of freedom ¢(t) with conjugate momen-

tum p, and action

I = / dtL. (8.1)
The Hamiltonian is the Legendre transform

H(p,q) = pq — L(q,q)|p=or/04 - (8.2)

Hamilton’s equations of motion are

dp _ _0H dg _ 0H
dt  9q’ dt  op
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The independent variable ¢ is special. It labels the dynamics but does not participate
as a degree of freedom. In GR, time is just an arbitrary label — it is not special, and
the theory is invariant under time reparameterizations. To mimic this in our simple
system with 1 dof, we will introduce a fake time-reparameterizations symmetry. To
do this we label the dynamics by an arbitrary parameter 7, and introduce a physical
‘clock” variable T', treated as a dynamical degree of freedom. So instead consider the

system of variables and conjugate momenta

(1), p(r), T(r), I(7) (8.4)

where II is the momentum conjugate to 1. This is equivalent to the original 1 dof if

we use the ‘parameterized’ action
I’:/dT(pq’+HT'—NR) , R=1+H(p,q) , (8.5)

where prime = d/dr. Here N(7) is a Lagrange multiplier, which enforces the ‘constraint
equation’
I+ H(p,q)=0. (8.6)

The action (8.5) is reparameterization invariant under 7 = 7(7), since after all 7 is just

a label that we invented. The Hamiltonian of the enlarged system is simply
H' = N1+ H(p,q)) , (8.7)

so it vanishes on-shell due to the constraint equation!

To recap: we introduced time-covariance by adding a fake degree of freedom, and im-
posing a constraint. The resulting Hamiltonian vanishes on-shell, because it generates

T-translations, which is just part of the reparameterization symmetry.

To reverse the procedure, i.e., to go from the parameterized action back to the ordinary

action with 1 dof, we plug in the constraint

I'= /dT lpq' — H(p,q)T"] (8.8)
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and then rewrite the dynamics in terms of the clock variable:
I'= /dT [pg — H(p,q)] (8.9)

where dot = d/dT. So we see that T is just the original physical time t.

The equation of motion for 7" is

, 0
T'= N (I + H) (8.10)

But both 7" and N are unspecified by the dynamics. For example we are free to pick

the ‘gauge condition” T" = 7, which corresponds to some particular choice of N (7).

8.2 The ADM Hamiltonian

GR is already a ‘parameterized system:” the ¢ coordinate is like our 7 coordinate above,

and we will see that the Hamiltonian is very much like (8.7).

The canonical variables are
hij(f,t), Wij(f,ﬂ (811)

where h;; are the space components of the metric, and 7;; are their canonical conjugates.

The full spacetime metric is parameterized as
ds® = —N?dt* + hy;(da' + N'dt)(dx? + N’dt) . (8.12)

N = /—1/g" is called the ‘lapse’ and N* = N?¢" is the ‘shift’. These are Lagrange
multipliers, just like NV in our discussion above. They are not fixed by the dynamics,
but a choice of parameterization. In other words, any geometry can be sliced into
‘time’ and ‘space’ in a such a way that N and N°* can be set to any functions you like.
They are called the lapse and shift because they correspond to our choice of how our
coordinates on a time-slice of fixed t = ¢y are related to the coordinates on a time-slice

of fixed t = tg 4 dt. The flow vector, which tells you the arrow of time from one slice
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to the next, is*
("= Nu'+ N . (8.13)

In the coodinates (8.12), ¢ = J;, but we will treat N and N® as arbitrary parameters.

The action of GR, discussed above but now in Lorentzian signature, is

[— -+ d4m\/—_gR—8i7T/ d*x /= (K — Ky) (8.14)

© 167 Sy, o

where K is the subtraction term (the extrinsic curvature of the boundary embedded

in flat spacetime). Recall that the on-shell variation is

5]onfshell — %/ dgx\/ _’yTijég’ijﬁ (815)
OM

where the ‘boundary stress tensor’ (aka Brown-York stress tensor) is

. 1 . .
TV = . (K” — w”K) — background subtraction . (8.16)

After quite a bit of work', the full off-shell action (8.14) can be written
I :/ d*x [Wijhij — NH — NiHZ} —/ d*x \/ou"T,, " (8.17)
M oM
From here we can read off the Hamiltonian?
H[(] = / d*x (NH + N'H;) + / d*z \/ou"T,, (", (8.18)
) %

which is an integral over a spatial slice .

Now to explain all these terms: H and ‘H; are called the Hamiltonian and momentum
constraints, which are essentially the Gy and Gg; components of the Einstein equations
(see Wald for explicit formulae). These components of the equations of motion involve
only 1st time derivatives. They are called ‘constraints’ because if we think of GR as

an initial value problem — specify initial data, then evolve in time according to the

*Here N* = hiy N, where hy, = g, +uyu,, i.e., hY is the projector onto a spatial slice.

tSee Brown and York, “Quasilocal energy and conserved charges derived from the gravitational
action, ” 1993, and also Poisson’s Relativist’s Toolkit, Chapter 4.

!The bulk term is called the ‘ADM Hamiltonian’. As far as I know, the boundary terms were first
derived by Brown and York, and by Hawking and Horowitz.
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dynamical equations — these are constraints on the allowed initial data h;;, hw at t = 0.
This is in contrast to other, dynamical equations of motion, which tell you how that
data evolves in time.” Finally u* is the timelike unit normal on the boundary, with

w? = —1.

A few remarks about our final answer (8.18):

e The bulk term vanishes on-shell due to the constraint equations. The boundary
term does not vanish in general. This is related to the fact that diffeomorphisms
acting on the boundary are ‘real” dynamics, whereas diffeomorphisms away from

the boundary are just redundancies.

e We have written the Hamiltonian as a functional of the lapse and shift, since
the dynamics leaves ¢ unspecified. This corresponds to a choice of time evolu-
tion. That is, the Dirac bracket! of the Hamiltonian with any function X of the
canonical variables is

{H[(], X} =L X . (8.19)

If we choose, for example, ¢(* = (1,0), then this Hamiltonian generates time

evolution in the ¢-direction.

e The on-shell Hamiltonian looks just like the Hamiltonian of a 3-dimensional the-
ory living on the boundary with a 3-dimensional stress tensor 7,,. We will see

that at least in AdS this is actually literally the case.

Exercise: Constraints in electrodynamics
Difficulty level: medium

Derive the Hamiltonian of electrodynamics. Start from the action I = —§ [ d*zF?,,

*In electrodynamics, the action involves only first derivatives of A;, so this is a Lagrange multiplier
like the lapse in GR. The Hamiltonian of electrodynamics has a term A;C' where C' =V - E — ppatter
is the Gauss constraint.

tThe Dirac bracket is the Poisson bracket, but accounting for gauge symmetries which modify the
bracket acting on physical fields. The Dirac bracket is what becomes a commutator in the quantum
theory.
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identify the canonical coordinates and conjugate momenta, and rewrite it like we did

for gravity in (8.17). Identify the Lagrange multiplier(s) and constraint(s).

In gravity, we gave a physical interpretation of the lapse and shift Lagrange multipliers
as a choice of foliation of spacetime. What is the analogous interpretation of A; in

electrodynamics? (It might be useful to couple to a matter field to answer this.)

Reference:  Appendix E of Wald. But write your answers in terms of the vector
potential, not E and B.

8.3 Energy

As usual, the numerical value of the Hamiltonian, evaluated on a solution, is the
energy. In GR we must specify a lapse and shift to define the Hamiltonian. The energy
is associated to time translations, so we identify the energy as the Hamiltonian with
N — 1 and N* — 0 at the boundary. For this choice, the surface deformation vector

() has components C(’;) = (1,0,0,0), so
E = H{(w)lon—sheu = / d*z/ou'Ty . (8.20)
o%

This is the usual (covariantized) expression for the energy in terms of the stress tensor.*

We must impose boundary conditions to ensure that energy is conserved. It can be
shown that the G, components of the Einstein equations! are

VT = —n,To

matter

(8.21)

where n is the spacelike unit normal to the boundary. Therefore, if we impose the

boundary condition that matter fields go to zero fast enough as r — oo, then the

*This equation agrees with other definitions of energy you may have seen, like the Komar formula,
whenever those definitions apply.

fi.e., the ‘constraints’ in a radial slicing of the spacetime, which contain only first order r-
derivatives.
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boundary stress tensor is conserved,
VT =0 . (8.22)

If in addition
Vi¢y=0 as T — 00 (8.23)

then the energy current j = TijCj is conserved, V,;j° = 0. In this case the energy is

independent of what slice ¥ we choose to evaluate (8.20):

EX) - E(Y) —/82 d*x\/ou' @-t—/

o’

dQI'\/Eui it — /dgl'\/—_")/vz (T”Cj) =0.
(8.24)

The equation (8.23) is the Killing equation, so the conclusion is that energy is conserved
as long as (i) matter fields fall off fast enough near infinity, and (ii) ( = 0; is an

asymptotic Killing vector.

What about matter?
The expression (8.20) includes the contribution from matter. The constraints ensure
that the metric at infinity knows about any matter localized in the interior: the matter

backreacts on the metric, and therefore contributes at infinity. This is just like the
Gauss law in E&M.

8.4 Other conserved charges

Other asymptotic Killing vectors will similarly lead to conserved quantities. For ex-

ample, if ¢ = 0, satisfies (8.23), then we can define the conserved charge

J = / d*x\/ou' Ty . (8.25)
[2)>

This is in fact the angular momentum, and agrees with all the usual formulae for

computing the angular momentum of a spacetime.

We could also define boost charges, and get the full Poincare group. This requires some

modifications, since in this discussion (; was a vector within the fixed dM, whereas

39



boosts act on M. The results are similar.

8.5 Asymptotic Symmetry Group

We have seen that the bulk Hamiltonian vanishes, but there are boundary terms that

compute conserved charges. Now [ will try to explain physically what is going on here.

Local diffs are fake. Global diffs are real.

GR is locally diff invariant, but it is not invariant under diffs that reach the boundary.
To see this from the action, just vary it under a general diff (. The Lie derivative for
a density is

oc(vaf) = L(Vaf) = Vul(f¢") . (8.26)

Applying this the Lagrangian density of GR we see that it is only diff-invariant up to

a boundary term,

/ dc(v/9L) = / dA*C,L . (8.27)

M oM

This is important, so I'll rephrase: General relativity is invariant under local diffeo-
morphisms. These are like gauge symmetries: fake symmetries, redundancies, that do
not change the physics and are just a convenient human invention to describe massless
particles. However it is not invariant under diffeomorphisms that reach the boundary.
The coordinates as r — oo are actually important and meaningful, like the coordinates
in a non-gravitational theory. A time reparameterization with compact support, i.e.,
t — t'(t,z) such that ' — ¢ as r — o0, is a local diff and involves no physics. A global

time shift ¢ — ¢ + 1 acts at infinity and is true time evolution.

The bulk terms in the Hamiltonian, i.e., the constraints, correspond to local diffs, and
the boundary terms correspond to diffs that reach the boundary. That is why the bulk

term vanishes on shell and the boundary term does not.

Certain diffs that reach infinity are actual symmetries. By ‘actual’ symmetries, I
mean symmetries that act on the space of states in the theory: they take one state
to a distinct but related state with similar properties, as opposed to gauge symmetries

which physically do nothing.
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Asymptotic symmetries in U(1) gauge theory
The precise version of all these statements is the formalism of asymptotic symmetries.
The definition of the asymptotic symmetry group is the group of symmetry transfor-

mations modded out by trivial symmetries,

ASC — symmetries . (8.28)

trivial symmetries

The definition of a ‘trivial symmetry’ is one whose associated conserved charge vanishes.

Let’s consider electromagnetism as an example. The action I = —1 [ d*z(F,, F* +
A, JL airer) 18 invariant under an infinite number of transformations,

SA, = 9,M(z), 06 =iA(z)o, (8.29)

where the second term indicates the usual phase rotation on charged matter. These
are gauge symmetries. A local gauge symmetry, ie a transformation for which A(z) has
compact support, does not have any conserved charge associated to it. In fact despite
this infinite number of symmetries we know electromagnetism has only one conserved

quantity, the total charge

Q ~ /Z P er ~ /8 ] d*z F,, . (8.30)

This is the conserved charge associated to the global U(1) rotation — it exists and is
conserved even in the un-gauged theory. Thus the global rotation is physical, while

local phase rotations are just redundancies.

The definition (8.28) of the asypmtotic symmetry group is the group of all transfor-
mations, mod gauge transformations with zero associated charge. Therefore in electro-
magnetism,

ASG = U(l)global . (8.31)

Asymptotic symmetries in gravity
We will not go into depth on the ASG in gravity right now, but I will just mention
some facts. The ASG in gravity is generated by the conserved charges, which we

argued above are the charges associated to some special vector fields, including those
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for which V;(;y — 0 at infinity. In asymptotically flat spacetimes, ie spacetimes
approaching Minkowski space fast enough as r — oo, these are simply the Killing
vectors of Minkowski space. Thus the asymptotic symmetry group of asymptotically

flat spacetimes is the Poincare group.*

This notion is important, because general spacetimes have no isometries, and there-
fore no local conserved charges. (For example, there is no ‘energy’ conserved along
the geodesic of a probe particle.) Asymptotic symmetries allow us to define global

conserved quantities in this situation.

The Poincare algebra in 4D has 10 generators: 4 translations P, and 6 Lorentz gener-

ators M,,,. The generators obey the Poincare Lie algebra

[P )] = 0 (8.32)
1
;[M;wv Pp] = nupPV - anPu (833)
1
;[M;w’ Mool = MupMos — oMoy — NupMpuo + Mo M,y - (8.34)

If we just label the generators as V4 for A = 1...10, then this is just a Lie algebra
ivA VP = fAgve (8.35)

with some structure constants f45. Each of these generators is associated to a Killing

vector of Minkowski space:
VAW A=1...10. (8.36)

For example P* < 0,, My, < t0, + x0;, etc. The Killing vectors obey the same
algebra, under the Lie bracket:

[CA ’ CB];LL/B = CAI/aycBu o CBuaycAu _ ngCC'u ) (837)

(Here A is a label of which vector, and p is a spacetime index.)

*This is true at spacelike infinity. The story at null infinity is much more subtle since, in non-static
spacetimes, gravitational radiation reaches null infinity and distorts the asymptotics. This leads to
what is called the BMS group, which is an active area of research.
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Recall that conserved charges generate the action of the diffeomorphism under Dirac
brackets. That is, the charge
Q' = H[¢] (8.38)

generates
{QY X}pp = LeaX . (8.39)

For this to be consistent with the algebra, the charges themselves must obey the same

algebra:
{@*, Q%}pp = [17Q° . (8.40)

In other words,
{H[¢], H[X]}ps = H[[¢, X]LB] + constant (8.41)

where we have allowed a constant ‘central charge’ term in the algebra of charges, since
this would still be consistent with the action of the generators on X (and actually does

appear in important examples).

Sometimes the ASG leads to surprises. A famous example is in anti-de Sitter space.
The isometry group of AdSp is SO(D —1,2). So a natural guess is that the asymptotic
symmetry group of asymptotically-AdS spacetimes is also SO(D — 1,2). This is true
for D > 3 but wrong in D = 3, as shown by Brown and Henneaux. We will talk about

this more later.

8.6 Example: conserved charges of a rotating body

The linearized solution of GR that carries both energy and angular momentum is

oM 2M 4 sin” 6
ds* = — (1 - 7) dr* + <1 + T) (dr? 4120 — <=——dtdp . (3.42)

This is, for example, the metric far away from a Kerr black hole, or a rotating planet.

We will compute the energy and angular momentum using the on-shell Hamiltonian

(8.18). Here it is again, after enforcing the constraints:

H[(] = /8 . d*x Jou' T ¢ . (8.43)
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The energy is associated to ¢ = 0, and the angular momentum to ¢ = 0.

Kinematics
We want to compute 7%. This is a tensor living on M, which is the surface r = ry.

To define tensors on OM, we first compute the unit normal to the OM,

2M
nudat =4/1+ Tdr . (8.44)

The full metric can be split into the normal and tangential parts as

Juv = Vv + Ny (845)

74 projects onto the boundary, since n,v# = 0. The components ~}* for u = t,r, 6, ¢ and

1 =1t,0,¢ can be used to turn spacetime tensors into boundary tensors, and vice-versa:
Vi =44V, . (8.46)
The induced metric on OM is

o 2M 44
Yidxtdr! = — (1 — M dt* +r2 [ 14+ =) (d6*+sin? Odp? ~Hgin? Ododt . (8.47
j 0

To To To

The timelike unit normal to a constant-t hypersurface is
H M 2
u,dat = (—1+ — +O(1/r%))dt . (8.48)

(This could be used to define the induced metric from h,, = g, + u,u, and corre-
sponding projector but we won'’t need these to compute the charges.) Projecting the

timelike normal onto the boundary doesn’t change anything, we still have
i M 2
wide' = (=14 — 4+ O(1/rg))dt (8.49)
To

where remember ¢ runs over the boundary directions z* = (¢, 6, ¢).

Finally, we need the volume element of the boundary at fixed time. The induced metric
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on 0Y is v
2
oapdrtdr® = r2(1 4+ =—=)(d6? + sin? 0d¢?) , (8.50)

To
with volume element

2M
Vo =12 (1 + —) sin@ . (8.51)

Stress tensor

The extrinsic curvature of OM is
K/W = —V(un,,) . (8.52)

As a boundary tensor,
Kij = hihiK,, . (8.53)

The trace of K is the same whether we use K, or K;; (check this!). It is

K=-2_Y o6 (8.54)

To Tg

Now we compute the stress tensor from its definition (ignoring the background sub-
traction for now), T;; = K;; — 7;; K. (I've rescaled it by 87 to unclutter notation, but

will put the 87 back in the Hamiltonian below.) It has components

2 8M 5jsin” 6
Ty =—% "5 Tw:_jrz . Top =70+ M, Ty =sin®0(ro+ M) (8.55)
0 0 0

plus higher order terms O(M?/r). (In this equation we are still ignoring the back-

ground subtraction, we will deal with that below.)

Energy
The energy is the on-shell Hamiltonian for ( = 0;. Putting it all together, we have so
far for the energy

1
Eoneuy = — 2rgsinf = —rq , (8.56)
8 M

where ‘unsub’ means we have not dealt with the background subtraction yet.
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To do the background subtraction, we repeat the whole calculation on the flat spacetime

oM oM
ds?, = — (1 — —) dt* + (1 - —) (dr® + r?d?) . (8.57)

To To
This is a flat spacetime with the same intrinsic geometry on 0M.*

Going through all the steps again, the subtraction term is FEy,;, = —ro — M. Therefore

the final answer is

E=M, (8.58)
as expected.
Angular momentum
The angular momentum is the on-shell Hamiltonian for ¢ = —d,." There is no back-
ground subtraction necessary. We find
1, . 3 :
J = —3j dfd¢sin® 0 = j . (8.59)
87T %

*We could include the angular momentum term, but we can shift the time coordinate to make
it O(1/r¢) and it does not contribute. Put differently, we really only need to embed 9% into flat
spacetime, not all of M, so this is only important for the energy and we can ignore the angular
momentum.

fThe minus sign here is the standard convention. It is related to the fact that a mode e
carries energy F = +w and angular momentum J = +m.

—iwt+imeo
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9 Symmetries of AdS;

This section consists entirely of exercises. If you are not doing the exercises, then read
through them anyway, since this material will be used later in the course. The main
goal of this section is derive the famous result of Brown and Henneaux on the central
charge of AdSs;. This was done in the 80s, using slightly different techniques from what

we'll use here, and later came to play an important role in AdS/CFT, as we’ll see later.

9.1 Exercise: Metric of AdS;

Anti-de Sitter space is a constant-negative-curvature spacetime. It is the maximally
symmetric solution of Einstein’s equation with a negative cosmological constant. AdSp
can be realized as a hyperboloid embedded in a D + 1-dimensional geometry. In this

section we will talk about AdSs, which is the hyperboloid
XaX4 =12 (9.1)
where A =0, 1,2, 3 is an index in the space Minkowskis x Minkowskis, with metric
HapdX*4dXP = —dX2 +dX} +dXZ —dX2. (9.2)

To find intrinsic coordinates on AdSs, we just need to solve (9.1). One way to solve

this equation is by

Xog=/Lcoshpcost, X;=~/{sinhpsing, Xy=~,sinhpcos¢p, X3 =/{coshpsint .
(9.3)
(a) Check that this solves (9.1), and use (9.2) to find the induced metric on the hyper-
boloid.

Answer:
ds* = (*(— cosh® pdt* 4 dp* + sinh? p dp?) . (9.4)

These are global coordinates on AdS3. Although on the hyperboloid (9.1) we can see

from (9.3) that ¢ is a periodic coordinate, when we say ‘AdS;" we will always mean
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the space in which ¢ is ‘unwrapped’, t € (—00, 00) (the universal covering space of the

hyperboloid).

(b) Find the cosmological constant in terms of the AdS radius /.

9.2 Exercise: Isometries

AdS3 inherits the isometries of the embedding space that preserve the hyperboloid.
(For the same reason that the isometries of S? are inherited from rotations in R*.) The
group of rotations+boosts in a 4d geometry with signature (+, +, —, —) is SO(2, 2), so
we expect this to be the isometry group of AdS;. In this problem we’ll confirm this.

(a) As an example, consider the boost vector
V = X'"0x0 + X 0x1 (9.5)

in the embedding space (9.2). This preserves the hyperboloid, since under X4 —
XA — VA the lhs side of (9.1) is unchanged to linear order (check this).

Write V' as an isometry of AdSs, in the coordinates (9.4). To do this, first define the

projection tensor
pA _ ox4
K Oxt

where z# are the coordinates of AdS;. This can be used to convert the 4-vector V4

(9.6)

into a tensor thng on the hyperboloid,
—_ Pl1 ‘ / 1' ) 7
X’U, o A - ( ° )

Find x*, and check that it is a Killing vector of the metric (9.4).

This same procedure can be used to find all of the Killing vectors of AdS, but I will
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spare you the trouble. The answer, in a convenient basis, is

(-1 = 3 [tanh(p)e” (1+9)9, + coth(p)e™ (t+¢)a¢+i67i(t+¢)ap] (9.8)
G = (0 +0y)

G = 1[tanh(p)e’™?9; + coth(p)e'™*? o, — ie'+9g,]

Cy = L[tanh(p)e 99, — coth(p)e =9d, + ic 9)5),]

G = (0 —0y)

G o= %[tanh(p) =99, — coth(p)e i(t—¢)a¢ _Z'ei(t—qﬁ)ap]

Note that the subscripts here are just labels, not spacetime indices.
(b) Check that the vectors (_1, (o, ¢ are Killing vectors.

(c) Now check that they obey the SL(2, R) algebra:
(L1, Loy] = 2Ly, [Ly, Lol = L1, [L-y,Lol=—L_1. (9.9)

That is, the Killing vectors obey this algebra under Lie brackets, with an additional ¢,
for example

Z.{gl, g—l}LB = 2{0 s etc. (910)

The barred zetas in (9.8) commute with the unbarred zetas, and form another SL(2, R)

algebra. Therefore the isometries of AdS3 form the algebra
SL(2,R); x SL(2, R)g. (9.11)

The subscripts mean ‘left” and ‘right’; since the (’s involve only the ‘left-moving’ com-

bination ¢ + ¢ and the (’s involve the ‘right-moving’ combination ¢ — ¢.

Note that as a Lie algebra, of SO(2,2) = SL(2, R) x SL(2, R). This is a special feature
of AdS3. In general the AdSp isometry group is SO(D — 1,2), which does not split

into two factors.
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9.3 Exercise: Conserved charges

(a) Do the coordinate change
tf=t+¢, p=log(2r) , (9.12)

and expand the metric (9.4) at large r. Show that to leading order

r2

d 2
ds? = 2 (i - r2dt+dt_) . (9.13)
These are called Poincaré coordinates, and in fact this metric is an exact solution of
Einstein’s equation — it covers a subregion of AdS3 called the Poincaré patch.
A spacetime is called asymptotically AdS if it approaches (9.13) as r — 00.*

(b) Consider the asymptotically AdS spacetime

2
ds* = (? (d% — er#dt—) +hy (At + ho_(dt™)* + 2k, _dtTdt (9.14)
T

where the h’s are arbitrary functions of ¢* and ¢~ but independent of r. We will
compute the boundary stress tensor (Brown-York tensor) and use it to define the

energy and other conserved charges in AdSs.
The boundary stress tensor is defined as the variation of the on-shell action

Tz‘j — 2 5Son—shell
V=1 0

(9.15)

where the action is

1
81 OM

Sla] = 1o /M Voa(R—20) + VT Sy V] (9.16)

oM

For the bulk term and Gibbons-Hawking term, we can use our formulae from flat space

given in previous lectures. The last term is a counterterm, which takes the place of the

*Specifically, the subleading components of the metric must have a certain fall-off at large r. These
conditions are basically chosen so that the Hamiltonian can be defined.
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‘background subtraction” we did in flat space. This leads to

TV = — [K” — K9 + gwm] ) (9.17)
8
Choose the counterterm coefficient a so that 7;; is finite as the cutoff surface ry — 0.

Compute T’y 4, T__, and T _ to first order in the perturbation h;; in the limit ry — oo.
Reference: Balasubramanian and Kraus, hep-th/9902121.
(c) Compute the energy of the spacetime (9.14). It is defined as

27
E=7 [ dovouTye (9.15)
0

14
where u’ is the timelike normal to a fixed-t slice, and ¢ = ;. (The overall 1/¢ is a

convention, necessary due to the fact we are using dimensionless coordinates.)
(d) An example of an asymptotically AdS spacetime is the BTZ black hole,

dr?

2 2 2 2
dS —f —(T —8M)dt +m

+ r2de?| . (9.19)
Check that for this spacetime
E=M. (9.20)

To use your results of the previous problem in this calculation you must first change
coordinates to put it in the form (9.14). In particular you will need to redefine ' = /(r)

to eliminate the perturbation to g,..

(e) Compute the energy of global AdS, by keeping the subleading terms in the coordi-
nate transformation (9.12) and plugging them into your formula for the stress tensor.

(Hint: the answer is negative. That’s OK, this is just a choice of zero for energy.)

Comment: We've focused on the energy, but we could compute conserved charges

corresponding to all the other Killing vectors in exactly the same way.
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10 Interlude: Preview of the AdS/CFT correspon-

dence

The rest of this course is, roughly speaking, on the AdS/CFT correspondence, also
known as ‘holography’ or ‘gauge/gravity duality’ or various permutations of these
words. AdS/CFT was conjectured by Maldacena in a famous paper in 1997. A full
understanding of Maldacena’s motivations and results, and the huge body of work to
follow, requires some string theory, but AdS/CFT itself is independent of string theory
and we will not follow this route. Instead we will ‘discover’ AdS/CFT by throwing
stuff at black holes. In fact, this parallels the historical discovery of AdS/CFT in
1996-1997, though we will obviously take a shorter path. Our starting point will be a
black-hole-like solution in 6 dimensions, which might seem umotivated, so the purpose
of this interlude is to describe where we are headed, so you know we are doing this for

a good reason.

10.1 AdS geometry

Anti-de Sitter space is the maximally symmetric solution of the Einstein equations
with negative cosmological constant. We worked out the metric of AdSs in global and
Poincaré coordinates in the previous section. For general dimension AdSy, 1, the metric

in global coordinates is
ds® = (> (— cosh® pdt* + dp® + sinh? pdQ2]_,) . (10.1)

To find the Penrose diagram, we can extract a factor of cosh? p and then define a new

coordinate by
do = 2
o =
cosh p

= o = 2tan" ' tanh(p/2) . (10.2)

As p runs from 0 to oo, p runs from 0 to 7/2. Each value of ¢, o is a sphere S¢~1. There-
fore the Penrose diagram looks like a solid cylinder, where p is the radial coordinate of

the cylinder, and ¢, {2 are the coordinates on the surface of the cylinder.

Unlike flat space, the conformal boundary (usually just called ‘the boundary’) of AdS

is timelike. From the Penrose diagram, we can see that massless particles reach the

102



boundary in finite time ¢. (Massive particles cannot reach the boundary; they feel an

e’ potential if they try to head to large p.)

The metric of the Poincaré patch is

2
i =& (d2* — dt* + di®) , (10.3)

~2

where 7 = (x!,... 2%71).

In these coordinates, the boundary is at z = 0. These
coordinates cover a wedge of the global cylinder. You can check this for AdS; using

the coordinate transformations derived in the previous section.

10.2 Conformal field theory

A conformal field theory (CFT) is a QFT with a particular spacetime symmetry, con-
formal invariance. Conformal invariance is a symmetry under local scale transfor-
mations. We will discuss this in detail later. For now I will just mention that one
consequence of conformal symmetry is that correlation functions behave nicely under
coordinate rescalings © — Az. Correlation functions of primary operators (which are

lowest weight states of a conformal representation) obey
(O1(21)Oz(x2) - - - Op(y)) = )\A1+A2+"’+A"<Ol()\xl) o Op(Azy)) (10.4)

where A; is called the scaling dimension of the operator O;. This (together with

rotation and translation invariance) implies for 2pt functions

(0(x)0(y)) o ﬁ | (10.5)

The simplest example of a CFT is a free massless scalar field, where for example in
4d (¢(z)o(y)) = (x —y)~2. A massive free field is not conformal, since m shows up
in correlation functions and spoils the simple power behavior. This is generally true —
CFTs do not have any dimensionful parameters, so there can be no mass terms in the
Lagrangian. However the converse is not true, since there are theories with no mass
terms in the classical theory are not necessarily conformal. For example in massless

QCD, scale symmetry is broken in the the quantum theory so the theory acquires a
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dimensionful parameter via dimensional transmutation.

There are also very nontrivial interacting conformal field theories. We will discuss a

couple of examples later.

10.3 Statement of the AdS/CFT correspondence

The AdS/CFT correspondence is the an exact relationship between any* theory of
quantum gravity in asymptotically AdS,,; spacetime and an ordinary CFTy, without
gravity. This relationship is called a duality. It is holographic since the gravitational
theory lives in (at least) one extra dimension. The theories are believed to be entirely
equivalent: any physical (gauge-invariant) quantity that can be computed in one theory
can also be computed in the dual. However, the mapping between the two theories can
be highly nontrivial. For example, easy calculations on one side often map to strongly

coupled, incalculable quantities on the other side.

It is often useful to think of the CFT as ‘living at the conformal boundary’ of AdS.
Indeed, the CFT lives in a spacetime parameterized by x = (¢,Z), whereas gravity
fields are functions of x and the radial coordinate p. And when we discuss correlation
functions of local operators we will see that a CFT point x corresponds to a point
on the conformal boundary of AdS. But it is not quite accurate to say that the CFT
lives on the boundary, for two reasons. First, we should not think about having both
theories at once; we either do CFT or we have an AdS spacetime, never both at the

same time. Second, the CF'T is dual to the entire gravity theory, so in a sense it lives

everywhere.

The two theories are commonly referred to as ‘the bulk’ (i.e., the gravity theory) and
‘the boundary’ (ie the CFT).

In this course we will mostly restrict our attention to two types of observables in

AdS/CFT: thermodynamic quantities and correlation functions.

*Some people might obect to the word ‘any’ here. To be safe, we could say ‘any theory that we
know how to define in the UV and acts like ordinary gravity+QFT in the IR.
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Thermodynamics
The mapping between thermodynamic quantities on the two sides of the duality is

simply that they should be equal, for example the thermal partition functions obey

Zcft(ﬁ) = Zgrowity(ﬁ) . (106)

Here Z.;; = Tr e PHert is the ordinary thermodynamic partition function of a QFT.
Zgravity 18 the quantity whose semiclassical limit we discussed above, related to the

on-shell action of a black hole,

Zgravity(8) = e el 4. (10.7)

For the exact relation (10.6) we must in principle include all the quantum corrections

to this semiclassical formula.

Correlation functions

The goal of the next couple lectures is to derive the dictionary that relates CFT
correlators to a gravity calculation. We will give the exact prescription later, but
here is the general idea. FEach field ¢;(p,x) in the gravitational theory there is a
corresponding operator O;(z) in the CFT.* The mass of ¢ determines the dimension
of O. CFT correlation functions can be computed on the gravity side by computing a

gravity correlator of ¢, with the points inserted at the boundary:

(O1(21) -+ Onl@n))epe = = im " (@1 (p, 1) -+~ (s Tn)) gravity (10.8)

p—00

The limit is in quotes because actually we need to rescale by some divergent factors

that we’ll come to later.

Top down, bottom up, and somewhere in between
AdS/CFT is general, we do not need to refer to a particular theory of a gravity or

a particular CFT. However it is often useful to have specific theories in mind, with

*Here x = (¢, &) denotes all d dimensions of the CFT and p is the radial coordinate.
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detailed microscopic definitions. For example: Type IIB string theory on AdSs x S° is
dual to N' = 4 supersymmetric Yang-Mills in 4d.

Super-Yang-Mills is a particular CFT with a known Lagrangian. Although IIB string
theory is not defined non-perturbatively (except via this duality), it has many known
microscopic ingredients. Calculations in these two specific theories can be compared

in great detail.

There are other microscopic examples — deformations of this one, and different versions
in different dimensions, with different types of dual CFTs. All of them (as far as I
know) come from brane constructions in string theory. This is often called the ‘top
down’ approach to AdS/CFT.

Another approach is to simply assume that we have a CF'T with some low-dimension
primaries with a particular pattern, and perhaps with some assumptions about the
symmetries and conserved charges of the theory. This is more in the spirit of effective
field theory and is often called ‘bottom up.” In many cases we can also include informa-
tion about the UV completion of the CET (i.e., very high dimension operators) in this
approach so it actually goes beyond effective field theory, but without every specifying
the actual Lagrangian of the CFT.

Both approaches are important. Often calculations that can be done in one approach
are impossible in the other, or calculations first done microscopically turn out to have

more general and possibly more intuitive explanations via effective field theory.
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11 AdS from Near Horizon Limits

Anti-de Sitter space appears in the near horizon region of extremal black holes. In this
section we will describe how the near-horizon limit of extremal Reissner-Nordstrom is
AdS, x S?. Since the case d = 1 (i.e., AdS,) is a special case of AdS/CFT that we
would like to mostly avoid, we then discuss the 6d black string. This solution has a

near-horizon AdS; which will serve as our main example for AdS/CFT.

11.1 Near horizon limit of Reissner-Nordstrom

Here is the 4d Reissner-Nordstrom black hole again, from (2.10):

dr? oM Q?
L2402 f(r):l———i—Q—. (11.1)

ds* = —f(r)dt* + 7 " 2

Recall that this solution is restricted to M > @ (we assume ¢ > 0) by cosmic censor-
ship. In general, the near horizon geometry is approximately Rindler x.52, as discussed

above. But something special happens in the extremal limit,
M=qQ . (11.2)

In this limit the horizon is a double zero, f(r) = (1 — Q/r)% So the inner and outer

horizons coincide, ry = r_ = @, and the Hawking temperature (2.19) is zero.

To take the near horizon limit of the extremal black hole, we define
r=Q(1+\/z2), t=QT/\ (11.3)

where A is an arbitrary parameter. Plugging this into the extremal metric and taking
the limit A — 0 with z, 7,60, ¢ held fixed gives the spacetime
Q2

ds® = = (—dT” + d=*) + Q%d93 . (11.4)

The metric (11.4) is AdS, x S%. This is the near horizon region of the original black
hole, since if A — 0 with z held fixed, »r — ). Recall that this spacetime is supported
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by some nontrivial electric field. Applying the same procedure to the field strength

gives a constant electric field in the near horizon region.*

A has disappeared entirely from the solution. This means that (11.4) (together with the
constant electric field) is actually by itself a solution to the Einstein-Maxwell equations.
This did not happen for the non-extremal case: there, the spacetime was only approxi-
mately Rindler near the horizon, and Rindler xS? does not solve the Einstein-Maxwell

equations.

Geometry of the Near Horizon Region

The key difference between the extremal and non-extremal near horizon limits is that
the near horizon region of an extremal black hole is infinitely long. To see this let us
calculate the distance to the horizon along a fixed-t slice in the general metric (11.1),

from some arbitrary point ro > r:

D- / dr/F(r) ~ —M log(rs — ) ~ Mlog (11.5)

QTh
where Ty is the Hawking temperature (2.19). This diverges as Ty — 0. (The ~ means
we are dropping constants and the contribution of the ry limit to the integral, which

doesn’t matter.) The long region for small Ty

Global coordinates

The near-horizon metric we found in (11.4) is AdSy in Poincaré coordinates. This
covers only a patch of the full AdS spacetime. Similarly, we considered only one patch
of the Reissner-Nordstrom spacetime. The full global AdS; includes many Poincaré
patches, and each patch gives the near-horizon region of a different patch of the global

Reissner-Nordstrom. This is illustrated in the Penrose diagrams in figure 4.

What about the sphere?
We are only drawing the Penrose diagrams for AdS,, but the geometry is in fact

AdS, x S?. Actually the sphere does not affect the conformal boundary. Since the

*In the original coordinates, F.;, = Q/r?. In the new coordinates, after scaling A\ — 0, F,7 =
—Q/22. This does not look constant in these coordinates, but if we define ¢ = 1/z then F,r = Q is
a constant electric field.

108



Reissner-Nordstrom AdS,

Figure 4: Penrose diagrams for extremal Reissner-Nordstrom and AdS,. The AdS; Pen-
rose diagram is a ‘zoomed in’ version of the RN diagram which includes only the near
horizon region. Unlike higher-dimensional AdS, AdSs; has two conformal boundaries,
which are the blue lines on the left and right. In the RN diagram, the coordinates are
degenerate near the horizon so these boundaries are drawn as dashed blue lines slightly
away from r = r,. The black hole horizon in RN (red) is the same as the Poincaré
horizon in AdSs. The Poincaré patch of AdS, is shaded green in both diagrams.

109



prefactor in front of AdS, blow up near the boundary, after a conformal rescaling the
sphere just drops out. So points on the conformal boundary are labeled only by 7', not
by T',0, ¢.

Near horizon as a low-energy limit

A particle on a geodesic has a conserved energy-at-infinity

dt

= —p =105 (1L.6)

For a particle in the near-horizon region, this is strictly zero as A — 0. So from the
point of view of an observer at infinity, everything in the near-horizon region is infinitely
redshifted. Similarly, a wave in the near-horizon region oc e~*near” has zero frequency

as measured from infinity, since

Whearl ~ Awt ~ 0 -t . (11.7)

11.2 6d black string

Unfortunately AdS, is the runt of the AdS/CFT litter. It is very interesting in its
own right but quite different from other dimensions (since CET; does not really make
sense) so not suitable for our purposes. We will focus on AdS; instead, which appears
in the near horizon limit of a 6d black string (among other things). In the exercises

you will treat the other most popular example of AdS/CFT which involves AdSs.

The 6d black string is similar to a black hole, but with horizon topology S x S*. The

6d metric is*

2
ds? = (fifs) /2 <—dt2 +d¢* + %(cosh odt + sinh qub)Q) (11.8)

dr?
1/2 2 2
(il (—1 R dQ3)

*My favorite references on this solution and the discussion to follow are Kiritsis’s textbook, section
12.7, and MAGOO hep-th/9905111. Note that I will not distinguish between the Einstein-frame
metric and string-frame metric in this discussion; they differ by just a constant in the near-horizon
region which can be absorbed into the definition of /.
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where
2 2

r
f1:1+r—;, fs=1+—=

(11.9)
and ¢ ~ ¢ + 27 R is compact. I will not write the other fields but there are some
nontrivial scalars and gauge fields that can be found in the references. This solution
carries two charges, called )7 and Qs, related to 1 and r5. (In string theory these count
the number of D1 branes and D5 branes.) It also carries a momentum proportional to
ro sinh o along the ¢ direction, as you can guess from the boost term cosh odt+sinh ade.
Finally 7 is the position of the horizon and measures the deviation from extremality.
'l

To see this, note the surface gravity is proportional to 0,g,." |,=,-

This is called the D1-D5-P black string. (Often in the literature you will find that it
is dimensionally reduced to 5d along the ¢ direction, so it becomes a 3-charge black
hole.)

AdS; in the near horizon of the extremal black string
Far away, 4.e., 7 > 0, this geometry is just R* x S*. Now we will look at the decoupling
near horizon limit. This the same type of near horizon limit that we did for extremal

RN, so it produces an exact, infinite-volume solution of the equations of motion.

First we consider the case with zero momentum. The extremal D1-D5 with P = 0 is

obtained by setting rq = 0,
ds® = (fifs) "2 (=dt* + d¢®) + (f1fs) "2 (dr® +r2dQ3) . (11.10)
The horizon is at r = 0. To take the near-horizon limit, we define
0% = rirs (11.11)

scale

r—Mr, t—tl/\, ¢—Ql/\, (11.12)

and send A\ — 0. This has the effect of just dropping the 1in f; = 1+ 7?/r?, so

2
ds?, . =12 (di + 72 (—dt* + d¢2)) + 02d23 . (11.13)

near r2
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This is the geometry AdS; x S3, where the curvature radii of AdS and of the sphere

are equal.

Near-extremal D1-D5-P
Now let us take a different near-horizon limit of (11.8) where we simultaneously scale
r — 0 as we scale the black string towards extremality, 7o — 0. In this limit, ro cosh o

stays finite, so this is an extremal limit with finite momentum.

Starting from (11.8) we scale
r— Mr t—tl/\ o — /N g — Mrg . (11.14)

The resulting metric is

d 2
ds?.,. =07 |—r?dt* + % + r2d¢? + 12 (cosh odt + sinh odg)® | + 2dQ2 . (11.15)
r2 —rg

The term in brackets is in fact a 3d black hole, called the BTZ black hole. To see this

in more standard BTZ coordinates, define the parameters
wy = 1 cosho, w_ = rosinho (11.16)

and do the coordinate change

r? =w? —w? . (11.17)
The resulting metric is
dsiear 2 dw2 2 WiwW— 2 2
St = —h(w)drt + s (d¢+ - dt) 402 (11.18)
where ) or o )
hw) = Wt mes) (11.19)

w2
The w, t, ¢ part of this metric is a 3d black hole carrying mass and angular momentum,
with horizons at wy. Setting w_ = 0 and w, = 8M gives the J = 0 BTZ that was

used in some examples earlier in the course.
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Exercise: AdS;5 as near horizon limit
Difficulty: easy
Consider the 10D metric

ds* = fV2(=dt® + di®) + f3(dr? 4 r2dQ32) . (11.20)

where
4

r3
f=1+ il (11.21)
rs a constant parameter and Z a coordinate on 4d space R*. This metric is an extremal
black brane. (A black brane is like a black hole, but the horizon is a plane instead of a
sphere. In string theory, this solution is the geometry corresponding to a stack of ()3

D3 branes, where Q)3 is a conserved charge of this solution, related to r3.)

Show that the near-horizon geometry is AdSs x S°.

Exercise: Near horizon Kerr

Difficulty: A little messier, use Mathematica!
The metric of the 4D Kerr black hole is

A(r)

_p2

ds® =

2

1

(dt—asin® 0d¢)2+$dr2+p2d92+—2 sin? 0(adt—(r*+a*)d¢)? , (11.22)
r p

where

A(r)y =r*+a*—2Mr p’ =r1>+a’cos’0 (11.23)

and —M < a < M. This describes a rotating black hole with mass M and angular
momentum
J=aM . (11.24)

Find the value of M (as a function of J) where this black hole is extremal. Then find

the near horizon geometry of the extremal Kerr.

Hint: To find a regular near-horizon metric, you must go to a rotating coordinate
system that corotates with the black hole horizon, ¢ = ¢ — Qt. After going to this

rotating coordinate system the calculation is similar to what we did for RN.

Reference: Bardeen and Horowitz, [hep-th/9905099]. (Also [0809.4266].)
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12 Absorption Cross Sections of the D1-D5-P

We will now throw a scalar field at a near-extremal D1-D5-P black string. In the

process we will rediscover AdS/CFT. The metric is (11.8), where we now assume
To L T1,75 - (12.1)

This leads to a low Hawking temperature Ty. (We also assume cosh o, r;/r5 ~ O(1).)

Our goal is to calculate the absorption cross-section of a scalar field with low energy,
wrs K 1. (12.2)

We will assume the scalar y has zero momentum around the ¢ direction and on the
3-sphere. It is convenient to define
1 rge? 1 rge @

T, =— Tp=— , (12.3)

2w rirs 21 17

which will turn out to be left and right moving temperatures in the dual CFT. These

are related to the Hawking temperature by

2 1 1
—_— = — . 12.4
Ty TL+TR ( )

12.1 Gravity calculation

The wave equation [y = 0 for a scalar field of the form x = e **R(r) in the metric
(11.8) is

hd, ,d
o= - — 12.
L?) drhr o +w f} R=0 (12.5)

2 2 2'h2 2
f=(1+:—;)(1+:—g)(1+—r081:2 0), h= —%- (12.6)

This is now basically a 1d quantum mechanics problem. To get some intuition for this

where

scattering process, define

X(r) = —=—=—==v(r) . (12.7)
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In these variables, the wave equation is

{—j—; + V(r)] X=0 (12.8)

where V (r) is easy to find and plot, but annoying to write down. It looks like a well
near the horizon r = rq, falls off at infinity, and has a lump somewhere in between.
This looks just like an ordinary Schrodinger equation, so we are just scattering through

a potential.

To compute the absorption cross-section, we need to solve the wave equation and com-
pare the coefficients of the incoming, transmitted, and reflected waves. The strategy
is to solve the equation approximately in the ‘near’ and ‘far’ regions, and match these

solutions together somewhere in the middle. The near and far regions are defined by

far: r>1 (12.9)
near: r < s, r<l/w (12.10)

These regions overlap in the ‘matching region’ ro < r,,, < 715.

The general solution of the wave equation in the far region is a linear combination of

Bessel functions,
Ry =132, /714 + BY; 12.11
far =T B [AJy (wr) 1(wr)] (12.11)

The general solution in the near region is
Bycar = | AR/ 4 Bpei92] )Ry (—ia, —ib, 1 — ia — ib, h) (12.12)

with
w w

“ 47TTR ’ 47TTL

The boundary condition is that the wave is purely ingoing at the horizon r = ry. This

(12.13)

sets B = 0. Then we expand both R,.,, and Ry, in the matching region:

- T(1—ia—ib) -
near : . 12.14
k T —) T O/ (12.14)
Ryo = Aﬁw?’/Q + B-terms (12.15)
2v/2

115



We have not written the B terms because they are messy, but we will use conservation
of flux to fix B later. Matching the terms in (12.14) gives

w3 A i (1 —ia —ib)

2 2 (1 —ia)l(1 —ib) (12.16)

The Wronskian of the 2nd order wave equation is interpreted as the conserved flux,

1 3 dF
F=5 (W R*0, R — cc] <=0 (12.17)
We would like to compare the incoming flux at infinity to the transmitted flux entering

the horizon. The far solution, expanded near infinity, is

Rfar ~ eiwr (A€737ri/4 . Befiﬂ/4) + efiwr (AeBiﬂ'/ll . Beiﬂ/ll)] ) (1218)

.

Thus the incoming flux is
2

A

Fin =
Y132

(12.19)

Using the same formula to calculate the flux through the horizon gives the absorbed

flux
Fups = —12(a + b)|A)? . (12.20)

The ratio of absorbed flux is (exercise!)

Fap  win?(rir?) ew/Tn — 1

Rayps = )
b Fin 4 (ew/2TL — 1)(e/2Tr — 1)

(12.21)

Greybody factors

This is the greybody factor that appears in Hawking emission, up to a factor. The
factor is required since the relation between spherical waves that we considered and
plane waves is

—iwr

e—iwz — KWYOOO + e (1222)

where Yoo is the s-wave spherical harmonic on S3. The constant is K = (/47 /w?.

Therefore the absorption cross section for a plane wave is

Oabs = |K|2Rabs . (1223)
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This is the greybody factor.

Exercise: Far and near Hawking temperatures
Difficulty: straightforward
(a) Calculate the Hawking temperature of (11.8) (with o = 0, i.e., no rotation).

(b) Now calculate the Hawking temperature of the BTZ black hole that appears in the

near horizon, (11.18) (again with ¢ =0, so w_ = 0).

Note that when we took the near-horizon limit of the near-extremal string, we sent
ro — 0. So any finite temperature of the BTZ is actually zero temperature as viewed
from asymptotically flat infinity. There is an infinite redshift between the near horizon

region and infinity.

Exercise: Scattering of a massive scalar
Difficulty: difficult

The wave equation for a massive scalar is
Oy = m?y . (12.24)

In this problem we will derive the absorption cross section of a low-energy massive

scalar on the near-extremal black string.

(a) Derive the full radial wave equation from (12.24), in the black string geometry
(11.8) (but with o = 0).

(b)Find the ‘near-region’ wave equation by starting with your answer to part (a) and

assuming r < 75 and rw < 1.

(c¢) Show that your near-region wave equation is identical to the massive wave equation

on the BTZ xS geometry,
7

=2 2
T L)

ds? o, = (2 | — (7 — r3)dt* +

near

+ 72de* + d2| (12.25)
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(Where the tilded coordinates are proportional to the original coordinates.)

(c) Find the ingoing solution of the wave equation in the near region. Do not bother
with the far-region solutions, since these are messy and nothing interesting happens in

the far region.

Hint: Mathematica cannot solve this wave equation without some coaxing. To simplify
it, first change variables so h = 1 — r2/r? is your independent variable. Then define
R(h) = (1 — h)*hb(h), with a = $(1 + V1 + 2m?) and b = —iwl?/2r;. Then Math-
ematica can solve it. This is also the best method to solve it by hand (i.e., first strip

out the singular points, then reduce the result to a standard hypergeometric equation).

(d) Show that in the matching region ry < r < 115, the field behaves as
Ropear &= Sr—5 4 pr=2 (12.26)

where d = 2,* S and F' are numbers (possibly functions of w), and

m? = A(d— A) A=_—+1—+m22. (12.27)

(e) If we think of the S term as the source, or ingoing term, and F' as the response, or
outgoing term,” argue that the absorption cross section (of the near region) is propor-

tional to the imaginary part of the ratio,
F
Pus = Im§ (12.28)

and compute Pu,. (Including the far region too would just contribute some overall

uninteresting factors.)

The correct answer looks like

A
Puys = ksinh(27rn)|F(§ +in)|* (12.29)

*I've only written d so that the result is true in higher-dimensional AdS;4+1/CFTy. In this problem
always set d = 2.

tThe words ‘ingoing’ and ‘outgoing’ are not quite accurate here since these are power-law solutions,
not traveling waves, in the matching region. But they have a similar interpretation.
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where k = k(rg, A) is a simple constant you should find, and n = (?w/(2ry).

(f) Define the retarded Green’s function
Gr==. (12.30)

This measures the response of the field to adding a source. (The relation (12.28) is a

version of the optical theorem for this Green’s function.)

Find Gg in the high-frequency limit w/Ty > 1. (This is the correlator in the extremal
limit, where temperature goes to zero.) You should find a power law. This power-law

behavior at short distances is the hallmark of a conformal field theory.*

(9) The zero-temperature 2pt function of a 2d CFT is
(O(z",27)0(0)) = |a| % = (z727) ™% (12.31)
where A is the scaling dimension of the operator. Take the 2d Fourier transform,
G(wr,wr) ~ /dx*da:ei“’L"ﬁ””R“’_(xJ“:c)A . (12.32)

Don’t worry about the coefficient; we only care about the power law, so you can do this
Fourier transform by dimensional analysis. Check that for w;, = wyp = w, your answer
agrees with part (f). Therefore, the quantity A that we introduced in the process of

the solving the wave equation is equal to a CF'T scaling dimension.

Exercise: Quasinormal modes

The scattering modes that we found above are modes that obey a single boundary
condition: ingoing at the horizon. Such modes have a continuous spectrum. A quasi-
normal mode is a mode that obeys two boundary conditions: ingoing at the horizon,
and outgoing far away from the black hole. These have a discrete spectrum. They are
quasi-normal instead of normal because they decay (as flux falls into the black hole) so
the the discrete frequencies have imaginary parts. If you perturb a black hole from the

vicinity of the horizon, the ‘ringdown’ is (roughly) described by quasinormal modes.

*Why did we have to take the high-energy limit to see this? The answer is that the temperature
introduces a scale; correlators in a CFT are only scale-invariant in the vacuum.
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The quasinormal modes of BTZ are modes which are ingoing at the horizon and have
S =0 in (12.26).

(a) Find the spectrum of of quasinormal modes w,, for a massless scalar in BTZ.

(b) If you did the previous exercise, then use your solution of the near-region wave

equation to find the spectrum of quasinormal modes w,, for a massive scalar in BTZ.

120



13 Absorption cross section from the dual CFT

Now we will reproduce the absorption cross section (12.21) using holography. This re-
quires introducing some elements of conformal field theory. We will be more systematic
about CFT and about the AdS/CFT correspondence later, for now we are just going

to work this example in full detail as an illustration.

13.1 Brief Introduction to 2d CFT

(References: Polchinski’s String Theory Ch 2 is a brief introduction. For a more
detailed systematic introduction to 2d CFT, see chapters 4-6 (especially chapter 5) of
the (highly recommended!) book Conformal Field Theory by Di Francesco et al.

Consider a 2d QFT on the Euclidean plane R?, with coordinates x; and x». It is very

convenient to use the complex coordinates
2 = X1 + i, Z=x1 — 1%y . (13.1)
We take the flat metric on the plane,

ds® = (dx1)? + (dwy)? = dzdz . (13.2)

2d Conformal Transformations
A conformal transformation is a coordinate transformation that leaves the metric un-

changed, up to an overall rescaling:
ds? = dzdz — " dwdiw . (13.3)

First we want to find what type of coordinate changes have this special property. To
this end, consider an arbitrary coordinate change z = f(w,w),z = f(w,w) where f is

the complex conjugate of f. The metric in (w,w) coordinates is

ds* = (g—fjdw + g—idw) (g—j;dw + g—idw) . (13.4)
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For this to have the form (13.3) we must impose

or of _ of of

50ds = 9090 =0 (13.5)

This is equivalent to the condition that f is a holomorphic function,

f=fw), f=[@). (13.6)

Thus conformal transformations in two dimensions are equivalent to holomorphic coor-
dinate changes. The conformal group is the group of holomorphic maps. This is infinite
dimensional, since you need an infinite number of parameters to specify a whole func-
tion. Note that this is not the case in higher dimensions; the conformal group in d > 2

dimensions is the finite-dimensional group SO(d, 2).

Mapping the plane to the cylinder
A very important conformal transformation is the mapping of the z-plane to the w-

cylinder. The mapping is
z=e WE 7=/ (13.7)

The w coordinate labels a cylinder, since if we take w — w+ 27 R we get back to where
we started. That is, w is identified,

w~w+ 2R . (13.8)

This circle is a circle of constant magnitude on the z plane. (Draw the pictures for

yourself.) If we split w into real coordinates,
w =0y +i0y , (13.9)

then o1 ~ o1 + 27 R is the circle and o5 is infinite. Negative values of o9 correspond to
small circles on the z plane, and larger values of oy correspond to increasingly larger

circles on the z plane.
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Classical CFT
At the classical level, a QFT has conformal symmetry if the action is invariant under

conformal transformations. For example consider the action of a free massless scalar

S = /d2za¢5¢> (13.10)

where we use the notation

0=0., 9=0,. (13.11)

Perform the infinitesimal coordinate change z — w(z) and it is easy to check that
the Jacobian in the measure cancels the factors that show up from d¢ = ‘é—f@wqﬁ. On
the other hand the free massive scalar is not conformally invariant. This illustrates a
general feature of conformal field theories: they do not have any dimensionful param-
eters. Dimensionful parameters set a scale and therefore are not compatible with the
scale transformation z — Az, which is part of the conformal group (in any number of

dimensions).

Quantum CFT

Classical conformal invariance does not necessarily imply quantum conformal invari-
ance. This is familiar from QCD (setting all quark masses to zero) — this theory
is classically scale invariant, but to define the quantum theory we must introduce a
regulator, and this leads to the dimensionful QCD scale Agcp with important physical
consequence (like confinement), so QCD is certainly not scale-invariant or conformally
invariant at the quantum level. From now on when we say ‘CFT’ we mean at the

quantum level.

Primary operators
The local operators of a CFT must transform covariantly. Primary operators® trans-

form with a simple rescaling,

O/ (w, @) — (‘%) - (‘%) " ot (13.12)

*These are often called primary fields. The names are interchangeable. But remember that in
CFT, a ‘field’ is not necessarily a fundamental field that appears in the Lagrangian and is integrated
over in the functional integral. For example in the free massless scalar, 0¢ is a primary field.
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where (h, h) are called the conformal weights. Another common notation is
A=h+h, s=h—-h, (13.13)

where A is the scaling dimension and s is the helicity. A is the weight under a constant

rescaling (z1,x9) — (Ax1, Az3), ie under
0z = Az, 02 = A2 (13.14)

the operator transforms with a factor of A™®. s is the helicity because it is the weight

under a rotation (x1,z3) — (r1 — Azg, T2 + Axy), ie under
0z = Az, 02 = —A\Z (13.15)

the operator transforms with a factor of A=*. The absolute value |s| = |h — h/| is the
spin of the operator. (This is just the usual definition of spin, so for example in free

field theory it corresponds to the number of Lorentz indices on a field.

Descendant operators are operators that you get from primaries by acting with confor-
mal transformations. For example, 00(z, z) is a descendant of O(z, z). The transfor-
mation law for descendants is more complicated than (13.12) but is completely fixed

by symmetry.

All local operators in a CFT are either primary or descendant. This ensures that
correlation functions transform covariantly under the conformal group. For example,

the 2-point function on the plane must have the form

(O1(21,21)0a(22, 22)) = - (13.16)

where

h = hi = hy, h=h;=h,. (13.17)

(12 is a constant, related to the normalization of the field. The two-point function

vanishes if the conformal weights of the two fields are different.
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The path-integral definition of (O (z1, 21)Oa(22, Z2)) in (13.16) is (up to normalization)

<01 (21, 21)02(22, 22)> = /D(I)Ol (Zl, 21)02(22, 52>€7S[(I)} (1318)

where ® stands for the fundamental fields of the theory.* Recall from our discussion
of Euclidean path integrals that the path integral on a half-plane prepares the vacuum

state. Therefore in operator langauge,
(O1(21, 21)Oa(22, 22)) = 1ine(0]O1(21, 21)Oa(22, 22)10) tine (13.19)

where |0)ine is the vacuum state of the theory on an infinite line (which you can think

of as the Im z = 0 axis).

13.2 2d CFT at finite temperature

Remember from our discussion of Euclidean path integrals that QFT at finite temper-
ature in Lorentzian signature is related to Euclidean QFT on a cylinder, with periodic

imaginary time. Now we will see this relation very explicitly in CFT.

Mapping to the cylinder via w = iR log z, and applying the transformation law (13.12)

to (13.16), we can easily find the cylinder correlation function

R—Zh R—Qﬁ
(Ocyt (w1, @1)Ocyi (w3, W3)) ~ —— g ———— . (13.20)
sin (572) " sin (24552)

(The ‘cyl” subscript is usually dropped, so functions of w are just assumed to be cylinder

operators.)

Exercise: Conformally invariant 2-point functions
(a) Prove (13.16).

*Often we do not have a Lagrangian for a CFT, and there is no useful notion of the ‘fundamental’
fields. However, path integral manipulations are still useful. Even in non-Lagrangian theories we
never get into trouble by pretending that there are some fundamental fields defining the functional
integral.
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(b) Derive (13.20), including the missing coefficient.

Note two things about this correlator: First, it is invariant under the cylinder period-
icity wy ~ wy + 27 R.* Second, it has the same short-distance singularity as the plane
correlator (13.20), i.e.,

Crz

(O (w1, 1) O gyt (wa, W3)) = (o w0y~ ?I)Q)QB as  w; — Wy . (13.21)

This is always true in QFT: the short-distance behavior is fixed by vacuum correlation
functions. (In fact these two conditions fix the function (13.20) uniquely, assuming
some behavior at infinity, so we do not even strictly need the exponential mapping to
derive (13.20).)

From the Lorentzian point of view, the cylinder correlator (13.20) can be interpreted
different ways. To go to Lorentzian signature, write w = o, + i09 where o, 5 are real
coordinates. If we think of oy as ‘time’, then the Wick rotation to Lorentzian signature
is 09 = 1t. In this case the circle coordinate o, remains a circle in Lorentzian signature,
so this Wick rotation gives the Lorentzian theory on the Lorentzian cylinder S'x Time.

This Wick rotation has nothing to do with finite temperature.

To get the finite temperature theory, we instead Wick-rotate by setting o; = it. Thus
w — i(t + x), w=1i(t—x). (13.22)

(Note that in Lorentzian signature, w and w are no longer complex conjugates.) This
means that the the theory is periodic in imaginary time ¢ ~ t 4+ 2m¢R. Comparing to
the finite-temperature periodicity ¢ ~ t + i3 with 3 = T—!, we see that our Euclidean
CF'T is related to a finite-temperature CFT at temperature

B=T"'=27R. (13.23)

*There are some subtleties with branch cuts making this statement that we’ll ignore for now, and
it relies on the fact that (—1)2("~") =1 since operators must have integer or half-integer spin.
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From (13.20), this means the finite-temperature Lorentzian correlator in CFT is*

Gyt —ie,x) = Tre O(t — i€, 2)0(0,0)
(7TT)2h (WT)QE
sinh(7T(t + x))?! sinh(7T(t — x))2h

~Y

(—1)*h (13.24)

13.3 Derivation of the absorption cross section

We now return to the derivation of the absorption cross-section (12.21). Recall that we
scattered a low-energy quantum from the near-extremal black string. The near horizon
region relevant to this calculation was a BTZ black hole in AdS; (times S%). We will
set Ty, = Tr = Ty for simplicity, which corresponds to setting the parameter ¢ = 0
in the black string metric. From the point of view of the near-horizon, this sets the

angular momentum of the BTZ black hole to zero.

In the gravity calculation (12.21), we found

Gaps ~ coth (ﬁ) . (13.25)

Now the claim is as follows:

We can replace the near-horizon geometry by 1+1d CFT at temperature T' = Ty, living

on a fictitious ‘membrane’ at the boundary of AdSs.

This boundary was the matching location in our gravity calculation, ie some value of

r in the range ro < r < ry 5.

Which CFT is it?

We will only match the temperature dependence. The overall factor can also be
matched by this method, up to a constant. We will not need to specify which CFT
we are actually considering, we will just need some general properties of the CFT like
the value of the temperature, and the existence of an operator with certain confor-

mal weights. The microscopic definition of the particular CFT depends the particular

*Setting a convenient normalization, and introducing an ie to keep track of operator ordering.
Recall that the finite-temperature correlator is defined by ordering in Euclidean-time, so this sets the
order of the operators in the trace as written.
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theory of quantum gravity. The only known microscopic CFTs are the ones coming
from string theory, since that is our only candidate theory of quantum gravity, but in
principle there could be other CFTs corresponding to other UV completions of gravity.
In the string theory examples, where the microscopic definition of the CFT is known,
it is also possible to match the coefficient in the absorption calculation and it comes

out correctly.

The interaction term
We want to scatter a scalar field against the CF'T. We will assume that the bulk scalar
field x couples to a CFT operator O, thus adding to the CF'T an interaction term

Simt = / dtdzO(t, x)x(t, 7,1 = 0) . (13.26)

In this expression O is a CFT operator and x(r = 0) — the value of the bulk field
at the fictitious membrane where the CFT lives — is treated as a classical source.
We will assume that the space direction in the CF'T is unwrapped, so we call it x €
(—00,00) (previously called ¢), though the S* version can also be done with some extra
assumptions about the CFT. We also assume the source couples weakly to the CFT so

that the interaction term (13.26) can be treated perturbatively.

Absorption rate

When we computed the absorption cross section, we assume
X =e “R(r), (13.27)

80 Sipt [ dtdzO(t,x)e~™*. The transition amplitude from an initial state [i) to a
final state | f) is given by Fermi’s Golden Rule, as the matrix element of the interaction

Hamiltonian

Mis ~ (f] / dtdzO(t, x)e=!|i) (13.28)

The total absorption rate at temperature 3 is computed by summing this over final

states, and averaging over initial states with a thermal ensemble,

Fabs ~ Z G_ﬂEi /dtldl‘ldtgdﬁge_iw(tl_tz)<i|0(t2,Ig)|f><f|0(t1,$1)|i> (1329)
i, f

128



The sum over |f) is just the identity, so up to an overall factor of volume (which you

can think of as the momentum-conserving delta function 6(0)),

Taps ~ / dtdze™" > " e P (i|O(t, £)0(0,0)]i) . (13.30)

i

This sum is the definition of the thermal 2-point function,
Cups ~ / dtdxGg(t — ie, x)e ™" (13.31)

This thermal correlator was calculated in (13.24). To take the Fourier transform, use

the integral

. 7T 2h 2rT)#1 oT LW 2
/dye_“"y(—l)h (Sinh[ﬂT(y:i:iE)]> :%eiw |1ﬂ(h—{_z27r_T)| - (1332)

First take the Fourier transform assuming indepdendent left and right momenta

_ ) ) T)Qh (7TT)2E
G — -1 h+h / dtd —iwr, (t+x)—iwgr (t—) (ﬂ- _
6((*‘)[/7 WR) ( ) xTe Slnh(ﬁT(t _|_ .Q?))Qh Sth(?TT(t _ x))Qh

and then set w;, = wr = w. The absorption rate is given by the difference of absorption

and emission. These correspond to two different ie prescriptions (Exercise: why?). So

finally
Oabs ™ Fabs _Femit (1333)
~ / dtdwe=“ [G(t — i€, &) — G(t + i€, b)] (13.34)
(2nT)2h+h)-2

sinh (%) ID(h +i—)T(h+i—=)]"  (13.35)

I'(2h)T(2h) 47T 47T

This matches the gravity answer (13.25) if we set

h=h=1 (13.36)

and use the identity |I'(1 + iz)|?> = 7/ sinh(rz). Why should the weight be (13.36)?
For now, we just pick them so the answer works out. In general the weights depend

on the mass and spin of the bulk field, and (13.36) is the correct choice for a massless
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bulk field. We will treat this more systematically below.

13.4 Decoupling

The upshot of the last few sections is that

Far-region gravity Far-region gravity
+ = +
gravity in AdSz x S3 CFT, on AdSs; boundary

In the gravity calculation, we assumed near-extremal but not exactly extremal. This
retained some coupling between the near-horizon degrees of freedom, and the fields
in the asymptotically flat far region. Similarly, in CFT, we assume a weak coupling

between gravity fields and CFT fields.

If we take Ty — 0, the far region and near regions decouple. This is Maldacena’s
decoupling limit. In this limit we can completely drop the asymptotically flat part of
the calculation, and we are left with the (3d version of the) AdS/CFT correspondence:

gravity in AdSs x S° = CFT, on AdSs; boundary . (13.37)

CFTs are UV-complete, so this duality defines not only low-energy effective gravity,
but a UV-complete theory of gravity on AdSs x S3.

From now on, we will just forget about the ‘far region.” It is not needed, and is rarely
used in modern AdS/CFT.
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14 The Statement of AdS/CFT

14.1 The Dictionary

Choose coordinates P
ds* = ;(sz + da?) (14.1)

on Euclidean AdS,,, where x is a coordinate on R¢. The boundary is at z = 0.

We showed above that scattering problems in gravity map to correlation functions
in CFT. In this relation the boundary value of the bulk field acted as a source for
a CFT operator. This is generalized by the following statement of the AdS/CFT

correspondence:

Zypanl i (a); OM] = <exp (— > / ddxqsa(x)()i(x)) > (14.2)

CFT on OM

This is called the GKPW dictionary.* The index ¢ runs over all the light fields in
the bulk effective field theory, and correspondingly over all the low-dimension local

operators in CFT.

The left-hand side

The lhs of (14.2) is the gravitational partition function in asymptotically AdS space.
It is formally computed by the same path integral that we discussed in the context of
black hole thermodynamics. Since AdS has a boundary, we must provide boundary

conditions to define this path integral. The boundary conditions on bulk scalars are
¢'(2,2) = 2772¢i () + subleading as z — 0 . (14.3)
where the mass of the bulk scalar is related to the scaling dimension of the CFT

d |d?
m* = A(d — A) A=+ Z+m2£2. (14.4)

* After hep-th/9802109 by Gubser, Klebanov and Polyakov and hep-th /9802150 by Witten. I highly
recommend reading Witten’s paper.

operator by
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We will see below that (14.3) is the leading solution of the wave equation for a bulk

scalar of mass m.

Similar statements apply to all bulk fields, including the metric, though the boundary
condition and formula for the dimension is slightly modified for fields with spin. The
boundary conditions on the metric involve a choice of topology as well as the actual
metric, which is why we’ve indicated explicitly that Z,,,, depends on the boundary
manifold M.

The right-hand side
The rhs of (14.2) is the generating functional of correlators in a CFT. In this equation
the ¢} (z) are sources, and the O'(z) are CFT operators. Denoting the rhs of (14.2) by

Ze st o], correlation functions are computed in the usual way,

5’!’1,

(O1(1) -+ On(x0))orT ~ SOl (1) 00T (@)

(14.5)

Zcft [¢0] d)é:() .

The mapping
Each light field in gravity corresponds to a local operator in CFT. The spin of the
bulk field is equal to the spin of the CFT operator; the mass of the bulk field fixes the

scaling dimension of the CF'T operator. Here are some examples:

Scalar: A bulk scalar field x(z,z) is dual to a scalar operator in CFT. The boundary
value of y acts as a source in CFT. This is exactly the relationship we used in our

derivation of the absorption cross section of the black string.

Graviton: Every theory of gravity has a massless spin-2 particle, the graviton g,,,. This
is dual the stress tensor 7}, in CFT. This makes sense since every CFT has a stress
tensor. The fact that the graviton is massless corresponds to the fact that the CFT
stress tensor is conserved. It also fixes the scaling dimension to Ar = d. We will see

this in more detail later.

Vector: If our theory of gravity has a spin-1 vector field A, then the dual CFT has a
spin-1 operator J,. If A, is massless, then A; =d — 1 and J, is a conserved current.

Otherwise, A; > d — 1 and the current is not conserved.
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This illustrated a general and important feature of AdS/CFT: gauge symmetries in the
bulk correspond to global symmetries in the CFT.

This is UV complete.

Note that CFTs are UV complete. Therefore (14.2) is a non-perturbative formulation of
a UV complete theory of quantum gravity. Shockingly, it is a definition of gravity from
a QFT without gravity. This is very powerful because we understand QFT relatively

well.

14.2 Example: 1IB Strings and N = 4 Super-Yang-Mills

In some sense, it is believed that the AdS/CFT correspondence as summarized by
(14.2) holds for any theory of gravity and and CFT. That is, given a theory of gravity
we can use it to define a CFT via (14.2), and (perhaps) vice-versa. But aside from
certain examples, the correspondence is well defined and useful only in certain limits.
To illustrate this we turn to a specific example where AdS/CFT is understood in great

detail. This is the duality between I1B string theory and supersymmetric gauge theory:

IIB strings on AdSs x S° = Yang-Mills in 4d with N = 4 supersymmetry .

The gravity side

The string theory has adjustable scales ¢ = 449, the Planck scale /p, and the string
scale /,. We do not need to use any details of string theory except to say that at
low energies, the effective action is Einstein + Matter + higher curvature corrections

suppressed by the string scale:*
1
St ~ - / VT (R+ Lunatter + AR + -+ (14.6)
N

The stringy states have masses of order 1/£2, so at energies below 1/¢2 it is just an

ordinary effective field theory like we discussed at the beginning of the course.

*There are no R? corrections allowed with this amount of supersymmetry, but there are similar
examples with non-zero (2R? terms.
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The CFT side

N = 4 Super-Yang-Mills is a highly supersymmetric gauge theory in 4d. Its matter
context is fixed uniquely by supersymmetry. It is just an SU(N) gauge field plus all
the matter fields required by supersymmetry, which include matrix-valued scalar fields
transforming the adjoint representation of SU(N) (unlike the fundamental representa-

tions we usually encounter in, say, QCD).

The gauge theory has two dimensionless parameters, N (ie the size of SU(N)) and the

Yang-Mills coupling constant gy ;. Define the combination
A=giyN . (14.7)

This is called the ‘t Hooft coupling. It turns out that gauge theory at large N is most
naturally organized as an expansion in A\ and 1/N, rather than gy,; and 1/N. This
is roughly because there are N fields running in loops, which changes the expansion

parameter from gi,, to \.

The mapping

The mapping from string theory parameters to CFT parameters is

A ~ ( Cass )4 (14.8)

gstring
and
Cuas  (Laas )™ N? 14.9
w () v )

(with known coefficients). We will see where this particular scaling comes from below in
more generality. For now we just want to note that this is a strong/weak duality: when
one side is easy, the other is (usually) hard. For example to have semiclassical Einstein
gravity, both loops and higher curvature corrections must be suppressed on the gravity
side. This means N > 1 and A > 1 so the CFT is very strongly coupled. On the other
hand if we consider a weakly coupled CFT, then £5 > €445 so stringy/higher curvature
corrections are not suppressed on the gravity side and this presumably behaves nothing
like ordinary gravity. (This is related to so-called ‘higher spin gravity’ or ‘Vasiliev
gravity’.)
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14.3 General requirements

Returning to AdS/CFT in general, we can make some similar observations about when

it produces a nice semiclassical theory of gravity. This requires as least two things:

1. Strongly coupled CFT. If the CFT is weakly coupled, then there are too many
operators. For example, a free scalar field 1) leads to conserved currents of every
integer spin:*

Yo, 10,,0,1, 10,0,0,¢,  etc. (14.10)

On the gravity side, this would require lots of massless or very light high-spin
states. This is something we expect in string theory at high enough energies but

not in our low energy effective field theory.

So we must require that the CFT has a sparse spectrum of low-dimension op-
erators. This is sometimes called a large ‘gap’ in the spectrum, meaning a gap
between the low-energy fields and the stringy stuff. This can only happen at
strong coupling, although there can also be strongly coupled theories with no

gap which therefore do not have nice gravity duals.

2. Large Nyys. In the super-Yang-Mills example, we said Gy ~ 1/N? so that the
large number of degrees of freedom is required for gravity to be weakly coupled.
This is true in general, too. There are two ways to see this, both of which we
will discuss in more detail later. I will purposely be a little vague about the
definition of Ny,f since there are several reasonable ways to define it, and they

are all different.

First, note that black hole entropy is S o 1/Gy, which is very large. Since
entropy is the log of the density of states, this means holographic CFTs must
have an enormous degeneracy of states at high energy. This means there are lots

of degrees of freedom. For example, a 2d CFT consisting of N, free bosons has
S(E) X/ NbE
Second, we can roughly measure the degrees of freedom by looking at the stress-

tensor 2pt function. This is fixed by conformal invariance up to a single coeffi-

*This is schematic, you must add corrections to these operators for them to be conserved by the
EOM.
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cient:
(T, (x)Thp(y)) = ¢ x (known function of z,y) . (14.11)

The coefficient ¢ is a measure of degrees of freedom.” Consider again lots of free
fields: the stress tensors add, so the total stress tensor will have a very big 2pt

function.

On the gravity side, the stress tensor is dual to the graviton. We will see in detail
below how to calculate corelators, but for now suffice it to say that (T'T").s will be
related to a graviton scattering experiment (gg)gravity ~ 1/Gn. Thus ¢ ~ 1/Gy
and we see again that weakly coupled gravity requires an enormous number of

degrees of freedom.

Clear there is a tension between requirements (1) and (2). We want lots of degrees
of freedom, and lots of states at high energies, but very few states at low energies.
Roughly speaking, you can think of this as the requirement that the CF'T is confining:
it has lots of states at high energies, but very few at low energies where quarks are
confined. Later we will see a very direct link between black hole thermodynamics and

confinement.

14.4 The Holographic Principle

Many years ago Bekenstein conjectured that the maximum entropy you can fit into a

region of space is equal to the entropy of the corresponding black hole:

area
Srmaz = —— - 14.12
N (14.12)

This is called the Bekenstein bound. The argument is simple. If you have lots of stuff
in a region and Sgufr > Shiackhote, then you can throw in some more stuff and form a
black hole. In doing so, the entropy of the system decreases! Therefore the second law

requires a bound like (14.12)."

This bound inspired 't Hooft (in '93) and later Susskind (in '94) to argue that a theory

*But not an entirely satisfactory one. For example, it can increase under RG flow.
"In the last few years this bound has been understood much better using entanglement entropy.
See for example 1404.5635 and references therein.
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of quantum gravity must secretly live in fewer dimensions than our observed spacetime.
This principle is realized concretely by AdS/CFT.
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15 Correlation Functions in AdS/CFT

As a first application of (14.2), we will use the gravity side to derive the correlators of
a conformal field theory. First we’ll start with a purely QFT discussion of correlators

in a theory with conformal invariance, then reproduce these results from gravity.

By the way, you've already seen one example of CF'T' correlators compute from gravity:
the absorption cross section calculation. That was related to a CFT correlator at finite

temperature. In this section are deriving correlators in the vacuum state, i.e., empty
AdS.

15.1 Vacuum correlation functions in CFT

This will be a brief introduction to CFT. For details, see: Polchinski’s String Theory
book; Kiritsis’s String Theory book; or the big yellow CFT book by Di Francesco et

al.

The group of conformal symmetries of R? is SO(d + 1,1). In Lorentz signature, the
conformal symmetries of R¥~%! are SO(d,2). The generators of SO(d, 2) are

P, = —id, (15.1)
L, = —i(z,0,—x,0,)

D = —iz"9,

K, = —i(2x,2"9, — 2°0,)

The the first two lines are translations, rotations, and boosts; these generate the
Poincare group (which is 10-dimensional in d = 4). The 3rd line is the dilatation,
or scale generator, since under z# — x* + 1eD*, the coordinate is just rescaled,

x# — x#(1 4 €). The last line is called the special conformal transformation.

One way to derive (15.1) is to find the conformal Killing vectors of Minkowski space.

These are defined to be vectors V# obeying

Ly = f(@)nu (15.2)
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where f is any function. This is the infinitessimal version of the definition of a conformal

symmetry, which maps ds? — e®*(®)ds?.

Operators in a CFT can be organized under representations of the conformal group.

We define primary operators to obey*

[D,0(0)] = —iAO(0) (15.3)
[K,,000)] = 0. (15.4)

The dilatation eigenvalue A is called the scaling dimension of O. The second condition
is like a highest weight condition. We can build the full representation by acting on

O(z) with the conformal generators, so for example 0,,uO(z) is a descendant operator.

The finite version of of the D commutator says that under a rescaling x — Az, we have

O(x) — M2O(A\x). More generally, primaries obey

~A/Jd

O O(x) . (15.5)

O'@) = oxv

det

For a correlation function of n primaries this implies
(O1(Az1) - - On(A1y)) = X827 78O (1) - - - Oy (1)) (15.6)

The special conformal transformations also impose requirements on correlators. It
turns out that all the conformal generators together completely fix the 2 and 3-point
functions of a CFT, up to overall factors. The two-point function of equal-weight fields
is

(O1(21)O02(22)) = B — (A=A =A) (15.7)

- ‘ 1 — xglm
and it must vanish if A; # A,. The number ¢;5 can be rescaled by rescaling our nor-
malization of the operators. Often we pick an orthonormal basis of primary operators,

so that ¢;; = d;;.

*This is for scalars. Operators with spin would also have the usual rule for action by the Lorentz
group, [L,,, O(0)] = X,,0(0).
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Similarly, the only 3-point function allowed by conformal invariance is

. C123
<Ol<$1)o2($2>03($3)> - |x12|A1+A2—A3|x23|A2+A3—A1’$31’A3+A1—A2 ) (158)

where

The number ¢;;;, called an OPE coefficient (for operator product expansion), is a
real physical prediction of the theory, since we’ve already fixed normalizations via the

2-point function.

In fact, the set of scaling dimensions A; and the OPE coefficients c¢;j, are all the data
of a CF'T. This is because higher correlators can be computed, at least in principle, by

sewing together 3-point functions and summing over intermediate states.

The 4-point function is not completely fixed by conformal symmetry, but it is highly
constrained. With equal external weights Aj234 = A, the most general form of the

4-point correlator is
(O(21)O0(22)O(23)O0(4)) = |@12| 22 w34 >2 F(u, v) (15.10)

where F'is an arbitrary function of the conformal cross ratios,

2 .2 2 .92
_ T1aT3y _ T14%a3 (15.11)
22, 2.2 '
13724 13%24

15.2 CFT Correlators from AdS Field Theory

We assume a strongly coupled, large-N CFT with a semiclassical holographic dual.
This is a limit where the gravity theory is weakly coupled, Gy < ¢, and higher curva-
ture corrections can be neglected, lsying < ¢ (here £ is the AdS radius). According to
the GKPW dictionary (14.2), we can compute the generating function of CFT corre-
lators on the gravity side by

Zepilpo] = (19 apr (15.12)

65 TN
X exp (—ngv + O(G%) + Of gi\dsg)> (15.13)
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where Sy, is the on-shell action for gravity subject to the boundary condition
¢ — 2 gy (2) (15.14)

as we approach the AdS boundary z — 0.

So to compute CFT correlators, we need to understand how to compute the classical

action in AdS as a functional of the boundary conditions.

This material is explained very clearly in many places, so I will not repeat it here. I
recommend reading Witten’s original paper on the subject, where ‘Witten diagrams’
were introduced [hep-th/9802150]. In class, I followed, almost exactly Kiritsis’s String
Theory in a Nutshell sections 13.8.1 and 13.8.2. Read those sections before continuing!

15.3 Quantum corrections

So far we only used the classical theory on the gravity side. (Though on the CEFT side,
this is a strongly coupled QFT calculation which is not at all classical!) What happens
when we include loop corrections in the gravity? The gravitational loop expansion is
organized into powers of G. The classical term is ~ 1/Gy. If we compute Witten

diagrams with loops, then we find an expansion in Gy.

On the CFT side, this is an expansion in 1/Ny,, since recall the dictionary ¢! /Gy ~
Ndof-

This implies something very special about CFTs with a semiclassical holographic dual:
These CFTs, although strongly coupled, have a meaningful expansion in 1/Ngy,s. Defin-
ing Ngor = N? (since this notation holds in SU(N) gauge theory), this can be restated
as the fact that connected correlation functions are suppressed. That is, if we normalize

our operators by setting

(00) ~ 1 (15.15)
(with the appropriate factors of  suppressed), then the 3-point function is suppressed,

(000) ~ % (15.16)
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and higher-point functions are dominated by their connected piece:

(OO00) ~ (00)(00) + O(1/N?) . (15.17)

The explicit theories we know of with this sort of behavior are large-/N gauge theories.
These have been studied for a long time, starting with a beautiful paper by ‘t Hooft
in the 70s where he showed that the Feynman diagrams of SU(N) gauge theory in the
large-N limit naturally reorganize themselves into something that looks roughly like

a string theory. I will not cover this, but I highly recommend you read about it in
section 13.1 of Kiritsis, or the big AdS/CFT review [hep-th/9905111].

Another consequence of the weak coupling constant G on the gravity side is that
gravity has an approximate Fock space. That is, if we have a weakly coupled scalar
field on the gravity side, then we can construct 1-particle states, 2-particles states, etc,
by acting with creation operators. On the CFT side, this means for example that if we
have a primary O; of dimension A;, and another primary Oy of dimension A,, then

there is a third primary O;,5 of dimension
A01+2 ~ Al + Ag + O(l/N) . (1518)

This is very special; it does not happen in general CF'T, where states are just a some
strongly coupled mess and there is no way to ‘add’ some stuff to other stuff without

getting large corrections to the conserved charges from the strong interactions.

Following the gauge theory language, the operators dual to single bulk fields are called
‘single-trace operators’, and the operators like O;,5 are called ‘multi-trace opera-
tors” and usually just denoted by the product O;05 (or more complicated things like
0,00, 02).

In words, (15.18) says that in a CFTs with a semiclassical holographic dual, low di-
mension operators have ‘small anomalous dimensions.” ['ve restricted this statement
to low-dimension operators because these are the operators dual to bulk fields; high

dimension operators are dual to non-perturbative stuff like black hole microstates.
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16 Black hole thermodynamics in AdS5

Now we return to black holes, and some of the techniques introduced in the beginning

of the course.

The basic starting point is that thermal states in CFT are dual to black holes in
quantum gravity. In fact, this is a special case of the dictionary (14.2), where we

impose boundary conditions appropriate for thermal field theory. That is,
Zeftlpo; M| = Zgraw[po; boundary = M| (16.1)
where we take the manifold on which the CFT lives to be
M =3%4xS}. (16.2)

Here X, is space. We will mostly set X, ; = S7, a 3-sphere of size /. And Sé is
a circle of size . As we saw earlier in the course, the Euclidean path integral on

Ya_1 X S}; defines the finite-temperature state on 3;_1.

The meaning of the notation in (16.1) is that we calculate the gravity partition with
boundary condition ¢y on bulk fields, and boundary condition M on the bulk manifold.
Explicitly, fields obey the usual fall-off ¢ ~ r=2¢,(x) as r — 0o, and the metric itself

obeys the boundary condition

7”2

€2
ds* — E_th% + T—Zdr2 + r2dQ3 | tg ~tp+ 0. (16.3)

Our goal is to compute the free energy at temperature 3. For this we can turn off all

fields besides the metric, so ¢g = 0, and we just have the relation

Zcft[ﬁ] = Zgra’u[ﬁ] . (164>

We will compute the rhs in gravity, and interpret it in CF'T. The result will exhibit
rich behavior, including phase transitions as a function of temperature. This will turn

out to be related to confinement/deconfinement in the CFT.
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16.1 Gravitational Free Energy

To compute Zy,q, (], in principle, we should compute the quantum gravity path integral
subject to the boundary condition (16.3). That’s impossible, but in the semiclassical
limit we can evaluate it approximately by expanding around classical solutions of the
equations of motion. We need to find all of the classical solutions that obey this

boundary condition, and evaluate their on-shell actions using

1 12
I — — 5 i 16.

If there are several solutions, then the semiclassical approximation to the path integral

is
Zpa(B) 715 46715 4. (16.6)

Each saddlpoint also comes with an infinite series of perturbative (loop) corrections

but we won’t worry about those, we will just evaluate the classical contributions.

There are three classical solutions (in pure gravity) obey the thermal boundary condi-
tion (16.3): small black holes, large black holes, and thermal AdS.

16.1.1 Schwarzschild-AdS

The Euclidean black hole satisfying the boundary condition (16.3) is called Schwarzschild-
AdS, with metric

d2 2
dsQZfdt%E+%+r2dQ§, f=1+--~L

TR (16.7)

with the thermal identification
tg~tg+ 0. (16.8)

1 is a constant that will be related to the mass. The explicit metric on the unit 3-sphere
is

dQ3 = dyp* + sin® ) (d? + sin® 0d¢?) | (16.9)
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where ¢ and 6 run from 0 to m and ¢ € [0,27). The horizon is the outermost solution

of the equation f(r;) = 0, which gives

2

4
== <—1 /14 7’;) . (16.10)

As usual, the condition that this solution is non-singular at r = r, relates § to r.
From the path integral point of view, this is because only smooth classical solutions
are good saddlepoints; solutions with a conical defect do not satisfy the equations of

motion at the defect. The conical defect trick gives

2ml2r,
= — 16.11
b 2r2 4+ 027 ( )
ie
w2 / 232

Note two things: first, there is a maximum (3, ie minimum temperature,
s
V2

Second, for any given temperature 3, there are two different black holes, corresponding

Bmax = (1613)

to the sign choice in (16.12). Call these the ‘small’ (minus sign) and “large’ (plus sign)
black holes. The turnover is at

r. =L0/V2 (16.14)
so each [ allows a small black hole with r, < r, and a large black hole with r > r,.

We are working with thermal boundary conditions that fix the temperature 8. So in
field theory language, we are working in the canonical ensemble. Therefore we should
sum over the allowed solutions; the thermodynamics will be determined by whichever
has the lower free energy. We will see below that the large black hole always has lower
free energy than the small black hole (but there is also a third solution, so the large

black hole is not always dominate).

The behavior (16.12) is quite different from flat spacetime. In flat spacetime, larger

black holes always have smaller temperature; this means ordinary Schwarzschild has
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negative specific heat and so is thermodynamically unstable. (It cannot be held in
equilibrium with a bath, because it will absorb radiation from the bath and get colder

the more radiation it absorbs!)

On the other hand in AdS, according to (16.12), large black holes have positive specific
heat. If you make them bigger (higher energy), they get hotter. Small black holes
have negative specific heat, and very small black holes r, < ¢ don’t care about the

cosmological constant at all so are just like the flat spacetime Schwarzschild solution.

On-shell action
The free energy F' = —% log Z is computed using the on-shell Einstein action. We must

be careful about the boundary terms. The full action we will use is

1 ) 2. 1 \ / ,
— K L .
e | SR g g [ devik [ daviLat

r=1/e
(16.15)

The first term is the usual Einstein term. The second term is the Gibbons-Hawking

Ip=—

boundary term. The last term is a counterterm; it can be any function of the intrinsic
boundary geometry 7, and will be picked to cancel divergences. Note that we are

cutting off the spacetime at r = 1/e, we will take € — 0 at the end.

Bulk term
The Einstein equation in empty spacetime implies R = —20/¢%. Thus the bulk term
in (16.15) is

1
Ly = ——— d° 16.16
bulk oG 2 /'r’<1/e /g ( )
1 8 1/e 5
= — dt d ds2 16.1
QWGNKQ/O E/r+ rr / 3 (16.17)
6 |1 4

Boundary terms

To compute the Gibbons-Hawking-York boundary term we just plug into the definition
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of extrinsic curvature, and eventually find

3 [1 362 p?
Iony = ——— |— = | . 16.1
Y =GN L4+462 2 (16.19)

So far our answer Iy, + Iggy is divergent as e — 0. To fix this we need to add a
boundary counterterm which is a functional of . It turns out the only choice that

makes everything finite is

3 02
I, = 4 1+ — 16.2
o= ot [ Ao (1 f500) (16.20)

where R[7] is the Ricci scalar for the metric .

Total
Plugging into the counterterm action, evaluating it, and adding everything up we find
(as € — 0)
w3 2 a3
Ip = Iyuk + Iy + Lot = 8GN (2 {@g — Tyt T] - (16.21)

This is finite, by design. This should be viewed as a function of temperature Ip = Ig(f),
so we should plug in for r, () using (16.12). If we pick the plus sign we get the action
of the large black hole, and if we pick the minus sign we get the action of the small

black hole. You can easily check that

Lg(rs(8)) = Ie(ri™(5)) . (16.22)

Thus the dominant solution, with lower free energy, is the larger black hole, at any f.

Energy and entropy
Now that we have the partition function we can use all the usual thermodynamic

relations to derive things like energy and entropy. The energy is

RY & 7?
E=—-03log”Z = — | . 16.2
ontonz = o+ ) (16.23)

The first term is the relation between mass and p. The second term is a little surprising,

since it is independent of the mass! It can be interpreted as a Casimir energy induced
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by putting the theory on S®. Had we chosen boundary conditions R?* x S%, this term

would be zero.

The thermodynamic entropy is
2,.3
T4y

S =(1—p0g)logZ = TN

(16.24)

which you can check agrees with the area law S = area/4G .

16.1.2 Thermal AdS

We're not done: there is a third solution with thermal boundary conditions (16.3). It

is called Fuclidean thermal AdS and the metric is simply

ds® Nag+ a0
e 1+€—2 tE—f‘@—I—T 3, (16.25)
with the identification
tp ~tp+ 0. (16.26)

This is just the metric of empty Euclidean AdS, except that we have identified the
Euclidean time circle. Note that ( is not related to any parameter in the metric itself,
since there is no horizon r, in this metric. Therefore 3 is not fixed by any regularity

condition, it is just a free parameter in this solution.

Lorentzian interpretation

We are discussing Euclidean manifolds, so let’s pause to comment on the Lorentzian
interpretation of all this. As discussed earlier in the course, path integrals of quantum
fields on a Euclidean manifold with ¢ty ~ tg+ [ prepare the fields in a thermal state. For
both of the Euclidean manifolds discussed here — the Euclidean black hole and thermal
AdS — the path integral on the Euclidean manifold prepares a thermal state on the
Lorentzian manifold. That is, the Euclidean path integral on Euclidean Schwarzschild-
AdS prepares the Hartle-Hawking thermal state for fields on the the Lorentzian black
hole. The Euclidean path integral on Euclidean thermal AdS prepares fields in a

thermal state on ordinary Lorentzian AdS.
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So in other words: In Lorentzian signature, thermal AdS is exactly the same classical
solution as empty AdS, but the state of the perturbative fields is different — they are
thermally populated, but their energy is small O(h) and does not backreact on the

geometry itself.

Contractible vs non-contractible time circle
In the Euclidean black hole, tg is the angle in polar coordinates. Together, the coor-
dinates (r,tg) with » > r, and tg € (0,) make a disk. The origin of the disk is a

smooth point which corresponds to the Euclidean horizon.

In thermal AdS, ¢ is a circle, but the circle does not contract anywhere. There is no

origin. So in this geometry the coordinates (r,tg) make a cylinder rather than a disk.

Action
The calculation of the on-shell action is similar to what we did for the black hole.

Skipping the details, the answer in the end is just the Casimir term:

2 364
pom _ T8 (30 16.2
E 8GN(2 \ 4 (16.27)

This is the free energy, which we can use to calculate the energy and entropy.

16.1.3 Hawking-Page phase transition

We found three Euclidean geometries obeying the thermal boundary condition (16.3).
They are the small black hole, large black hole, and thermal AdS. The free energy of
the large black hole is always smaller than that of the small black, so in understanding
the phases, we can forget about the small black hole — it never dominates the canonical

ensemble.

This leaves the large black hole and thermal AdS with actions

3
"0 = e

2 4
(th) . ™ 6 RY4
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where in I](Ebh) we choose the larger root for r, ().

The semiclassical approximation to the gravitational path integral is the sum
Zgran(B) ~ exp(—I0M) 4 exp(—IIM) 4 ... (16.29)

Each of the exponents is very large, since they are order 1/Gy. Therefore the sum is

exponentially dominated by whichever term is bigger:
10g Zyraw(/3) A max (—Jg”‘), —Iﬁ“) . (16.30)

There is a sharp (1st order) phase transition where the two solutions exchange dom-

th bh
i) _ 7o)

inance, ie at [ . Comparing the two actions, the critical temperature, and

corresponding black hole radius, for this phase transition is

2ml :
Berit = % .ot =t (16.31)

The low-temperature phase is thermal AdS; the high temperature phase is the black
hole. This phase transition is called the Hawking-Page transition and was discovered
well before AdS/CFT. The story is qualitatively the same in any number of dimensions,
AdSgy41 (with a few differences in AdS3).

Entropy

The entropy of thermal AdS is zero. We can see this either by noting there is no
horizon, or computing (1 — $d3)log Z = 0. Actually, it is not exactly zero, since we
have only computed the semiclassical term. There are quantum corrections, and the

true entropy is O(GY%) from the one-loop contribution (i.e., determinant of gravitons
matter fields in AdS).

Thus full thermal entropy S(3), accounting for the phase transition, is O(G%) at low
temperatures and then suddenly jumps to a very large number O(1/Gy) at Bei. In
the microcanonical ensemble, where we view this as a function of energy S(F), the

entropy is related to the density of states

S(E) =logp(E) . (16.32)
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The Hawking-Page transition indicates that theories with a semiclassical gravity de-
scription must have a small number of states at low energy, but an enormous number

of states at high energy, with a sharp transition.

16.1.4 Large volume limit

We have been computing the free energy at temperature § for the theory on the space
S3, a 3-sphere of size £. In fact since we are in conformal field theory, only the ratio
¢/ is meaningful, as this is the only dimensionful parameter. In other words the only

parameter is {T. Going to high temperatures is therefore the same as going to large ¢.

If we are interested in the theory on R? we can take £ — oo. This is the same as taking

the temperature T — oo. In this limit, from (16.28), the free energy becomes (with
Iy = BF)

2
Fr— (é}) Tt | (16.33)
N
1.e.,
/ 3
F~— (7) VT (16.34)
P

where V' is the volume of the system. Up to the prefactor, we could have guessed
this answer from dimensional analysis. In a conformal field theory on R4~! the only
dimensionful scale is the temperature, and F must be proportional to volume, so

conformal invariance implies F' ~ VT

Note that the theory on the plane has only one phase: the black hole phase. There
is no Hawking-Page transition on R®. It is essentially always in the high temperature

phase.

16.2 Confinement in CFT

Any CFT with a semiclassical holographic dual must share the same thermodynamics,
summarized by (16.30). What does this mean about the CFT? The microcanonical
entropy tells us about the spectrum: we must have an enormous number of degrees of

freedom to reproduce the high-energy density of states. However we must have a small
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number of states at low energies. This sounds like confinement! In a confining SU(N)
gauge theory, in the confining phase, the physical states are color singlet hadrons, and
the free energy is I = O(1). In a deconfined phase, the states are gluons, and the free
energy is F' ~ O(N?). This agrees with a our results above (after subtracting off the
contribution from the Casimir energy, which is a temperature-independent contribution
to F and does not affect the entropy). The black hole phase is like the deconfined phase,
and the confined phase is like thermal AdS.

This analogy comes with some caveats, so let’s compare and contrast QCD with
a holographic theory like N' = 4 Super-Yang-Mills. In QCD, there is a confine-
ment /deconfinement phase transition in infinite volume, ie for the theory on R3. It is
confining at low temperatures and deconfined at high temperatures. According to our
gravity results, N” = 4 Super-Yang-Mills (at strong coupling) does not have a confining
phase on R?. CFT’s on R® cannot have phase transitions, because the temperature
can always be rescaled (unless there is some other parameter turned on, like a chemical

potential). So in fact N' =4 SYM is not a confining gauge theory in the same sense

as QCD.

In gravity, the phase transition is on S%. Normally it is not possible to have a phase
transition in finite volume — with a finite number of degrees of freedom, the free energy
is an analytic function of 3, and we get sharp phase transitions only in the thermo-
dynamic limit. However this is possible in gravity because of the large-N limit. The
same statements are true of N'=4 SYM on a sphere: it has something like a confine-
ment /deconfinement transition on the sphere, in the N — oo limit. It is not the same
sort of confinement as QCD, which comes from dynamics in a very complicated way.
In gauge theory on the sphere, we get ‘kinematic confinement’ just from the Gauss
law constraint, which does not allow charges states on a compact space. Therefore
the physical states on a sphere cannot have any net color. This is what ‘confines’ the

theory so that there are O(1) physical states at low energies.

Temporal Wilson loop

(This will be very brief; see Kirtsis for more discussion.)

Define the temporal Wilson loop W = Tr exp f A where the integral is over a worldline

going around the thermal time circle. This is an order parameter for the deconfinement
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transition:

0 = deconfinement = black hole phase (16.35)
0 = confinement = thermal AdS phase (16.36)
((W) # 0 actually breaks a symmetry: the center of the gauge group, Zy € SU(N).)
A rough explanation is that you can think of the temporal Wilson loop as a free quark.
If a free quark has finite energy, then you get (W) # 0, but if the free quark has infinite
energy then (W) = 0.

To compute a Wilson loop in AAS/CFT from the gravity side, the rule is to find a
string worldsheet ending on the Wilson line and extending into the bulk. This classical

string diagram computes the leading contribution to the Wilson loop at large N.

In the Euclidean black hole, since (tg,r) make a disk, it is easy to find a string world-
sheet ending on this Wilson line. In thermal AdS, however, since the thermal circle is
not contractible — ie (tg,r) make a cylinder — you cannot find such a string world-

sheet, and the Wilson line vanishes.

Thus the deconfined phase is the phase with a contractible thermal circle in the dual

geometry, and the confined phase has a non-contractible thermal circle.

16.3 Free energy at weak and strong coupling

So can we calculate the free energy of N' =4 SYM, and compare to (16.30)? Unfor-
tunately, no. The gravity calculation is dual to N' = 4 SYM at very strong ‘t Hooft
coupling, A = ¢%,;N — oo. The free energy is not protected by supersymmetry, and

it is unknown how to do this calculate in gauge theory at strong coupling.

But we can do the CFT calculation at weak coupling. The free energy of a weakly
coupled QFT is just a 1-loop calculation, ie a determinant for each of the fields. This
calculation has been done. It agrees qualitatively, but not quantitatively, with the

gravity calculation. For example, after translating all the parameters of CF'T to gravity
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parameters, the free energy of free ' =4 SYM on R? is

4
Ffree = gFgravity y (1637)

where Fy 40ty is given in (16.33). This famous factor of 4/3 is not a contradiction. It
just means that the free energy at strong coupling is different from the free energy at

weak coupling.

In principle, or perhaps on a lattice, the free energy is some function of the coupling,

F= —f()\)%ZNQVTA‘ : (16.38)
We know the behavior of f(\) as A — 0 and as A — oo. We only described the
leading terms above, but it is also possible to calculate corrections. On the CFT
side, corrections come from higher loops. On the gravity side, corrections come from
including higher curvature (stringy) contributions to the classical action. (In principle
we could also ask about 1/N corrections, which would require quantum calculations on
the gravity side, but we’ll restrict to the leading-/N behavior.) These corrections have

been calculated and lead to

4
gravity: f(A\) = z 3—;% as A — 00 (16.39)
and ;
T

Evidently the corrections are heading the right direction, but the full function f(\) is

unknown.

Exercise: Hawking-Page in Three Dimensions
Recall the metric of the Euclidean BTZ black hole in AdSs,
2

dr
d32 = €2 (7"2 — 8M)dt2E —f— 7"2——

st + r2de?| . (16.41)
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In a previous exercise, you computed the on-shell Euclidean action of this black hole.

The answer, including all boundary terms and counterterms, is
SIM(B) = " (16.42)

where

3¢

C:E.

(16.43)

1. Like in AdSj, there is also a thermal AdS solution with the same boundary
condition.* We will use a trick to compute its action. The trick is to note
that (16.41) is a solid torus with boundary S3 , x S§. (The subscript is the
circumference of the S*). The thermal circle Sj is ‘filled in’ to make the solid

torus.

Thermal AdS; is a solid torus where instead the other circle S;_, is ‘filled in’ to

make solid torus. Argue that this implies

A2 (?

g

_ b

Sg(8) = 83" () = 75 - (16.44)

Comment: This is a special case of a modular transformation. It is a ‘large’l
conformal transformation acting on a torus, which roughly speaking relates a fat

torus to a skinny torus.

2. Sketch a plot of the free energies F") and F*"  Find the critical temperature
Berir of the Hawking-Page phase transition, and write log Z((3) as a piecewise

function.
3. Find the thermodynamic entropy S(3) for all 5 > 0.
4. Find the energy E(f) for all g > 0.

5. Use part (4) in part (3) to find the entropy in the microcanonical ensemble,
S(E). (Be careful about what ranges of E your formulas apply to; in particular
you cannot find S(E) for all E by this method.)

*Unlike AdSs, there is only one black hole with temperature 3.
fi.e., not continuously connected to the identity
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6. Interpret your results in terms of the density of states in a 2d CFT dual to 3d
gravity.
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17 Eternal Black Holes and Entanglement

References: This section is based mostly on Maldacena hep-th/0106112; see also the

relevant section of Harlow’s review lectures, 1409.1231.

An eternal black hole is the black hole with the full, two-sided Penrose diagram. It

has a past singularity, a future singularity, and two asymptotic regions:

houndary 2 houndary 1

(17.1)

This is to be distinguished from a black hole that forms from gravitational collapse,
which has no past singularity and no second asymptotic region on the ‘left’ of the
Penrose diagram. Although we often use the maximally extended Penrose diagram to
discuss all sorts of black holes, it is only in the eternal black hole that we should really

take the left side of the Penrose diagram seriously.

An eternal black hole in AdS — the maximally extended AdS-Schwarzschild spacetime
— has two boundaries. This means that it is dual to two copies of the CFT. In fact,
the connection between thermal field theory and this ‘doubling’ of degrees of freedom
was well known long ago, and is called the thermofield double formalism. First we will

describe this formalism in QFT, then we’ll make the connection to AdS black holes.

17.1 Thermofield double formalism

Consider any QFT, with Hamiltonian H and complete set of eigenstate |n),

Hn) = E,|n) . (17.2)
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The thermofield double formalism is a trick to treat the thermal, mixed state p = e=##
as a pure state in a bigger system. First we double the degrees of freedom, i.e., we
consider a new QFT which is two copies of the original QFT. If the theory is defined
by a Lagrangian, then for every field ¢ in the original QFT, there are two fields ¢ ()
and ¢a(z2) in the doubled QFT. These two fields live in different spacetimes z; and
Zo, and are not coupled in the Lagrangian at all. The states of the doubled QFT are

Im)1|n)s . (17.3)

Now in this doubled system we consider the thermofield double state:

ITFD) = > ey n), . (17.4)

\/—

This is a particular pure state in the doubled system. The density matrix of the doubled
QFT in this state is
Protal = |TEDY(TFD] . (17.5)

The reduced density matrix of system 1 is

P = tln2ptotal

= > 2(ml (Z e P20 |n), 2<n/|2<n/|€_ﬁE"'/2) Im)2

m n,n’

— Ze_ﬁEn|TL>1 1<TL|

n

_ o BH (17.6)

Therefore, if we restrict our attention to system 1, this pure state in the doubled system
15 indistinguishable from a thermal state. For example, if Oy is made of local operators

acting on system 1, O; = ¢1(z1)x1(y1) - - -, then

(TFD|Oy|TFD) = Tr 5, e P10, . (17.7)

1
Z(P)
This procedure is called purifying the thermal state. In fact, any mixed state can be

purified by adding enough auxiliary states and tracing them out.

Although systems 1 and 2 are not coupled in the Lagrangian of the doubled system,
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they are correlated because we are in this particular entangled state. For example, if
O, is built from operators acting on system 1 and O, is built from operators acting on
system 2, then

(TFD|0O,05|TFD) (17.8)

can be non-zero.

The Hamiltonian
The choice of Hamiltonian acting on the doubled system is up to us. Two convenient
choices are

Hyy=H —H, and  Hy, = H, + H, . (17.9)

For our purposes, we will just use Hy,, but ]:Itot is also useful in other contexts. Under

H,,:, the TFD state is time-independent, since the phases cancel:

ITFD(t)) = e M| TFD) = " e P2 U=l |n), |n)y = |TFD) . (17.10)

17.2 Holographic dual of the eternal black hole

The statement
Maldacena’s proposal is that the eternal black hole depicted in (17.1) is dual to two
copies of the CFT, in the thermofield double state |TF D). Each asymptotic boundary
of AdS is a copy of the original dual CFT. So, for example, to compute correlation
functions like

(TFD|¢1(x1)x2(x2)|TF D) (17.11)

we would use Witten diagrams with y inserted on the left boundary, and ¢ inserted on
the right boundary. Note that the local bulk fields are not doubled: there is just one
bulk field ® dual to the boundary operators ¢; and ¢,, but this makes sense because
we have to specify double the boundary conditions for ®. The boundary condition for
® on the left acts like a source for ¢,, and the boundary condition for ® on the right

acts like a source for ¢.
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The Hamiltonian

The Hamiltonian H;, in (17.9) has a natural bulk interpretation. It is dual to the
bulk Hamiltonian that generates time evolution along the isometry 0;, where ¢ is the
usual Schwarzschild coordinate. Recall (or look back at a textbook on the Kruskal
coordinate change) that the Schwarzschild ¢ coordinate runs ‘backwards’ on the left
side of the Penrose diagram. That is, all of the spatial slices drawn in this figure are

equivalent under the d, isometry:

(17.12)

This corresponds to the minus sign in Hy,; = Hy — Hs.

Derivation
To justify the claim that the eternal black hole is dual to the TFD state, we will apply
the AdS/CFT dictionary (14.2), in the form

Zgravity|OM = X] = Z.1,[S] . (17.13)

(Here M is the bulk manifold, and the meaning of the lhs is the gravity path integral
with boundary condition OM = X.)

First, the CFT: The Euclidean path integral that prepares the TFD state is a path

integral on an interval of length 3/2, times a circle:

Y = Intervalgy x S41 . 17.14
3/
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Pictorially,

[
4 ] .II|

|TF D} = |'5_,.'II || (17.15)

~— /2 —

This path integral has two open cuts (red), at the ends of the interval. We interpret the
left cut as defining a state in system 2, and the right cut as defining a state in system
1. That is, this picture should be interpreted as a rule for computing the transition
amplitude with field data ¢, and @y specified at the ends of the interval. To confirm
that this path integral really prepares the TFD state, all we need to do is check that
it computes the correct transition amplitudes. The path integral with these boundary

conditions is*

11| 2{pa TFD) = (a2 5) (17.16)
= Y i) (nlg)e P02 (17.17)
= D pn)ilpaln) (17.18)

n

These are precisely the matrix elements of the state |T'F'D) defined in (17.4). So, as
claimed, this is the Euclidean path integral that prepares |T'FD).

Now that we’ve produced this state from a Euclidean path integral on the manifold
Y., we can apply (17.13). We must find a Euclidean gravity solution with conformal
boundary condition OM = Intervalg/, x S d=1 1In fact, half of the Euclidean black hole
has precisely this boundary condition. That is, we consider the Euclidean Scharzschild-
AdS solution and restrict to tg € [0,/3/2] instead of the full range tx € [0,5]. The
(tg,r) portion of this Eulidean spacetime makes a half-disk; the boundary of the half-
disk is Intervalg/, x S9=1. The half-disk is cut down the middle; this cut is interpreted
as the time=0 surface of the Lorentzian spacetime. Pictorially, the bulk spacetime has

a Fuclidean piece that prepares the state, then a Lorentzian piece describing the time

*The tildes indicate the conjugate state.

161



evolution in Minkowski signature:

Lovenizian
fite

s —

e

Euvclidean time

(17.19)

The red blobs in this picture denote the S9 !’s at the end of the interval on the
boundary, the red circles in (17.15).

17.3 ER=EPR

Let’s describe this result in words. The left side of the Penrose diagram is dual to
CFT,, and the right side is dual to C'FTy. The Einstein-Rosen bridge connecting
to the two sides, the black hole interior itself, are somehow ‘created’ by entangling
CFT; with CFT,. In fact this is a precise statement: In CFT language, correlators
between the two CFTs like (T'FD|O,02|TFD) are non-zero only because we are in
the entangled state |TF'D). After all, the two CFTs are not coupled. In the bulk,
these correlations are nonzero because we can draw Witten diagrams going through
the interior. For very massive fields or high energies, the left-right correlation functions
can be approximated by geodesics that pass through the black hole interior. Without

a wormhole connecting the two sides, there would be no such correlations.

This idea and its generalizations have recently been given the slogan ‘ER=EPR’ (by
Maldacena and Susskind): Einstein-Rosen bridges are equivalent to entanglement (as
discussed by Einstein-Podolsky-Rosen). This slogan is only entirely precise and well
defined in the semiclassical limit, describing the eternal black hole and similar space-
times, but the idea is that some more general construction should make sense in the

very quantum, non-geometrical limit.
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17.4 Comments in information loss in AdS/CFT

Hawking’s information loss paradox relied on a black hole that forms from collapse,
then evaporates. In AdS, this only happens for small black holes. These black holes
are not in thermal equilibrium, and are difficult to address precisely using AdS/CFT.
Of course, the CFT is always unitary, so if we believe AdS/CFT (or use AdS/CFT to
define a theory of quantum gravity) then obviously this evaporation process, however
it is described in CFT, must be unitary. This strongly suggests that unitarity should
be preserved, and locality or some other tenet of effective field theory must be violated.
However it is not very satisfying, since it does not answer the question of what went
wrong with Hawking’s calculation. Presumably the answer is that local effective field
theory is not quite right in non-perturbative quantum gravity, but we do not really
understand how to characterize this breakdown. This is a very important open question

in current research.

17.5 Maldacena’s information paradox

Maldacena introduced a different version of the information paradox that applies to
large, eternal black holes. This version is easier to address in AdS/CFT. The idea is
to first perturb the thermal state by inserting an operator O in C'FTs,

ITFD) — |TFD) = (1 + €0,)|TFD) . (17.20)
This changes the reduced density matrix of system 1,
p1 — pr = e P11 4 tiny corrections . (17.21)
Now, we compute expectation values in CFTy,
(TFD|O:|TFD) (17.22)

in the perturbed state. To first order in the perturbation, this is the two-sided corre-

lation function
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Now we can produce a contradiction by waiting a very long time, so this correlation
function decays. On the gravity side, if we hold O, at a particular time and send O,
to very late times, then the geodesic distance between these two points grows linearly
with time, forever. Therefore the correlation function must decay as

Gglygavity -~ e—COHStXt/ﬁ (1724)

for t > (. This decays exponentially to zero. At very late times, it therefore becomes

exactly thermal, with arbitrarily small corrections.

This contradicts unitarity of the CFT. In the CFT, any perturbation of the thermal
state should stay forever a perturbation of the thermal state: it will of course become
scrambled and appear to thermalize, but it should never forget the initial perturbation
completely, so it should never become arbitrarily close to the thermal state. In fact

the corrections to the thermal state should be suppressed by the entropy, but finite:
G%FT ~ e—consth (17‘25>

for t > (. In summary, at very late times, gravity ‘forget’ the initial perturbation, but

a unitary CFT does not:
G < Gty (17.26)

However is this paradox resolved? The answer is that we have neglected non-perturbative
contributions of the gravity side of order e "/~ ~ ¢=5. For example, there is another
saddlepoint (the thermal AdS saddle) and fluctuations around this saddle will also

contribution to the two-sided correlation function at this order.

Although this tells us where the gravity derivation went wrong, it does not tell us
exactly how to recover the lost information in quantum gravity, i.e., without referring
to the dual CFT. Presumably this would require treating the full non-perturbative

string theory, which is currently not possible.
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17.6 Entropy in the thermofield double

Our next topic will be entanglement. It will be a while before we get back to gravity,
so as a brief preview, let’s consider the interpretation of entropy in the thermofield
double formulation of the black hole. The state |TFD) is a pure state; pure states

have no ordinary entropy, i.e.,
Protal = |TFD)(TFD| (17.27)

has entropy
Stot = — tT Protar 108 protar = 0 . (17.28)

However, if we trace out half the system, we know this gives a thermal state, so it

should have some entropy. The reduced density matrix of system 1 is
p1 = tra protr = €71 (17.29)
Therefore the state of system 1 has entropy,

S1 = —trpilog p1 = Sinermar(8) # 0 . (17.30)

We started in a pure state, with no entropy. Where did the entropy of system 1
come from? The answer is entanglement. Thermal entropy is just one special case of

entanglement entropy.
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18 Introduction to Entanglement Entropy

The next few lectures are on entanglement entropy in quantum mechanics, in quantum
field theory, and finally in quantum gravity. Here’s a brief preview: Entanglement
entropy is a measure of how quantum information is stored in a quantum state. With
some care, it can be defined in quantum field theory, and although it is difficult to
calculate, it can be used to gain insight into fundamental questions like the nature of
the renormalization group. In holographic systems, entanglement entropy is encoded

in geometric features of the bulk geometry.

We will start at the beginning with discrete quantum systems and work our way up to

quantum gravity.

References: Harlow’s lectures on quantum information in quantum gravity, available on
the arxiv, may be useful. See also Nielsen and Chuang’s introductory book on quantum

information for derivations of various statements about matrices, traces, positivity, etc.

18.1 Definition and Basics

A bipartite system is a system with Hilbert space equal to the direct product of two

factors,
Hap =Ha®Hp . (18.1)

Starting with a general (pure or mixed) state of the full system p, the reduced density

matrix of a subsystem is defined by the partial trace,

pa =trpp (18.2)

and the entanglement entropy is the von Neumann entropy of the reduced density
matrix,

Sa=—trpalogpa . (18.3)

Example: 2 qubit system
If each subsystem A or B is a single qubit, then the Hilbert space of the full system is
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spanned by
00), |01), [10), [11), (18.4)

where the first bit refers to A and the second bit to B, i.e., we use the shorthand
ij) =) ali)p =1)a® |5)p - (18.5)

Suppose the system is in the pure state

1
E (|00) + [11)) , (18.6)

so p = |Y)(¥|. As a 4x4 matrix, p has diagonal and off-diagonal elements. Diago-

) =

nal density matrices are just classical probability distributions, but the off-diagonal

elements indicate entanglement and are intrinsically quantum.
The reduced density matrix of system A is
pa = 'ETB P
=2 (0] (100) + [11)) ({L1] + (00]) 0)5
1
2

2
+5 (1] (|00) + |11)) ({11] + (00) [1) 5

(10).4 40 + 1) 4 a(1])

1
2
Loxs - (18.7)

The last line says p4 is proportional to the identity matrix of a 2-state system. In this

case we say pa is mazimally mized, and the initial state |¢) is mazimally entangled.

The entanglement entropy of subsystem A is easy to calculate for a diagonal matrix,

Sa = —trpalogpa
= log2. (18.8)

Interpretation of entanglement entropy

In fact the 2-qubit example illustrates a useful way to put entanglement entropy into
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words:
Entanglement entropy counts the number of entangled bits between A and B.

If we had k qubits in system A and k qubits in system B, then in a maximally entangled
state S4 = klog?2. So S, counts the number of bits, or equivalently, e counts the

number of entangled states (since k qubits have 2* states).
Rephrased slightly:

Given a state pa with entanglement entropy Sa, the quantity e4 is the minimal number
of auziliary states that we would need to entangle with A in order to obtain pa from a

pure state of the enlarged system.

Schmidt decomposition
A very useful tool is the following theorem, called the Schmidt decomposition: Suppose

we have a system AB in a pure state |¢)). Then there exist orthonormal states |i) 4 of
A and |i) g of B such that

) = Z)‘i|i>A|g>B ; (18.9)
with A; real numbers in the range [0, 1] satisfying
doA=1. (18.10)
The number of terms in the sum is (at most) the dimension of the smaller Hilbert space
Ha or Hp.
Proof: See Wikipedia, or Nielsen and Chuang chapter 2.

If A is small and B is big, this is intuitive. It says we can pick a basis for |i) 4, and each
of these states will be correlated with a particular state of system B. The thermofield

double is an obvious example.

Complement subsystems

An immediate consequence of the Schmidt decomposition is that a pure state of system
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AB has
Sa=Sp (pure states) . (18.11)

To see this, write the reduced density matrices in the Schmidt basis,
pa = Z Ay a(il pPB = Z Xo|i) g B (i - (18.12)

Both density matrices have eigenvalues A\? so they have the same entropy. (18.11) does

not hold for mixed states of AB.

18.2 Geometric entanglement entropy

Entanglement entropy can be defined whenever the Hilbert space splits into two factors.

A very important example is when we define A as a subregion of space.

Example: N spins on a lattice in 141 dimensions
Let’s arrange N spins in a line. Define A to be a spatial region containing k spins, and

B = AC is everything else:

2000000000000 00000000RQOQOORD
—

A

The most general state of this system is

W) = 2651---51\7‘51”52) T ’8N> (1813)
{si}

where s; = 0 or 1 (meaning ‘up’ or ‘down’), and the ¢’s are complex numbers.

Scaling with system size

Let’s restrict to 1 < |A| < |B|, so that we can think of subsystem A as large and B
as infinite. In a random state, i.e., one in which the coefficients ¢;;... are drawn from
a uniform distribution, we expect any subsystem A to be almost maximally entangled

with B. In the language of the Schmidt decomposition, this means that \; is nonzero
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and ~ 1/v/2* for a complete basis of states |i) 4. In fact this is a theorem, see Harlow’s

lectures for the exact statement.

Accordingly, the entanglement entropy scales as the number of spins in region A. In

1+1d this is linear in the size of A, and more generally,

Sa ~ Volume(A) (random state). (18.14)

In other words, most states in the Hilbert space of the full system have entanglement

scaling with volume.

However, often we are interested in the groundstate. Ground states of a local Hamilto-
nian are very non-generic, and the corresponding entanglement entropies obey special
scaling laws. Usually, if the system is gapped (i.e., correlations die off exponentially),

the ground state must obey the area law:
Sy ~ Area(A) (ground state of local, gapped Hamiltonian) . (18.15)

(This is a theorem in 1+1d, and usually true in higher dimensions.)

Thus groundstates occupy a tiny, special corner of the Hilbert space. This is a corner
with especially low ‘complexity.” Intuitively speaking, a large degree of entnaglement
is what makes quantum information exponentially more powerful than classical infor-
mation; so states with lower entanglement entropy are less complex. More specifically,
this actually means that you can encode a groundstate wavefunction with far fewer

parameters than the 2 complex numbers appearing in (18.13).

DMRG

In 1+1d, the area law becomes simply
Sa ~ const (18.16)

independent of the system size. This special feature is responsible for a hugely impor-
tant technique in quantum condensed matter called the density matriz renormalization

group (DMRG). This technique is used to efficiently compute groundstate wavefunc-
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tions of 1+1d systems using a computer. This would not be possible for general states,
since (we think) classical computers require exponential time to simulate quantum sys-
tems. But (18.16) means that, in a precise sense, groundstates of gapped 1d systems

are no more complex than classical systems.

Scaling at a critical point

The area law applies to gapped systems. Near a critical point, where dof become mass-
less and long-distance correlations are power-law instead of exponentially suppressed,
the area law can be violated. In a 141d critical system, and therefore also in 141d

conformal field theory, (18.16) is replaced by
Sa~logLa (18.17)

where L4 is the size of region A. This is bigger than the area law, but still much lower

than the volume-scaling of a random state.

18.3 Entropy Inequalities

Relative entropy
Much of the recent progress in QFT based on entanglement comes from a few inequal-

ities obeyed by entanglement entropy. Define the relative entropy
S(p||lo) =trplogp —trplogo . (18.18)
(Note that this is not symmetric in p,o.) This obeys
S(plle) >0 (18.19)

with equality if and only if p = 0. The proof of this statement is straightforward,
see Wikipedia. It just involves some matrix manipulations. The key ingredient is the
fact that density matrices in quantum mechanics are very special: they have a positive

spectral decomposition,
p= Zpivw;‘ (18.20)
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where p; is non-negative and v; is a basis vector. This is necessary for quantum me-

chanics to have a sensible probabilistic interpretation and is closely related to unitarity.

The relative entropy can be viewed as a measure of how ‘distinguishable’ p and o
are. In the classical case (diagonal p and o), it is error we will make in predicting
the uncertainty of a random process if we think the probability distribution is o, but
actually it is p. Given this interpretation, positivity is obvious — clearly we will never

do better using the wrong distribution.

Triangle inequality

Positivity or relative entropy implies the triangle inequality,

1S4 — Sg| < Sap . (18.21)

Mutual information

Define the mutual information,
I(A,B) =S4+ Sg— Sas - (18.22)
This can be written as a relative entropy, and is therefore non-negative:
I(A, B) = S(pasllpa® pp) 2 0. (18.23)

Roughly, I(A, B) measures the amount of information that A has about B (or vice-

versa, since it is symmetric).

In a pure state of AB, the only correlations between A and B come from entanglement,
so in this case (A, B) measures entanglement between A and B. However, in a mixed
state, I(A, B) also gets classical contributions. For example in a 2-qubit system, it is

easy to check that the classical mixed state
pap x [00)(00] + |11)(11] (18.24)

has non-zero mutual information.
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Strong subadditivity

So far we have discussed partitioning a system into two pieces A and B, but we can
partition further and find new inequalities. The strong subadditivity inequality (SSA
for short) applied to a tripartite system Hapc = Ha ® Hp @ Hc, is

Sapc + 55 < Sap+ Spe - (18.25)
This is less mysterious if written in terms of the mutual information,
I(A,B) < I(A,BC) . (18.26)

Although this inequality seems obvious — clearly A has more information about BC
than about B alone — and is ‘just’ a feature of positive matrices, it is surprisingly

difficult to prove. See Nielsen and Chuang for a totally unenlightening derivation.

Sometimes it is useful to express (18.25) in different notation, where A and B are two

overlapping subsystems, which are not independent:

Saup + Sanp < Sa+ Sk - (18.27)

Exercise: Positivity of classical relative entropy
Prove that the classical relative entropy is non-negative. That is, prove (18.19), as-

suming p and o are diagonal.

Exercise: Mutual information practice
Consider a 2-qubit system. First, calculate the mutual information of the two bits in

the classical mixed state
p =3 (]00)(00] + [11)(11]) . (18.28)

This is a clearly a state with the maximal amount of classical correlation — if we

measure one bit, we know the value of the second bit.

Now, what is the maximal amount of mutual information for a quantum (pure or
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mixed) state of 2 qubits? Write an example of a state with this maximal amount of
mutual information. (Quantum states with more mutual information than is possible

in any classical state are sometimes called supercorrelated.)

Exercise: Purification and the Triangle Inequality

Use strong subadditivity to prove the following identities for a tripartite system:

Sa < Sap+ Spe (18.29)
Sa < Sap+ Sac (1830)
Sap > |Sa— Sg] (18.31)

Hint: Purify the tripartite system that appears in strong subadditivity by adding a
4th system, D, with ABCD in a pure state. This is always possible.
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19 Entanglement Entropy in Quantum Field The-

ory

So far we have discussed entanglement in ordinary quantum mechanics, where the
Hilbert space of a finite region is finite dimensional. Now we will discuss geometric
entanglement entropy in quantum field theory. Space (not spacetime) is divided into

two regions, A and B, by a continuous curve:

B

(19.1)

This picture is at a fixed time. Region A is drawn as a circle, but for now it could be
any shape. (It could also be disjoint, but we will assume it is connected unless specified

otherwise.)

Quantum field theory is strictly speaking not bipartite,
Hap #Ha®Hp . (19.2)

There are two things to worry about: first, in gauge theories, you cannot really localize
states. The gauge constraint is applied to the full system, so by looking at any sub-
region, you cannot decide whether it is a physical state obeying the constraint. This
issue (which also appears in ordinary quantum mechanical gauge systems) has been
addressed in some nice papers just in the last year or so, and we will ignore it entirely.

It turns out to not affect the discussion that follows very much.

The second issue is UV divergences. In a continuum QFT there are UV modes at
arbitrarily small scales across the dividing surface A, and this makes it impossible to

actually split the full Hilbert space. To deal with this, we must impose a UV cutoff
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by introducing the ‘lattice scale’ eyy. With a finite cutoff, the Hilbert space of a
finite region is finite-dimensional, and most of the results of the previous section — in
particular, positivity of relative entropy and strong subadditivity — apply to QFT. In
the end we usually want to regulate the divergences somehow, but the leftover finite
pieces do not immediately obey the same properties, so we need to be careful about

tracking cutoff dependence throughout the problem.

19.1 Structure of the Entanglement Entropy

The divergent terms in S4 come from UV physics. In the UV, any finite energy state
is the same as the vacuum state. Therefore to discuss the structure of the divergent

terms we can restrict to p = |0)(0|, the vacuum state of the full system.

UV divergences
The divergent terms depend on the theory and on the shape of region A. In a local
QFT, we expect the divergent piece to be a local integral over the entangling surface
0A,
SUm) / d20Vh F[Kap, hias) (19.3)
0A

where F is some (theory-dependent) functional of the extrinsic curvature and induced
metric on JA. This is for the same reason that when we do renormalization, we are
only allowed to add local counterterms to the Lagrangian; non-local terms come from

IR physics.

Let’s organize (19.3) as an expansion in powers of K. Since Ky, ~ 1/Ly, this is an
expansion in powers of the size L,. What sort of terms can appear? In a pure state,
S4 = Spg, an in particular Sﬁf"'”’ = Sgh”). The extrinsic curvature is K ~ Vn with n
the unit normal; this flips sign if we consider region A vs its complement, region B.

Therefore Sildw) = Sghv) implies that only even powers of K, are allowed:
S L5 4 ap Lt 4 (19.4)

where a; depend on the theory but not on L 4.
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The leading term in (19.4) is a UV divergence proportional to Area(A). This makes
sense: UV modes entangled across dA give a divergent contribution, and the number

of these modes is proportional to the area.

General structure and universal terms

Now let us further assume the theory is scale invariant. In the vacuum state of a
scale invariant theory, the only scales in the problem are ey and L,. Therefore,
by dimensional analysis, a; ~ eQU}/d, ay ~ e%,_v?l, etc. Thus, allowing also for a finite
contribution, we find the general behavior of the entanglement entropy in a CFT. In

odd dimensions d:

d—1 ~

d—2 L d—4 L
SEFT ~ bd—2 <_) +bd—4 (_A) 4. +b1_A+ (—1)TS+O(€UV) , (195)

v €uv

and in even dimensions:

L d—2 L d—4 L 2
ST~ bys <—A) + bg—a (—A) +-+ by <—A> (19.6)

cuv vy
2 ~ L
—l—(—l)%Slog ~A 4 const + O(eyv)
€vv
The difference between even and odd comes from the fact that the “1/e?,,” term that
would appear in even dimensions actually turns into a log divergence (just as it does

in Feynman diagrams). The powers of (—1) are inserted by convention.
In the vacuum state, the b; and S depend on the theory, but not on L4 or €yy .

In a non-scale-invariant QFT, or in an excited state of a CF'T, there are other scales.”
So in general, S depends on the theory, the shape, and the state p;oq;. Furthermore, Sis
universal in the sense that it does not depend on ambiguities in the choice of regulator.

For this reason it is sometimes called the renormalized entanglement entropy. '

*This is sometimes confusing in the CFT case but obviously true: even in a scale invariant theory,
an excited state with lumps of stuff 1 meter apart is different from an excited state with lumps of
stuff 2 meters apart!

TThe fact that it is independent of regulator is clear in the even dimensional case, since it is the
coefficient of a log. It is less clear for the constant term odd dimensions, since evidently shifting
evv — €yy + a would change the finite term. In practice it seems to be well defined in CFT for
reasons I won’t get into here, but I'm not sure about the non-conformal case.
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Area vs volume terms
The leading UV divergence is always proportional to Area(A), in any state. In the
vacuum we do not expect any extensive contribution to S, but in a random excited
state, we expect

S ~ Volume(A) . (19.7)

This is for the same reason that we argued for volume scaling in a random state of a
lattice system. In a highly excited random state, the IR modes that contribute to S
should all be highly entangled with the outside, and the number of such modes scales

with volume.

Example: 2d CFT in vacuum
As a simple example, consider a 2d CF'T in the vacuum state of the full system. Space
is a line, and region A is an interval of length L 4. In this case the entanglement entropy

can be computed exactly (we will do this calculation later in the course) with the result

L
Sy = log =4 . (19.8)
3 €uv

Here c is the central charge of the CF'T (which, remember, roughly speaking counts the
degrees of freedom). This agrees with the general formula in even spacetime dimensions
(19.6), with S = &.

If we instead consider a highly excited state, then we can’t do the calculation in general,

but in cases where it can be done the result in a typical state scales as S ~cLy.

19.2 Lorentz invariance

In a Lorentz-invariant QFT, the density matrix of a spatial region A must contain all

of the same information as the density matrix of a spatial region A’ that shares the
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same causal diamond. That is, for this setup:

(19.9)

we must have

Sy=Sa. (19.10)

In words, this is because if we know everything about A, we can time-evolve to learn
everything about A’. In formulas, it is because the reduced density matrices are related

by (perhaps very complicated and nonlocal!) unitary operation,

pa = UTpsU . (19.11)
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20 Entanglement Entropy and the Renormalization

Group

Entanglement entropy is very difficult to actually calculate in QFT. There are only a
few cases where it can be done. So what is it good for? One answer is the relation
to quantum gravity, which we’ll get to later. Another answer is that entanglement
entropy has led to deep insights into the structure of QFT. It is a tool that is almost
orthogonal to the usual tools of QFT, and can be used to prove general facts about
QFT that, so far, cannot be proved using any other method. The most important
example is on the irreversibility of the renormalization group in d = 3. We’'ll now take
a brief detour to describe this result and the relevance of entanglement, as pioneered

by Casini and Huerta. We restrict to Lorentz-invariant QF T's.

20.1 The space of QFTs

The renormalization group connects conformal field theories:*

CFT
E

CFT S (20.1)

Starting with CFT"' in the UV, we deform by a relevant operator and flow down to
CFT? or, depending on the deformation, perhaps CF'T? in the IR. These CFTs might
be free, or trivial, as in QCD, which is an RG flow between a free theory in the UV
and a gapped (empty) theory in the IR. The IR fixed points may also have relevant
perturbations, so we can continue the process and flow to new theories. Two natural

questions are:

*Strictly speaking, it connects scale-invariant theories. It is widely suspected that scale invariant
QFTs are necessarily conformal, but this is proven only in 2d and in 4d under certain assumptions.
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1. Which CFTs can flow to which other CFTs? For example, can the green flow in
the figure exist, connecting CFT? to CFT*? Or should it flow from CFT* to
CFT? instead?

2. Can there by closed cycles, connecting the IR back up to the UV like the red
dotted flow in the figure?

The RG involves integrating out degrees of freedom, so it would be very strange to find
closed cycles! We expect that each time we do into the IR, we reduced the number of
degrees of freedom. To make this intuition precise has been a longstanding problem in

quantum field theory.

20.2 How to measure degrees of freedom

To make this precise we need to define ‘number of degrees of freedom.’

Free energy is no good
One ‘obvious’ guess fails. Let’s try to measure degrees of freedom by computing the
thermodynamic free energy, log Z. This can be computed by the Euclidean path inte-

gral on R*' x S, At a fixed point, dimensional analysis fixes
F(ﬁ) = _Ctherm‘/;lfle (202)

where ¢perm is a dimensionless number that we might guess counts degrees of freedom.
However, ciperm does not necessarily decrease along RG flows. An example is the flow
from the interacting critical point of N bosons in d = 3, to the Goldstone phase with

N — 1 free bosons.

So we need a more sophisticated measure of degrees of freedom. The correct measure

depends on dimension, as do known results about the irreversibility of the RG.

d=2: c-theorem

This case is the easiest and has been understood since the 80s, when Zamolodchikov
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proved that the correct quantity to consider is the central charge c. Zamolodchikov’s
c-theorem states
Cuv Z CIR (203)

in a unitary, Lorentz-invariant RG flow.

¢ plays many roles in a 2d CFT: It appears in the Virasoro algebra, in the trace
anomaly, in the stress-tensor correlation functions, in the Casimir energy on a circle,
in the thermodynamic free energy, and in the groundstate entanglement entropy. In
higher dimensions, these different quantities can have different constants associated to
them, so it is not obvious how to generalize (20.3) to higher dimensions. The picture
that has emerged in the last few years (conjectured in even dimensions long ago by
Cardy) is that the correct quantity to consider is the partition function on S¢. Exactly

how this works depends on the dimension.

d=3: F-theorem

The correct measure of degrees of freedom in a 3d CFT is
F = —log|Zss| . (20.4)

It can be shown that this is equal to the finite term in the entanglement entropy of
a spherical region. That is, let A be a ball of radius L4. In the vacuum state the

quantity appearing in (19.5) obeys

U
Il
&S

(20.5)
This quantity obeys the ‘F-theorem’,
FUV > F[R . (206)

This was proved by Casini and Huerta using entanglement methods, described below.

d=4: a-theorem

In even dimensions, the partition function on S¢ has a log divergence due from the
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conformal anomaly. The coefficient of this log divergence is called a:

R
log Zg1 ~ alog — . (20.7)
cuv

The same number appears in the entanglement entropy of a spherical region. In the
notation of (19.6),

Sxa. (20.8)

This obeys the ‘a-theorem’,
ayvy > arr - (209)

20.3 Entanglement proof of the c-theorem

Zamolodchikov derived the c-theorem in d = 2 using standard QFT methods, without
reference to entanglement entropy. Later, it was derived using entanglement entropy by
Casini and Huerta. Their derivation is very elegant, and exemplifies how entanglement

inequalities can be applied in QFT. Unlike Zamolodchikov’s proof, it also generalizes
to d = 3.

We consider any Lorentz-invariant QFT in 2d. Consider two boosted, overlapping

intervals A and B, arranged as follows:

¥ (20.10)

We have also labeled the regions X, Y, Z. All of these are spacelike regions. Comparing

causal diamonds, Lorentz invariance, as discussed in section 19.2, implies
SA = SXUY ) SB = SYUZ (20'11)

and
Saus = Sxuvuz, Sane = Sy - (20.12)
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Now, strong subadditivity implies
SA—l-SB ESAuB‘i‘SAmB (20.13)

i.e., (with U’s implied)
Sxy + Syz > Sy + Sxyz - (2014)

Parameterize the region lengths by r» and R with
((A) = VTR, ((Y)=R. (20.15)

In the vacuum state, the entanglement entropy can depend only on the proper length

of the region. Thus SSA becomes
25(VrR) > S(R) + S(r) . (20.16)
Expanding with R = r + €, this means
rS"(r) 4+ S'(r) <0 (20.17)

or equivalently
C'(r) <0, C(r)y=rS"(r) . (20.18)

(20.18) is the main technical result: the function C(r) is monotonic as a function of
interval size. Now for the interpretation. First, suppose our QFT is scale invariant. In

this case, from (19.8), the entanglement entropy is

c r

S =—log—— . 20.19

) = o (20.19)

Thus the Casini-Huerta C-function C(r) is proportional to the central charge at a
critical point,

Cepe(r) =rS'(r) = g : (20.20)

Now, if the QFT is not scale invariant, then it describes an RG flow between some

UV CFT and some IR CFT. That is, the QFT at very short distances is equivalent

to CFTyy, and the QFT at very long distances is CF1T;g. We are interpreting the

physical distance r as the RG scale. But we know that at the fixed points, C(r) is
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given by the central charge,

C(r —0) = CU?V . C(r—o0) =R (20.21)

Integrating the equation C’(r) < 0 from short to long distances,
/ drC'(r) <0 . (20.22)
0

This proves the c-theorem,
Cuv 2 CIR - (20.23)

Note that nowhere in this proof have we used the concept of a quantum field!!! We
used only locality, Lorentz invariant, quantum mechanics, and unitarity (in the guise

of the SSA inequality).

20.4 Entanglement proof of the F' theorem

Casini and Huerta’s proof of the I’ theorem d = 3 is quite similar. In this case, there
is no other known way to prove that RG flows are irreversible — standard field theory
methods in even dimension rely on the conformal anomaly, which does not exist in odd

dimensions.

We will just briefly sketch the argument, since it is similar to d = 2. In a 3d CFT in

vacuum,

SGFT o L (20.24)
€vv

where S is a constant, independent of r and eyy. Therefore a natural guess for the

monotonic function is

F(r)y=rS"(r)—S(r), (20.25)
which agrees with S at a critical point,

Fepr =8 . (20.26)
To use SSA, we use a more clever version of the boosted-interval setup. Two boosted
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balls, won’t work, because the union of the causal domain of two boosted balls is not
the causal domain of any ball. Instead we must arrange an infinite number of boosted

regions. Projected onto a single time slice, they look like this:*

i
L
\\Q\\\s\\\\\\\

(20.27)

An argument similar to 2d implies that F”(r) < 0, which establishes the F-theorem:

Fyv > Fig - (20.28)

*Figure taken from Casini and Huerta 1202.5650.
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21 Holographic Entanglement Entropy

21.1 The formula

We now turn to entanglement entropy in CF'Ts with a semiclassical holographic dual.
That is, we assume the CFT has a large number of degrees of freedom Ngop > 1 (so
that C445 > Cpianck) and a sparse low-lying spectrum (to suppress higher curvature
corrections, i.e., Laqs > lsiring). We also assume that the CFT is in a state p with
a geometric dual. This last assumption is needed since even in a holographic CFT,
not every state corresponds to a particular geometry (consider, for example, a linear

superposition of two black hole microstates with very different energies).

The entanglement entropy in this case is given by the holographic entanglement entropy
formula:
area(a)

= —>" 21.1
SA 4GN ) ( )

where v, is a codimension-2, spacelike extremal surface in the dual geometry, anchored
to the AdS boundary such that
Ova = 0A . (21.2)

An extremal surface is a surface of extremal area. This looks roughly as follows, with
z the radial direction in AdS:

(21.3)

~v4 lives in a particular spacelike slice, so that is what is drawn here with the orthogonal

(time) direction suppressed.

Two additional comments: First, in (21.1), we are only allowed to include extremal

surfaces 74 which are homologous (continuously deformable) to region A. Second, if
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there are multiple extremal surfaces satisfying the homology condition, then the rule

is to apply (21.1) to the one which has minimal area.

History and Nomenclature

In the static case, this is generally referred to as the Ryu-Takayanagi formula, after
the authors who conjectured it in 2006. In time-dependent geometries it’s called the
HRT formula, after Hubeny, Rangamani, and Takayanagi. Important refinements, dis-
cussed below, were also made by Headrick, and many others. The static formula, and
the time-dependent formula in certain special states, were derived from the AdS/CFT
dictionary Z.;(M) = Zyqp(bdry = M) by Lewkowycz and Maldacena in 2013. Be-
cause RTHHRTLM is a mouthful, I will refer to the general formula (21.1) as the HEE

(holographic entanglement entropy) formula.

Static case

In a static geometry there is a natural ¢ coordinate, and symmetry implies that v4 will
always lie within a fixed-t slice. An extremal surface in a fixed-¢ slice is the same as
a ‘minimal area surface’ inside this slice, so in this case the HEE formula reduces to

finding a minimal-area surface in a d — 1-dimensional space geometry.

Extremal surfaces are minimal-area with respect to deformations inside a fixed-t slice,
but maximal-area with respect to deformations in the ¢ direction (since we can always
reduce the area of a surface by making it ‘more null’). The same is true of spacelike
geodesics, which extremize the length of a curve in spacetime, rather than minimizing

or maximizing it.

21.2 Example: Vacuum state in 1+1d CFT

Consider a 2d CFT in vacuum. Let region A by an interval of length L4,

L Ly
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The dual geometry is empty AdS3, with metric

2
ds® = %(—dﬂ +da® + d2?) . (21.5)

z is the radial direction, with the boundary at z = 0.

The state is static, so we can set t = 0. A codimension-2 extremal ‘surface’ in AdSs is
one-dimensional, i.e., a geodesic. So the HEE formula instructs us to find a spacelike

geodesic, in the space geometry
ds® = —(dz® + d2?) | (21.6)

connecting the points

L L
Pl = (21,513‘1) = (O, —TA) and P2 = (2’2,5132) = (0, TA) . (217)

However, a geodesic that reaches the boundary like this will have infinite length, since
S % = 00. This is the gravity dual of the statement that entanglement entropy in QFT
is UV divergent. To regulate the divergence, we follow the same procedure we used to
regulate the on-shell action, or holographic correlation functions: cut off the spacetime

at z = cUyv.-

Thus we want to compute the length of this curve:

(21.8)
Parameterizing the curve (x(\), z(\)) by z, the regulated geodesic length is
Length = /ds
_ 9L, /m % PR+ (21.9)
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The factor of 2 is because we the geodesic goes out, and comes back, and we will only
integrate z € [€, Zmaz| once. Treating (21.9) as a 1d “action”, it is easy to show that

the geodesic is a semicircle,

L L
JZZTACOS)\, z:fsin/\, /\E(iﬂ'—i). (21.10)

Plugging this back into (21.9) and doing the integral gives

L
Length = 2L 4 log (—A) . (21.11)
euv
Therefore, applying the HEE formula (21.1),
Ly Ly
Sp = 1 . 21.12
A QGN 08 (EU\/) ( )

The map between gravity parameters and CFT parameters in AdS3/CFTj is

3¢
= — 21.13
where c is the central charge, so
L
Sa= Clog (—A) . (21.14)
3 €UV

This agrees perfectly with our general discussion of the structure of entanglement
entropy in QFT in even spacetime dimensions, (19.6), including the UV divergence.

The prefactor also agrees exactly with the known result in 2d CFT, (19.8).

Exercise: 2d HEE
Fill in all the missing steps — i.e., solve for the geodesic and do the length integral
— in the derivation of (21.14). Don’t forget to use conserved quantities to efficiently

solve the geodesic equation.
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Exercise: Strips in d dimensions
Compute the holographic entanglement entropy of an infinite strip of width L, in a
d-dimensional CFT in the vacuum state. That is, with CF'T coordinates (¢, z, ¥), region

A is the region © € [—La/2,L4/2], t =0, §¥ =anything.

21.3 Holographic proof of strong subadditivity

The proof of the strong subadditivity inequality in quantum mechanics is rather tech-
nical and tricky. The holographic proof, in static states, is easy! The statement of SSA
for a tripartite system is

Supc + Sp < Sap + Spe - (21.15)

Let’s draw the various minimal-area surfaces:

-t

A B C ' (21.16)
We’ve picked a color scheme to reorganize the inequality a bit, so now it says

red + green < blue + black . (21.17)
The fact that the curves are minimal area immediately implies

red < blue, green < black (21.18)

so SSA follows.

This argument has also been extended to the time-dependent case. It is much trickier,

since the extremal surfaces need not all lie in the same spatial slice.
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21.4 Some comments about HEE

HEE and Bekenstein-Hawking

The HEE formula is a generalization of the Bekenstein-Hawking area law for black
hole entropy. To see this, let’s apply the formula to a static black hole spacetime, and
choose region A to be all of space. In this case the boundary condition (21.2) on the

extremal surface is

=0 . (21.19)

It is tempting to say < is the empty set, but this would not satisfy the homology

condition. A spatial slice of the black hole spacetime looks like

(21.20)

This is not simply connected, and the ‘empty set’ curve is not deformable to region A.

So, in fact, we must choose 4 to be the horizon itself (which is extremal). Thus

area(horizon)
Sp=—"--—7"—"> 21.21
4 4Gy (21.21)

in agreement with Bekenstein-Hawking.

But why is this ‘entanglement entropy’? Actually, it might not be. More accurately, the
HEE formula computes the von Neumann entropy of the reduced density matrix, S4 =
—trpalog pa. This von Neumann entropy may or may not come from entanglement —
we can’t tell the difference without knowing the full system. In the black hole spacetime,
the ordinary thermal entropy is the von Neumann entropy of the thermal state p =
e P so the HEE formula applied to the full space gives the thermal entropy. You can
also think of this as actual entanglement entropy coming from the entanglement of the
CFT with the thermal double.
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Some words

Entanglement entropy is a measure of how quantum information is spatially organized
in a quantum state. In a general QFT, it is extremely complicated, and we do not
expect any tractable simple formula. The fact that it simplifies, and becomes geometric,
in holographic CFTs is a deep fact about strongly coupled systems. It means that the
organization of quantum information approaches a sort of simplified, universal limit at
strong coupling. How this happens and exactly how it is related to emergent geometry

is an unsolved, and presumably very important, problem in current research.
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22 Holographic entanglement at finite temperature

In this section we will discuss the HEE computation in a black hole spacetime. For
explicitness, we will talk about the BTZ black hole in AdSs, but all of the results hold

qualitatively in higher dimensions, too.
The BTZ metric is static, so we need only the fixed-time metric ({ = G = 1)

2 dr’ 2 7.2

This is dual to a finite-temperature state p = e ?# with temperature
T =V8M/2r . (22.2)
Choose region A to be the boundary segment
A »€(0,R) . (22.3)

So the figure is

7 (22.4)

There are many geodesics connecting the endpoints of region A. In fact there are an
infinite number, labeled by the integer number of times that the geodesic winds the
black hole. If R < 27, then there is one that is obviously the shortest, which does not
wind the black hole. This is the one drawn in the figure. The length of this geodesic

is infinite, but if we impose a cutoff at » = 1 /ey, the resulting entropy is

g0 _ length(r))
o _

4G N

C1
= =0
3 & Tl Eyy

sinh(7RT)| , (22.5)
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with ¢ = 3¢/2Gy.

For 0 < R < 2m, this is the final answer. For R > 2w, the same formula (22.5)
computes the length of a geodesic that winds (possibly multiple times) around the
horizon. The winding geodesics do not satisfy the homology condition, i.e., they cannot
be continuously deformed to A. But we must also consider disjoint geodesics. For
example, the horizon itself is a geodesic H. This can be added to to the wrapped
geodesic 4. The union

YD UK (22.6)

is homologous to region A, if we view the orientation of H as opposite that of 71(41).

If region A is large, we must choose the dominant (minimal area) surface. We are

choosing between the red (wrapping) and blue (disjoint) surfaces in this figure:

(22.7)
The length of the red curve is what we computed above,
Sred — glog LT - sinh(wRT)} . (22.8)

The length of the blue curve gets a contribution from the short part, and a contribution

from the horizon:

Shiue = ¢ log [

. sinh(r (27 — R)T)} + Sopr (22.9)

1L Eyy 3

The first term is the answer above, applied to A®. The second term is the thermal

entropy, which we know is area(horizon)/4.

The final answer is
Sa(R) = min [S7¢,  S4“] (22.10)
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The two contributions exchange dominance at some point R, > 27. At this point
there is a sharp transition in the behavior of the entanglement entropy. The plot as a

function of system size is something like the solid line in this figure:

Szlfjr{}

S.l herrmal

H+

2m R (22.11)

Pure vs mixed
Clearly with a black hole, S4 # S4c due to the homology condition. In fact we found
(for R > R,)

S4 = Sac + Stnermat - (22.12)

Since Sinermar is the von Neumann entropy of the full space, this can be written
Sa=Sp+ Sam (22.13)

Thus the entanglement entropy of the black hole saturates the Araki-Lieb triangle
inequality,

Sap > |Sa — Sp . (22.14)

This is a special feature of thermal states in holographic systems.
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22.1 Planar limit

The infinite-volume limit of the CFT is a limit of the black hole where the horizon

becomes planar. We can take this limit for BTZ by assuming
TR>1, R < 2m . (22.15)
In this limit, our answer (22.5) reduces to
Sy~ §7TTR + subleading (22.16)
This is equal to the thermal entropy density,

R
SA ~ Sthermal(ﬁ) X . (2217)

27

This makes sense: in the thermodynamic limit, the state is very mixed up, and the

subsystem itself just looks thermal at temperature 3.

Geometrically, the reason behind (22.17) is that, in this limit, the extremal surface

‘hugs’ the black hole horizon for most of its length:

(22.18)

The contribution from the horizon is proportional to the horizon area, i.e., to the

thermal entropy.

We have discussed BTZ, but the same feature generalizes to planar horizons in higher
dimensions: for L, > 3, the extremal surface hugs the black hole horizon, giving a

volume-law contribution to the finite-temperature entanglement entropy.
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23 The Stress Tensor in 2d CFT

In the last few lectures, we will go into more depth on the AdS;/CFTy correspondence.

First we need to cover some more ground in the basics of 2d CFT.

References: For 2d CFT I recommend: Chapter 2 of Polchinski’s text; Chapter 4
of Kiritsis’s text; the big book of Di Francesco et al; and the string theory lectures
notes by David Tong, available online. For the optimal introduction to the subject, I
recommend working through the chapter of Tong’s notes first, then working through

chapters 4-6 of Di Francesco et al.

23.1 Infinitessimal coordinate changes

Recall that in two dimensions, with complex coordinates in Euclidean R?,
ds® = dzdz , (23.1)

conformal transformations are holomorphic coordinate changes:

w=w(z), w=w(2). (23.2)
The coordinate change
2=z +€(2) (23.3)
corresponds to the vector field
¢"0, = —€(2)0, (23.4)
They act on fields as
¢'(2,2) = ¢(<,Z) + ("o (23.5)

The infinitessimal generators can be taken as

Co=—2"10,, (o =—-2"T0;. (23.6)
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The conformal generators make an algebra

[Cma Cn] = (m - n)Cern ) (23.7)

and similarly for the barred generators. This is called the ‘Witt algebra’ (or centerless

Virasoro algebra).

The algebra is infinite-dimensional. There is one subalgebra, which consists of the 3

generators (1. These make the global subalgebra SL(2):
C—17C07C1 and 5_1,50,4__1 = SL(Z,R) X SL<2,R) ~ 30(2,2) . (238)

It is called the global subalgebra because these are the only (/s that are non-singular
on the Riemann sphere. To see this, first look near z ~ 0. Clearly the vector field
(o = —2"T19, is regular only for n > —1. Now, do the coordinate change w = 1/z,

and look near w ~ 0. The vector field becomes
(o= —2"10, = —w " H(—w?)d, (23.9)

which is regular only for n < 1. So the generators in (23.8) are the only ones regular

at both poles of the Riemann sphere.

23.2 The Stress Tensor

Translation invariance implies the action S is invariant under z* — x*+¢*, for constant
€. The classical stress tensor is defined by applying the Noether to this symmetry.
Promoting e to an arbitrary function of x*# and varying the action must give something

proportional to Oe,

68 = —2 / 2\ /gT" D€, . (23.10)
This defines the stress tensor*

dm 65
ny = _ﬁégm/ . (2311)

*Note the extra —27 compared to our when we computed gravitational stress tensors a while back.
This is just a convention but will be important to remember when we compare the two.
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It’s conserved

The Noether procedure guarantees that
v, =0. (23.12)

In a flat background (23.1), in complex coordinates the two components of this equation
are

where we have introduced the shorthand
0= 0., 0=205. (23.14)

From (23.13), T, is a holomorphic function of z, and T is anti-holomorphic. These
will be denoted
T(z)=1T..,, T(2)=T; . (23.15)

And traceless
So far we have used only translation invariance. In a theory that is classically scale
invariant, we can also conclude that the trace of the stress tensor vanishes. The sym-

metry in this case is the infinitessimal rescaling

ot — ot 4 At (23.16)
Since under a rescaling
a,ueu == )\g,uz/ 5 (2317)
the variation of the action is
§S / d?2\/gAT". (23.18)

Scale invariance implies that this integral vanishes; conformal invariance, or local scale

invariance, means we can make A — A(z,2) so T 1t =10. In complex coordinates,

T,:=0. (23.19)
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This is the classical stress tensor. Even if it is traceless, the quantum stress tensor might
have a non-zero trace, for two different reasons. First, the UV regulator introduces a

scale, and may introduce a trace. In fact, in a renormalizable theory,
Thz) =Y Be,0i(x) (23.20)

where O; are the relevant operators of the theory, g; are the corresponding couplings,
and (3, are their beta functions. So, for example, in massless QCD, although the
classical stress tensor is traceless, the quantum stress tensor has a contribution from
the non-zero QCD beta function. In a CF'T, all the beta functions are exactly zero, so

the equation
;=0 (23.21)

is true as an operator statement. The phrase “as an operator statement” means the
equation is true inside correlation functions, up to delta-functions where T hits other

operator insertions (we’ll see some of these delta functions below).

The second origin of a non-zero trace is a quantum anomaly. This happens even in
CF'T, if we place the theory on a curved background. This is called the Weyl anomaly

and is important but we probably won’t have time to cover it.

Noether currents for conformal symmetries

T'(z) is the Noether current for translations. That is, the current J* with
J*=1T(2) (23.22)

is the current associated to z — z+const. What are the Noether currents associated

to the general conformal transformation z — z + €(z)? These are simply
J*=€(2)T(2) . (23.23)

This is sort of obvious; to reproduce it from the Noether procedure, you can promote

€(z) — €(z, z) and apply the usual Noether procedure.
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As expected, the current is conserved,

8" = d(eT) =0 . (23.24)

23.3 Ward identities

Ward identities are the quantum version of the Noether procedure.

Suppose we have a general symmetry ¢ = ¢ + ed¢. The fact that this is a symmetry

means the action and the path integral measure are invariant,
S[¢'l =S[¢l. D¢ =D¢. (23.25)

Thus, promoting € — e(x*),

/ Dge= 5l = / D¢'e=51¥l (23.26)
_ / Dee—Ste=J 7o.c (23.27)
= / Do(1 — / JH0,€)e 1] (23.28)

The first line is just renaming a dummy variable; the second line defines the current,
J#, which may have contributions from both the classical action and the measure; and

the third line expands to linear order. It follows that

( / JEO,E) =0 (23.29)

for all €, and so

(0,J") =0 . (23.30)

This is the quantum version of the Noether procedure. The same exact steps, starting
instead with [ D¢O;(z1) -+ - Oy (,)e~ 51 can be used to show that

(0, " (y)O1(z1) -+ - Op(z)) =0 if ; #y . (23.31)

The restriction to z; # y is necessary for the derivation to work. Just set the support of

202



€ to a small circle around y that does not include any of the other operator insertions,

and repeat the steps above.

The equation (23.31) means
9, J" =0 (23.32)

This is an operator equation, ie it holds inside correlators, up to delta functions.

If there are insertions that collide with 8, J*, we have to be more careful. Suppose z; =
y. Then when we do the transformation inside the path integral, the transformation

also affects this operator insertion,
Ol — 01 + 6(501 . (2333)
So now,

/quOl(xl) e On(mn)6_3[¢] = /D¢(1 — / J"0,€)(0O1 4+ €001)0; - - - 0,,e 519!
(23.34)

and the conservation law is modified to (restoring some dropped constants)

- (T (Y)Or(21) - - On(n)) = (001(21)O2(22) - - - On(n)),  (23.35)

27 Jp(y)

where D(y) is a disk enclosing y, where we've chosen € to be non-zero. Allowing for

any of the operators to collide with the current, (23.35) becomes
0" (y)Or(21) -+~ On()) = D 8(y — ) (Or -+ 80, Oy) . (23.36)

(23.36) is called the Ward identity.

As a residue
In two dimensions, using complex coordinates we can write (23.36) in a nice way. By

Stokes, we have

/ OpJ" ~ }{(szz — J:dZ) (23.37)
D(y) Yy
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and

4 d20(2)0(x) = —res,n J(2)0(z) . (23.38)

2 J,

Therefore, the Ward identity (23.36) can be written as the operator equation

00(z) = —res, [J(2)O(x)] . (23.39)

Conformal Ward Identities

The Noether current for the conformal symmetry z — z + ¢(2), from (23.23), is
J(z) =€(2)T(2) . (23.40)

Therefore the Ward identity for conformal transformations, allowing for both holomor-

phic and anti-holomorphic transformations, is

0e:0(x) = —res,, [e(2)T(2)O(z)] . (23.41)

23.4 Operator product expansion

The product of two local operators can be Taylor-expanded as local operators at a
single point:

01(2)0s(y) = Z Froj(z — )0, (u) . (23.42)

The sum is over all local operators in the theory. This is called the operator product
expansion (OPE). The OPE coefficients fi5;(z — y) depend on the theory, but they
are restricted by conformal invariance, so that in fact the f;;.’s of primary operators

determine the f;;;’s of descendants as well.

The Ward identity, in the form (23.41), means that the singular terms in the O(z)T(y)

OPE are related to the conformal transformations of O.
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Primaries

Recall that primary operators transform as

O'(Z,7) = ((jl—'j) - <Z—i) EO(z,z) (23.43)

where (h,h) are called the conformal weights of O. The corresponding infinitessimal

transformation is

56750(2, 2)

0'(z,2) — O(z, 2) (23.44)
= —(hOde + €d0) — (hOJE + €DO) (23.45)

Comparing to (23.41), this means

hO(w, w) N 00 (w, w)

T(2)O(w,w) = w) po—

(23.46)

" means that we only written the singular terms in the OPE; there is

The symbol ‘~
also an infinite series of contributions regular at z = w. To check this gives the correct

residue, expand
e(2)T(2)0(w) = T(2)e(w)O(w) + (z — w)T(2)€ (w)O(w) + - - - (23.47)

and look at the simple pole in (23.46).

Upshot
The lesson is that singular terms in the T'¢ OPE contain exactly the same information
as the transformations of ¢ under conformal symmetry. The conformal algebra is one

and the same as the data in the singular part of the OPE.

23.5 The Central Charge

Now we will examine the transformation of the stress tensor under conformal symme-
try, or equivalently, the T'T" OPE. Much of the discussion in this section is easiest to

understand first using an example like a free scalar field. This example is worked in
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every reference so I will not repeat here but encourage the reader to jump to the free

scalar section of Polchinski, Kiritsis, or Tong’s notes before continuing.

The stress tensor is not a primary, so we cannot plug O = T into (23.46). But, it does

behave similar to a primary under rescalings, with (h, h) = (2,0):
T'(\z) = AT (z) . (23.48)

This is basically dimensional analysis; the energy should have mass dimension 1, and
E ~ [T. Similarly, T(Z) has scaling weights (h, h) = (0,2). Requiring both sides of
the OPE to have the same scaling weight, it must have the form
2 X X X
T(2)T'(w) = o2 | X | Xs(w) | K)o , (23.49)

(z—w)? (z—w)? (z—w)®? z—-w

where ¢ is a number (the 2 is inserted by convention), X; is some field of dimension
(1,0), X5 is dimension (2,0), and X; is dimension (3,0). There are no terms more
singular than (z — w)?, since fields must have positive scaling weight in a unitary

theory.” The exchange symmetry
T(2)T(w) =T(w)T(2) (23.50)

set X; = 0. The OPE is always invariant under permutations (in Euclidean signature).
One way to see this is that equal-time commutators in Lorentzian signature must
vanish by causality, and these equal-time commutators correspond to permutations of

the Euclidean correlator. This property is sometimes called locality or causality.

To fix the other two terms, we use the Ward identity for the scale symmetry (23.48).

The Noether current for scale symmetry is, from (23.23)
Jscate(2) = 2T'(2) . (23.51)

Then using the Ward identity (23.41) gives our final answer for the singular terms in

the OPE:
c/2 27 (w) n oT (w)

4 2

T(2)T(w) ~ EEm T P— — (23.52)

*I will not explain why, but this can be found in the references, in the section on the state-operator
correspondence and conformal reps. This also explains why ¢ must be a number, not a field.
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The constant ¢ is called the central charge. For a free boson, it turns out to be ¢ = 1,

and for a free fermion ¢ = 1/2. (see references).

Transformation law for the stress tensor
Knowing the TT" OPE, we can use the Ward identity 07'(w) = —res,,|€(2)T(2)T(w)]

to find how T transforms under a conformal symmetry:
5T = —¢T" — 26T — 1—026“’ . (23.53)

The first two terms are the usual transformations of a primary. The last term is an

‘anomolous’ term coming from the central charge.

The finite transformation law, obtained by integrating (23.53) is

T'(2) = (‘fl—'j) B [T<z) - 1—62{2',,2}] , (23.54)

where

_ sy
{f(z)vz - f/ 2 (f/)Q

is called the Schwarzian derivative. The easiest way to derive (23.54) is to check that

(23.55)

it agrees infinitessimally with (23.53), and that it composes correctly under multiple

transformations.

Aside: Virasoro algebra

We won’t cover the operator formalism in this course, so I will not discuss the Virasoro
algebra in detail. Roughly, you can decompose the stress tensor into modes, L, ~
$ dzz""'T(z). Then the TT OPE (23.52), combined with the Ward identity, become
the Virasoro algebra

[Lns Ln] = (m — )L — L] + 1—62(m3 — )G - (23.56)

This is where the name ‘central charge’ comes from. It is another way of writing
(23.52): the T'T OPE, the Schwarzian derivative, and the Virasoro algebra all contain

the same information.
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23.6 Casimir Energy on the Circle

c is related to the Casimir energy of the theory on a circle. The mapping from the

plane to the cylinder of radius L is
z =¥/l (23.57)

The cylinder coordinate is identified w ~ w + 4L, since this takes us around a circle on

the z plane. Using the finite transformation law (23.54) gives

2

To(w) = < A )222 (Totane(2) 24622) , (23.58)

where now we’re using ‘plane’ and ‘cyl’ to distinguish the stress tensor before and after

the transformation.

Let’s calculate the expectation value. On the plane, scale invariance sets all 1-point
functions to zero:

(Tytane(2)) = 0 . (23.59)

This is because the only scale-invariant function of z with weight 2 is 1/22, but this

would not be translation invariant. Now using (23.58),

Tt =5 (%) 23.60)

This is a Casimir energy, in the usual sense: we started with a theory on a line (i.e.,
space is a line), then imposed periodic boundary conditions with period L, and found
energy ~ 1/L. The size of the Casimir energy is fixed by the central charge. This is
our first indication that ¢ might be a good way to the measure the degrees of freedom
of a CFT.

To compute the value of the energy explicitly, choose real coordinates w = 7 + ¢,

where ¢ ~ ¢ + L. The energy is defined in the usual way by integrating the stress
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tensor over a fixed-time slice:

1
Eep = 5= el de(T (1 =0,2)) (23.61)
™
L[ dx (T + T (23.62)
= — T DT .

In the second line, we just did the change of coordinates w = 7 + i¢,w = 7 — i¢, and
used tracelessness of the stress tensor, T,,; = 0. Evaluating this in vacuum gives the

Casimir energy

c 2m
B = ——— . 23.
In a general state, (23.61) gives
Boy=A— = (23.64)
cyl — 12 .
where .
A= <2—i ( 7{ dz2T(z) + f dzzT(z))> : (23.65)
T

Recall that J = 2T(z) is the Noether current for scale transformations. Therefore, the
rhs is the expectation value of the scale operator. In an eigenstate, A is the scaling
dimension of that state. So (23.64) says that the energy on the cylinder is the scaling
dimension on the plane, shifted by the central term. This makes sense, since time

translations on the cylinder correspond to scale transformations on the plane.

Exercise: free boson
The action of a free boson is S = [ d?20¢0¢. Use the Noether procedure to find the
stress tensor. Then, compute the 77" OPE and confirm that ¢ = 1. (See Polchinski,

Kiritsis, Di Francesco, or Tong’s notes if you get stuck).
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24 The stress tensor in 3d gravity

Now we will compare the stress tensor of 3d gravity to our results of the previous

section. Consider the asymptotically-AdS; metric

2 2

¢
ds? = —dr” + Z—dedz 4 huod2? 4 haadz? + 2h,.dzdz | (24.1)

We have not written every possible term in the perturbation %, , but it turns out that
other terms can be removed by a diff. Also, we will keep only the leading term in A,

at large 7, i.e., near the boundary, so we can assume that f,,, is independent of 7.

The Einstein equations imply that the perturbation is traceless and conserved:

h,; = 0 (24.2)
Ohss = Oh,, =0. (24.3)

24.1 Brown-York tensor

The stress tensor of this geometry was computed in an exercise from one of the early

lectures. Let’s briefly review how this works. The Brown-York stress tensor is*

A 6son—shell

T; = Einstein 24.4
’ NG dg" ( )
1 1

The first two terms came from varying the Einstein action plus the Gibbons-Hawking
boundary term. The last term comes from the counterterm, with the coefficient set
in order to make the answer finite as  — oo. Plugging the metric (24.1) into (24.5),

using (24.2) and doing a lot of work, eventually

1 1
TZZ — —_hzz 5 ng — —_h** . 246
", (24.6)

*We’ve changed conventions by a factor of 27w compared to some earlier lectures. This is just a
choice, made to agree with our convention for the CFT stress tensor.
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Thus the Brown-York metric is traceless, conserved, and therefore holomorphic/anti-
holomorphic just like in CFT.

24.2 Conformal transformations and the Brown-Henneaux cen-
tral charge

Under diffeos, the metric (24.1) transforms as
5guu = nguu . (247)

What vector fields ¢ preserve the form of the metric (24.1)?7 The answer is

2 = ztez) = 55 (3) (24.8)
— — —= 64 "

Z — Z+E(Z) - 272€ (2)

ro— - ge’(z) - ga(z)

for arbitrary functions €(z) and €(z). Near the boundary, these act on z,z just like

conformal transformations. The extra 0, piece acts as a rescaling.

Thus transformations of AdS; that preserve the asymptotics of the metric coincide

with 2d conformal transformations!

Let’s set € = 0 and focus on the holomorphic conformal transformations. Under (24.8),

the metric transforms as
52
ds* — ds® + <—2hzze’ —eh + 56”’) dz? (24.9)

Thus the dz? piece of the metric, which we interpreted as the gravitational stress tensor

up to a factor of —1/4¢, transforms as
g "
01 = —€edT — 2T 0¢ — ge ) (24.10)

This is exactly the transformation law in 2d CFT derived in (23.53). Comparing the
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coefficient of the anomalous term, we see

3¢

C:E

(24.11)

where we’ve reinserted a factor of G (previously set to 1) by dimensional analysis.

This is called the Brown-Henneauz central charge, after Brown and Henneaux who com-
puted it way back in 1987 — long before AdS/CFT, and even well before the discovery
of the BTZ black hole or the Brown-York stress tensor. They used a different method,
based on conserved charges, which directly produces the Virasoro algebra (23.56) as
the asymptotic symmetry group. As far as I know, they did not recognize the relation

to the 2d conformal group.

24.3 Casimir energy on the circle

Recall the metric of the 3d black hole (BTZ):

7,,2 2

r
d82 = —(_ - 8M)dt2 + m + 7°2d¢2 (24'12)

£2

It is up to us whether to identity ¢ ~ ¢ + 27 (since there is no conical defect even if
we leave ¢ € [—o0,00]). The BTZ black hole is the solution with ¢ ~ ¢ + 2m. The
boundary of this spacetime is the Lorentzian (¢, ¢) cylinder, so this is dual to the CFT

on a cylinder.

In an exercise in a previous lecture you computed the energy of this solution, and found
E =M.

Global AdS can also be written in the form (24.12), by choosing M = —£. Therefore

the gravitational energy of the groundstate on the cylinder is

12 c
Evac = T35 = T T4 24.1
8 12 ( 3)

where ¢ take the Brown-Henneaux value (24.11).

This is equal to the Casimir energy of a 2d CFT (23.63). It was actually guaranteed

to agree once we found the transformation law (24.10) agrees with CFT, because the
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finite version of this infinitessimal transformation must be the Schwarzian derivative,

on the gravity side just as it was in CFT.
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25 Thermodynamics of 2d CFT

In this lecture we will discuss the thermodynamics of 2d CFT, including the torus
partition function and the famous Cardy formula for CFT entropy. Later we’ll come

back to holography, but this note is entirely in CFT.

The partition function of a theory at finite temperature is

= TrePH = Z e PE (25.1)

states

This is a sum over states in some Hilbert space; that Hilbert space depends on our
choice of the space in which the theory lives, i.e., our choice of boundary conditions

on the fields. If we choose space to be a circle, then

Z=>Y ePu= 3" a0 (25.2)

states states

where A is the scaling dimension of the state. The second equality comes from (23.64),

and assumes L, = 2.

As usual, the trace (25.1) is equal to a path integral in periodic imaginary time, with
period 3. Since space is also periodic, this is a path integral on a torus, with a ‘space’

identification and a ‘thermal’ identification:
w~w+L~w+if. (25.3)

Z(B) is equal to the Euclidean path integral on the torus (25.3).

Our aim is to compute this path integral at high temperature. First we discuss general

properties of CFT on a torus in the next couple subsections.

25.1 A first look at the S transformation

Consider a 2d QFT (not necessarily conformal yet) on a Euclidean torus. The most

general torus is specified by two lattice vectors U7, Ui on the (g, ¢) plane, meaning that
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we identify all points related by
(te, ¢) ~ (tg, @) + mvy + nts, m,n €. (25.4)

If the theory is rotationally invariant (i.e., if its Lorentzian counterpart is Lorentz
invariant), then we may w.l.o.g. rotate 07 to lie on the ¢tz axis. If the theory is scale
invariant, then we can also w.l.o.g. set its length to v5 = (0,27). Thus in a conformal

field theory, we are led to consider the theory on the torus

where 3 and 6 are arbitrary real numbers.

In the complex coordinate z = %(qf) +itg), the torus is specified by a complex number

r= o (B+if). (25.6)

The identifications are

2~z 1~z T (25.7)

The path integral on this torus will be denoted Z(7,7). 7 is called the modulus, or

complex structure modulus of the torus.

Converting to trace
The path integral on this torus can be converted to operator language by declaring
that ¢ is ‘space’ and tg is ‘time.” Then we take states on a constant-tz surface and

evolve them along the vector 30;, + i004. Thus the path integral can be rewritten as
Z(T7 7_'> = Tr H(oygw)e_ﬂH—HeJ (258)

where J is the angular momentum (which, by convention, generates motion along —0ds,
hence the sign flip). In the subscript, we have noted explicitly what Hilbert space
to trace over: it is the Hilbert space of states defined on the spatial slice where ¢ €
[0, 27] with ¢t held fixed. That is, the fields obey the boundary condition X (tg, ¢) =
X(tg,¢ + 2m). This is not standard notation; usually people just write ¢ Tr ’, with
H(0, 27) implicit.
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Large conformal transformations

We already know how conformal transformations act on the plane, as holomorphic/anti-
holomorphic coordinate changes. Now we want to examine conformal symmetry on the
torus. All of the usual conformal transformations z — z+€(z) are still symmetries, but
there are also new, ‘large’ conformal transformations, which cannot be continuously

connected to the identity.

The S transformation
One way to see this is to re-slice the torus path integral in a different way. We'll start
with an intuitive explanation in the simplest case § = 0, then come back to the general
story below. The torus is Euclidean, so we are free to switch the roles of tg and ¢
when we construct the trace by declaring tg is ‘space’ and ¢ is ‘time’. Then following
the usual logic, we find

Z(1,7) = Tr noe ™. (25.9)

Therefore we have written the same path integral in two different ways (25.8) and
(25.9),
Z(1,7) = Tr noeme 7 = Tr ypoe ™™ . (25.10)

This is true in any respectable quantum field theory. In a general (non-conformal)
QFT, the Hilbert spaces in these two expressions are not the same. The first is the
Hilbert space on the circle ¢ ~ ¢+ 27, and the second is the Hilbert space on the circle
tg ~ tg + 6. Now, in a scale-invariant theory, these are related by a rotation by 90°
followed by a rescaling by 27/3. Thus, in a CFT,

71_2
Tr e ™ = Tt woame 7. (25.11)

Here the rotation by 90° sends J — H, and the rescaling inserts the factor of 2%
It follows that

g

This is called the S transformation. It came from a large conformal transformation

Z(B)= Tre Pl =7 <4—7T2> . (25.12)

that swapped space and Euclidean time, and it relates the thermodynamics at high

temperatures to the thermodynamics at low temperatures.
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25.2 SL(2,7) transformations

The S transformation is one of an infinite group of large conformal transformations on
the torus. These come from all the different ways of slicing the torus. We can think of
these as ways of choosing the fundamental domain for the torus on the z-plane. The

usual fundamental domain is the tilted rectangle with
2~z l~z4T (25.13)
But we can instead choose the even-more-tilted rectangle
w~w+l~w+7T+1. (25.14)

This is precisely the same torus, since the lattice m + n7 with m,n € Z is unchanged.
From the point of view of the z coordinate, the w coordinate system ‘winds’ around
the torus:

FIGURE : Twotori, windingcoords (25.15)

This coordinate transformation is called ‘T*. It acts on the modulus as
T: 7—-717+1. (25.16)

The winding means that this coordinate transformation cannot be continuously de-

formed to the identity, i.e., there is no infinitessimal version.

Every theory, conformal or not, is invariant under 7"
Z(r+1,7+1)=Z(7,7) . (25.17)

This is because we haven’t actually done anything, we’'ve just rewritten the same torus
path integral in a different coordinate system. We can also check explicitly from the

trace formula:
Z(t+1,7+1) = Tr e PHHOFMI (25.18)

For a theory with only bosons, this is equal to Z(7,7) since angular momentum is
integer quantized. In a theory with fermions, we have to be more careful about imposing

boundary conditions on the fermions, but in the end it still works.
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There are in fact an infinite number of ways to slice the torus. The general choice of

lattice vectors v}, v}, that generate the same lattice is

V] a b v
) = o (25.19)
vh c d Vg
where
a,bc,d € Z and ad —bc=1. (25.20)

a b
The matrix is therefore an element of the group SL(2,72)— i.e., , 2x2
c d

matrices with integer elements and unit determinant. This re-slicing maps

ar +b
et +d

T —

(25.21)

SL(2,7) is generated by the S and T transformations. The S transformation is the

0
matrix , which acts as

-1 0
S: 17— —-1/1. (25.22)

Above, we discussed the S transformation with zero angular potential, 7 = i3/(27).

In this case S : § — % as claimed above.

Unlike 7', the other SL(2,Z) transformations are not symmetries of a general QFT.
This is because the new space circle, which defines the Hilbert space, is not the same
as the old space circle. It is only in a scale-invariant theory that we can rescale these
two circles and see that they have the same Hilbert space. Thus in conformal field

theory, SL(2,Z) is a symmetry:

Z(r.7) :Z(CLT+b 0/7'+b)

- 7z - 25.23
cr+d eT+d ( )
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25.3 Thermodynamics at high temperature

(We will restrict to the case @ = 0, but angular potential can be included at the expense
of slightly more complicated formulas.) First let’s calculate the partition function at

very low temperature:

ZB) = Y e Prefe (3o 00). (25.24)

states

This is simply the statement that at very low temperature, the vacuum state dominates

the canonical ensemble. Above we found the Casimir energy Ey.. = —15, 80
Z(B) ~ef (B — o0) . (25.25)
Now, what about high temperatures? Modular invariance requires
Z(8) = Z(4x*/B) , (25.26)

so we can repeat the derivation at low temperature using the S-transformed partition
function. Replacing 8 — 472/ in (25.25) gives

Z(B)~e3m (f—0). (25.27)

The corresponding free energy, defined by Z = =5 is

F= —%QCTZ (%) : (25.28)
where we’'ve written the formula for a general ‘volume’, which we’ve been assuming
is 2m. This is a remarkable formula. The scaling with the temperature in the free
energy is fixed by dimensional analysis in a CFT, but the coefficient is not. The high-
temperature free energy dominated by very heavy states, and is usually impossible to
calculate in a strongly interacting QFT. But in this case, modular invariance relates it

to the Casimir energy of the vacuum state.

There are two immediate consequences. First, this confirms once again that ¢ should

be interpreted as a measure of degrees of freedom. Second, it fixes the asymptotic
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density of states. To see this, write the result as
d e / dEp(E)e PP ~ ™G0 (35 0) . (25.29)
states

The first sum is over all states of the theory; the integral is over energies, with p(E)

the density of states.

The rhs is very singular as # — 0. Each individual term on the lhs is regular at § = 0,
so the singularity can only come from the infinite sum. The strength of the divergence

must be related to the growth of p(E) as £ — oc.

To make this more quantitative, we can use standard thermodynamic formulae. The

thermodynamic entropy and energy are

21m2¢

S = (1-p£0p)logZ = 35 (25.30)
E(B) = —0slogZ = g—;g . (25.31)

Putting these together, we have
S(E) = 27T\/§>E . (25.32)
As usual in stat mech, this formula should give the density of states via
p(E) = e3P (25.33)

As a check, let’s plug this into the partition function and see that it reproduces the

expected singularity as § — O:

Z(3) ~ / dEp(E)e PF (25.34)
~ / dE exp (S(E) — BE) (25.35)
~ exp(S(E.) — BE.) (25.36)
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where F, is the saddlepoint value, defined by
S"(E,)—p=0. (25.37)

This saddlepoint is just the usual thermodynamic value of the energy. Using (25.32),
finding the saddlepoint, and plugging in, we find

Z(3) ~ exp (7;—2;) (25.38)

as claimed. (This is not a surprise; the whole point of thermodynamics and Legendre

transforms is to solve this saddlepoint equation for you.)

The entropy formula (25.32) is often called the Cardy formula. It applies to any CFT

as F — oo.

Exercise: Cardy formula with angular potential
Derive the asymptotic density of states p(E, J) by applying modular invariance to the

partition function including angular potential, Z(7,7) = Tr e #H+#7,

26 Black hole microstate counting

26.1 From the Cardy formula
The BTZ metric,

2 d 2
ds* = — (T— — SM) A+ —— 4 24 (26.1)
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with ¢ ~ ¢ 4 27, has energy ¥ = M and entropy

area
s = &2
4

2 f )+
= — 27
4

- g\/sm

_ QW\/?E . (26.2)

In the last line we used the Brown-Henneaux central charge, ¢ = 3¢/2 (with Gy = 1).

This exactly matches the Cardy formula, (25.32).* This match was found by Stro-
minger in 1997. What is important about this result is that the Cardy formula counts
maicrostates in statistical mechanics. They are microstates in the dual CF'T, but by
holographic duality, they must be microstates of quantum gravity in AdS; as well.
We've just counted them without actually enumerating them, but a great deal of

progress has been made enumerating them as well.

26.2 Strominger-Vafa

Historically, the first black hole microstate counting was a string theory calculation by
Strominger and Vafa. It gave the same answer as (26.2). This calculation was impor-
tant because it laid to rest any final doubts about whether black hole thermodynamics
is really thermodynamics (i.e., coming from stat mech) or just a mysterious analogy.

In quantum gravity, black hole entropy counts microstates:

Spu(E) =~ log poc(E) , (26.3)

where pg¢ is the density of states in quantum gravity. This is an extraordinary window

from low-energy physics into the theory of quantum gravity well above the Planck scale.

*Actually the Cardy formula was for E — oo, whereas the black hole formula is for £ > 0. It is
possible to get the match at all energies but requires further input from string theory, or some further
assumptions about the spectrum of the CFT.
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