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ABSTRACT: We study the natural norm on the space of solutions to the Wheeler-DeWitt
equation in an asymptotically de Sitter spacetime. We propose that the norm is obtained by
integrating the squared wavefunctional over field configurations and dividing by the volume
of the diff-and-Weyl group. We impose appropriate gauge conditions to fix the diff-and-Weyl
redundancy and obtain a finite expression for the norm using the Faddeev-Popov procedure.
This leads to a ghost action that has zero modes corresponding to a residual conformal
subgroup of the diff-and-Weyl group. By keeping track of these zero modes, we show that
Higuchi’s norm for group-averaged states emerges from our prescription in the nongravita-
tional limit. We apply our formalism to cosmological correlators and propose that they should
be understood as gauge-fixed observables. We identify the symmetries of these observables. In
a nongravitational theory, it is necessary to specify such correlators everywhere on a Cauchy
slice to identify a state in the Hilbert space. In a theory of quantum gravity, we demon-
strate a version of the principle of holography of information: cosmological correlators in an
arbitrarily small region suffice to completely specify the state.
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1 Introduction

It is known that both in AdS and in flat space, quantum gravity localizes information very

differently from nongravitational quantum field theories and manifests the principle of holog-

raphy of information [1-7]. In AdS, all information on a Cauchy slice is available near its



boundary, as is well known from AdS/CFT but can also be shown directly from the gravit-
ational theory. In flat space, it was shown in [1] that all information that can be obtained on
future null infinity can also be obtained on its past boundary. Given this context, we seek to
address the following question in this paper: how does the holography of information work in
de Sitter space, where spatial slices have no boundaries?

With a view to addressing this question, we study expectation values of observables that
act on the space of solutions of the Wheeler-DeWitt (WDW) equation recently found in [8]. To
begin with, this requires defining a norm on this space. We propose a natural norm, obtained
by integrating the square of the magnitude of the wavefunctional over field configurations and
dividing by the volume of the group of diffeomorphisms and Weyl transformations. We show
how this redundancy can be gauge-fixed using the Faddeev-Popov procedure [9,10].

Previously we showed [8] that, in the nongravitational limit, the space of solutions to the
WDW equation reduces to the space of dS invariant states defined by Higuchi using group
averaging [11-14]. Higuchi defined a norm on this space by dividing the QFT norm of the
states by the volume of the dS isometry group, resulting in a finite answer. Here, we show
that the norm on the space of WDW solutions described above reduces to Higuchi’s norm in
the nongravitational limit. Our prescription also provides a systematic set of gravitational
corrections to Higuchi’s proposal.

Using our formalism, we turn to a specific set of observables called “cosmological corre-
lators”. These observables are physically significant and have attracted significant attention
in the literature [15—18]. They are usually expressed in terms of a product of local operators
on the late-time slice of de Sitter space. While such a product is a well-defined observable in
a quantum field theory, it does not commute with the gravitational constraints. Hence, this
description is not gauge invariant.

We propose that cosmological correlators should be understood as gauge-fized observables.
We provide a prescription to compute the matrix elements of such observables between any
two states of the theory. This set of matrix elements defines a gauge-invariant operator
corresponding to every cosmological correlator.

We show that our gauge-fixed observables are invariant under translations and rotations,
and have simple transformation properties under scaling. Crucially, this property holds in all
states of the theory, and not just in the Euclidean vacuum.

Consequently, the specification of these observables in any open set R suffices to specify
them everywhere. But the full set of cosmological correlators forms an overcomplete basis
for all observables. Therefore, cosmological correlators in any arbitrary small region of the
Cauchy slice are sufficient to uniquely identify the state of the theory.

Cosmological correlators can also be defined in quantum field theory. But in the absence
of gravity, it is possible to construct states where they coincide inside a small region but
differ outside it. So the result above marks a sharp difference between the properties of
gravitational and nongravitational theories. This provides the necessary generalization of the
notion of holography of information to asymptotically de Sitter space.



Heuristically, this result can be put on the same footing as the results on the holography
of information in AdS and in flat space. There, the principle of holography of information
implies that whenever a region R is surrounded by its complement R then R contains all
information about R. This is simply because when spatial slices are noncompact, R extends
to infinity and so it contains all information about the state. In the present case, the spatial
slices have the topology of S%. Therefore every region R both surrounds and is surrounded
by its complement. So it is natural for cosmological correlators in every region R to have
information about the entire state.

We present the holography of information in terms of a precise mathematical result.
However this does not imply that a physical observer with access only to a small patch of
the late-time slice can glean all information about the state using local measurements. Cos-
mological correlators are gauge-fixed observables that are merely labelled by a set of points.
Since there are no local gauge-invariant observables in the theory, cosmological correlators
also secretly correspond to nonlocal operators that cannot be measured through any strictly
local process.

Moreover, in dS, it is not fruitful to think in terms of external observers and so the
question of what is physically observable requires us to construct a model of an observer who
is part of the system. Although, we do not seek to construct such a model in this paper, it is
reasonable to envisage a model in which a physical observer can access low-point gauge-fixed
observables of the kind we describe. But, as in AdS and in flat space, the identification of
a sufficiently complicated state, R from a small region requires very high-point cosmological
correlators and presumably, in any reasonable physical model, such high-point correlators are
effectively inaccessible.

An overview of this paper is as follows. In section 2, we provide a summary of our results,
including its key technical aspects. In section 3, we discuss norms and expectation values in
the space of solutions to the WDW equation. In section 4, we define cosmological correlators
and study their properties. In section 5, we prove the principle of holography of information
and discuss its implications. We conclude by discussing open questions in section 6.

2  Summary of results

In a separate paper [8], we have shown that the space of solutions to the WDW equation with
a positive cosmological constant, A, where the spatial slices have the topology of S? take on
the asymptotic form

W[g,x] =X N 676G, . Zolg, ] - (2.1)

n,m
This result involves several pieces of notation that we explain in turn.
1. Here g is the metric on a spatial slice and y is a generic scalar matter field with scaling

dimension A. The solution is valid in the limit where the cosmological constant domi-
nates the spatial curvature scalar R (distinct from the spacetime curvature scalar), and



other terms in the local energy density, everywhere on the slice. This requires the vol-
ume of the spatial slices to become asymptotically large compared to the cosmological
scale. Physically, this corresponds to the late-time limit of an asymptotically de Sitter
spacetime.

2. The exponent S[g,x] is a universal phase factor that comprises local functionals of g
and x that diverge in the infinite volume limit, and was determined explicitly in [8].
eSl9X1Z4[g, x] is the wavefunctional corresponding to the Euclidean vacuum, or the
Hartle Hawking state.

3. Zplg, x] is invariant under diffeomorphisms and has the Weyl transformation property
of a CFT partition function

B 5
(%j@ - Axa) Zolg, x] = AdaZolg. x] , (2.2)
i

where A, is an imaginary anomaly polynomial that is nonzero only in even d and is
determined explicitly in [8].

4. The property above implies that, at the cost of a phase, it is possible to make a Weyl
transformation to study Zyp[g, x] in the vicinity of the flat metric, g;; = d;; + nhij.l In
this Weyl frame, we can expand

Zy = exp| Z K"Gnm] - (2.3)

n,m

Here G, 1, is a multilinear functional of the metric fluctuation h;; and the matter fluc-
tuation Y,

1 sl
Gnom = m/dgthiljl(yl)"-hinjn(yn)X(Zl)"‘X(Zm)Gz;g,m(i:) - (2.4)

As in [8], we vectorize the collective indices to condense the notation: § = (y1,...Yn),7 =
Belin, ] = 1, 2 = z1...2zm and z is a generic coordinate, Z = (¢,Z). The wave-
function coefficients fo;m in (2.4) must obey a specific set of Ward identities analogous
to those obeyed by correlators of a conformal field theory.

5. Finally, 6G,, 1, is the difference of two distinct functionals, both of the form (2.4), §G,, ,,, =
gn,m - gn,m'

In the nongravitational limit the sum over n,m in (2.1) can be restricted to a single term.
Away from this limit, the Ward identities link terms with different values of n.

'As explained in section 4.2 of [8], this Weyl transformation is made for convenience. To obtain the
wavefunctional in the physical frame, where the metric describes a deformed sphere with large volume, one
must use (2.2) and obtain the correct phase. We never need to do this in what follows since the phase factor
will not appear in subsequent calculations.



In this paper, we will propose that the natural norm on this space of wavefunctionals
is obtained by simply squaring the asymptotic wavefunctionals, integrating over all field
configurations and finally dividing by the volume of the diff x Weyl group. More generally,
the expectation value of a gauge-invariant operator A is given by

N n+n’ ¢ %
(\P’A\I’):WM/DQDX S KM6G 0 0Gw e Zolg, X1 Alg. x] . (2.5)

n,m,n’ m’
where N7 is a physically unimportant normalization constant.
To parse this norm, we use a gauge-fixing condition which fixes the diff x Weyl invariance.
The gauge-fixing condition we choose is

0igij = 0; §7g;;=d . (2.6)

The corresponding ghost action has zero modes that correspond to residual global symmetries
that are not fixed by the gauge choice above.

The zero modes correspond precisely to the generators of the conformal group in d-
dimensions: translations, rotations, dilatations and special conformal transformations. For
d > 2, the usual form of the special conformal transformations is corrected by a metric-
dependent diffeomorphism. The integrated operators (inside 6G, ,,,) that appear in the cor-
relator (2.5) can be utilized to fix these residual symmetries. We fix three of the operators
to

x1=0; T9 =1; T3 =00 . (2.7)

This choice, which is familiar from perturbative string theory, is enough to fix the residual
conformal symmetry in all dimensions up to a residual SO(d — 1) invariance that is compact
and can simply be excluded by hand or integrated over.

The notation G, ,, represents the operator obtained by fixing three of the points in an
integrated product of operators like (2.4) using (2.7) with the appropriate measure factor.
(See (3.22) for details.) This leads to the gauge-fixed expression for the expectation value of
an operator A

(U, AV,) = Z /-;”m'((ég;,mA[g,X]égn,,m,» ) (2.8)

n,m,n’,m’

where the symbol (- )) stands for
(Q) = MN; f DgDx 5(gii — d)5(9:9:5) Arp | Zo[g, XIQ - (2.9)

Here, N> is another physically irrelevant constant and AfLp is a restricted Faddeev-Popov
determinant obtained by integrating out the ghosts except for the zero modes.

At nonzero coupling the ghost determinant involves nontrivial factors of the metric.
However, as k — 0 these factors vanish. In the nongravitational limit, the residual group can
then also be handled by simply dropping the condition (2.7), and instead dividing by the
volume of the conformal group. The norm of a nongravitational state then becomes

VOl(SO(d - 1)) lim «5g;’mdgn,m>> . (2.10)

Vg, Wng) =
(Tng, Tu) vol(SO(1,d + 1)) x—~0




Figure 1. The residual gauge group is the Fuclidean conformal group in d dimensions SO(1,d + 1).
Up to a compact subgroup, it can be fixed by fixing three points.

This is precisely Higuchi’s prescription for the norm: the RHS is the QFT norm divided by
the infinite volume of the conformal group. The factor of vol(SO(d - 1)) in the numerator
arises due to a choice of normalization and is unimportant. Therefore our prescription leads
to a derivation of Higuchi’s proposal and also provides a precise prescription for how the norm
should be generalized beyond & = 0.

Next, we turn to cosmological correlators. Cosmological correlators are labelled by points
on the late-time slice of de Sitter space. While this makes sense in a quantum field theory,
there are no local gauge-invariant observables in quantum gravity. We therefore propose that
a cosmological correlator that is labelled by a product of p insertions of the metric and ¢
insertions of the matter field, C%’q(ij), (see (4.2) for notation) corresponds to a gauge-fized
observable:

(we (@®)Whoc= ) ﬁ”+”'<<592,m5gn,mcgq(a?)>>. (2.11)

ot m?
Note that the right hand side depends on the choice of gauge in (2.6) and also that the points in
(2.11) have not been fixed by inserting delta functions for the residual gauge transformations
and the corresponding zero-mode determinant but are simply fixed by hand.

The residual gauge transformations above turn into symmetries of cosmological corre-
lators. Since special conformal transformations involve the metric fluctuation, they relate
lower-point cosmological correlators to higher-point correlators. But we show that cosmologi-
cal correlators are covariant under rotations, translations and dilatations in any state. Under
translations and dilatations

(WICET(AE + O Whee = X2 (WICE(#)[ W )ec - (2.12)

This leads us to a remarkable result: if one is given the cosmological correlators (2.11) in
an arbitrarily small region, then this is sufficient to determine the correlators everywhere. This



means that knowledge of cosmological correlators in an arbitrarily small region is sufficient
to completely specify any pure state of the theory. For any region R

(1B (@)W1 oc = (WalCE () Wa) oo, Vi€ R and Vp,g — [¥1) = [W2) . (2.13)

This result provides the necessary generalization of the principle of holography of information
to de Sitter space.

While this result marks a clear mathematical difference between quantum field theories
and quantum gravity, it should be interpreted with caution. Cosmological correlators are
secretly nonlocal observables. So the result above does not imply that a physical observer
can determine the entire state of the universe through local measurements.

3 Inner product and expectation values

In this section we discuss the problem of defining a norm on the space of solutions to the
WDW equation that take the form (2.1). We also show that in the nongravitational limit,
this norm reduces to the norm defined by Higuchi. The definition of a norm also tells us how
to compute expectation values of observables.

3.1 The general problem

We have determined the form of the wavefunctional in equation (2.1) only in the limit of
large volume i.e. in the regime where the cosmological constant dominates the Ricci scalar
of the spatial slice and the matter potential. Nevertheless, we expect that this information
is sufficient to define a norm on the Hilbert space. The intuition is that the large-volume
limit is equivalent to the late-time limit in the physical spacetime. In quantum mechanics,
the norm of the state can be defined at any instant of time and does not require knowledge
of the full time-evolution of the state. Therefore, we expect that the norm can be defined on
the space of wavefunctionals in the large-volume limit and should not require details of the
wavefunctional everywhere in the configuration space.

Once the question has been reduced to that of finding the norm on states of the form (2.1),
we find another simplification. Although the wavefunctional W itself has a phase factor that
is not Weyl invariant, and Z[g, x] might have a Weyl anomaly, |¥|? is diff x Weyl invariant
since the phase factor cancels and the anomaly is pure imaginary. So it makes sense to study
|¥[?> beyond the domain of large-volume metrics where the form (2.1) was originally derived.
(This point is discussed in some more detail in section 4.2 of [8].)

We propose that the norm of a wavefunctional W is given by considering the integral of
|T|? over all field configurations and dividing by the volume of the group of diffeomorphisms
and Weyl transformations.

N n+n' ¢ %
(v,v) = e J DIDX T 0G0 Zalo P (3)

Vol(dlﬁ‘x n,m,n’,m’



Here N is an overall state-independent normalization constant that we will choose below for
convenience.

Now consider a diff x Weyl invariant operator A[g, x] that maps states of the form (2.1)
back to the state space. We propose that the expectation value of the operator is given by

M

UV AV) = —————
(2, A0) vol(diffxWeyl)

[ Dapx X WT6G) 1 0Gu el Zolg P Al ] - (32)
o m/

Note that the knowledge of the norm for the state (a|¥1) +b|¥2)), and the expectation value

of A in this state, for all a and b is sufficient to determine the overlap (¥, ¥U3) and the matrix

elements (¥, A¥5) including their phase.

The proposal for the norm and expectation value, (3.1) and (3.2), is not unique but we
adopt it because it is natural and simple. It might be of interest to explore alternative norms,
as we briefly discuss in section 3.5. We also postpone a discussion of some subtle aspects of
the proposal to section 3.5. For now, we proceed to examine the technical problem of gauge
fixing the diff x Weyl redundancy to obtain a practical method of computing the norm. In
the section below, we use the Faddeev-Popov formalism to obtain a gauge-fixed expression.
In Appendix C, we show that the gauge-fixed functional integral is invariant under a BRST
transformation.

3.2 (Gauge-fixing conditions

In order to implement the Faddeev-Popov procedure to gauge fix the functional integral, we
use the following gauge-fixing conditions

0;9i5 = 0; gii=d . (3.3)

We use the standard summation convention, so that repeated indices are summed over. The
derivative that appears in (3.3) is an ordinary partial derivative and so the gauge-fixing
condition explicitly breaks both diffeomorphism invariance and Weyl invariance. With g;; =
0i; + khyj, our choice requires h;; to be traceless and transverse.

In d = 2, the conditions (3.3) are equivalent to fixing g;; to d;;. However, for d > 2 it is, in
general, not possible to fix the metric to a “fiducial metric” using only diffeomorphisms and
Weyl transformations.

We adopt the gauge choice (3.3) for simplicity. In Appendix A, we discuss alternate
choices of gauge that lead to the same physical results.

The infinitesimal variation due to a diffeomorphism z? — 2*+&° and a Weyl transformation
9ij = 62“"gij of the metric is given by

O(ep)9i = Vikj + Vji&i + 209ij (3.4)

where & = ¢;x&". Tt will be convenient below to change the parameter of the Weyl transfor-
mation to implement the shift ¢ - ¢ — ﬁvkgk. The infinitesimal transformation now takes
the form

Ot 9i5 = (PE)ij + 209i5 (3.5)



where we have defined

2
(P§)ij = gjkvsz + gikngk - Egijkak
(3.6)
¢ k ko2 k
=& 0gij + 9k0:&" + 9ir0;€" — Egijgkeaef .

The shift is chosen so that the (P&);; is traceless provided g;; = d.

3.2.1 Residual gauge transformations

The gauge fixing conditions (3.3) do not completely fix the gauge. Since (P¢);; is traceless
provided g;; = d, the residual symmetry corresponds to solutions of the equation

(DE); = 0;(P€)ij =0 (3.7)

Solutions of this equation are in one-to-one correspondence with the generators of SO(1,d + 1).
However, the nature of the solutions is slightly different for d > 2 and for d = 2.

It is shown in Appendix A that, for a general metric, in d > 2, there are w solutions
of (3.7). These are given by
translations: &' = ozi;
rotations : gi = Mg
(3.8)

dilatations: €' = Az’

SCTs : gi = (2(5~x)xi _$25i) +5jvé

where A, and M%¥ denote, respectively, a number and an antisymmetric matrix and o/ and
B are vectors.

The notable aspect of (3.8) is that the usual special conformal transformations are cor-
rected as noted in [19,20]. The matrix vé- depends nontrivially on the metric and vanishes
when g;; = 0;;. In Appendix A, we present an algorithm to find v} in perturbation theory.
It is also shown there that although the SCT itself is modified, the algebraic structure of
the residual transformations (3.8) remains that of SO(1,d +1). Appendix A also discusses
residual gauge transformations for other choices of gauge.

In d = 2, since the conditions (3.3) fix g;; = d;;, the correction term in the SCT always
vanishes.

vj- =0, ford=2. (3.9)

Appropriate linear combinations of the two allowed SCTs in d = 2 correspond to the two
independent special conformal transformations that are usually described in terms of “holo-
morphic” and “anti-holomorphic” transformations in the discussion of string perturbation
theory.



3.2.2 Fixing the residual symmetry

To fix the residual gauge symmetry, we will take advantage of the presence of insertions in
(3.2). We will assume that the state under consideration has at least two insertions, which
implies the presence of at least four insertions in (3.2). In all dimensions, the residual gauge
symmetry can then be fixed by setting the position of three insertions as follows:

x1 = 0; xg = 1; X3 =00 . (3.10)

The choice of a point at the origin and another point at infinity fixes the translations and
special conformal transformations. Fixing 25 to 1 = (1,0,...,0) fixes the dilatations and
also part of the rotations. This choice does not fix the SO(d — 1) group of rotations of the
hyperplane orthogonal to the 0 — 1 axis. But since this group is compact, it can simply be
integrated over and does not lead to any divergence in the functional integral. It is convenient

to impose the last condition using the coordinates aﬁg = JT?"Q so that it can be written as 3 = 0.

3.3 Faddeev-Popov procedure

To gauge fix the functional integral for the expectation value of an operator in (3.2), we insert
the following expression for the identity,

1=are [ DEDRO(G? = D)3(ig's P )o(@1)3 (2 = 1)3(Es) (3.11)

where the notation ¢(¢¥) indicates the metric obtained upon acting on gij with the diffeo-
morphism parameterized by & and the Weyl transformation ¢. App is the standard Faddeev
Popov determinant that we will evaluate below.

Substituting the infinitesimal transformations in (3.11), we can write

A%%=fD§D<P5(2d<p)5((D§)i)5(§j(0))5(§j(1))5(5j(00)) : (3.12)

where, at infinity, we use the diffeomorphism in the inverted chart

1
E) = (€@ -26-975) (3.13)
which is inserted at z = co corresponding to Z = 0. The delta function for ¢ is trivial, and one
can simply integrate it out.

The Faddeev-Popov determinant may be evaluated using the standard procedure of first
writing the delta functions as integrals over auxiliary parameters, and then simply replacing
the bosonic parameters by Grassmann numbers. This leads to an expression for App in terms
of a ¢-¢ ghost action:

App =N2[DcDée’ @ (T1(0) (1) () . (3.14)

,10,



where the ¢ ghost insertions correspond to £ insertions in (3.12) and the ghost action (derived
in appendix C) Sg, is given by

Sgh = fddxéj(Dc)j . (3.15)

The ghost action (3.14) has zero modes corresponding to the residual gauge transforma-
tions discussed previously. Some of these are soaked up by the insertion of the 3d c-ghosts in
the denominator. But in the ghost functional-integral (3.14), we exclude the zero modes that
correspond to rotations that leave the point z9 = 1 invariant. (All rotations leave the origin
and the point at oo invariant.) These zero modes correspond to the unfixed compact part
of the residual symmetries and if we were to integrate over them we would obtain zero since
there is nothing to soak them up. But there is no difficulty in excluding them in the functional
integral since they are orthogonal to all other modes. These unfixed residual transformations
also contribute a factor of vol(SO(d - 1))~! in App but this can be absorbed in the overall
normalization constant N5.

We do not keep track of the overall constant Ny. This factor always drops out of any
physical computation since the same constant appears in both the norm and the expectation
value and so (¥, ¥)~1 (¥, A¥) does not depend on this constant.

Combining everything together, the gauge-fixed expression for the expectation value of
A can be written in the following form.

(U, AD) = N\ Ny [ DgDxDeDe Y k" 5G . Alg, x16Gw mel Zolg, x][2e 5
e . (3.16)
x 8(gii — d)6(0;9:5)5(w1)5(w2 — 1)5(Z3)( HCZ(O)CZ(l)El(OO)) :

It is understood that the points x1, x2, z3 correspond to operators that are part of A or 6G,, ..
In Appendix C we show that the gauge-fixed integral (3.16) remains invariant under a
BRST symmetry when the delta functions are implemented using auxiliary fields.

Ghost determinant. The expression (3.16) can simplified by evaluating the ghost deter-
minant. First we expand the c-ghosts using a basis of orthonormal vector fields. The correct
inner product between vector fields is the one on the sphere. (See Appendix A for more
discussion.)

We then divide the space of vector fields into the subspace of zero modes and the subspace
of nonzero modes. Since we have excluded modes corresponding to rotations that leave
(1,0,...,0) invariant, the remaining subspace of zero modes is exactly 3d dimensional. Using
the index z to run over zero modes and the index n to run over the non-zero modes, we can
write

Cj = ZC(Z)ng) + Z C(n)an) . (3.17)

First, consider the contribution of the non-zero modes. This can be evaluated by neglected
any c insertions outside the ghost action. This is because in the ghost action, the nonzero
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modes of ¢ are always paired with a mode of ¢. Upon series expanding the action, further ¢
insertions simply give zero either in the integral over the ¢ modes or the ¢ modes (for further
details, see [21]). Then, to obtain the non-zero mode contribution, we simply perform the
integral over the ghost action to obtain a restricted FP determinant

f DeD( ¢S = Al | (3.18)

where the prime label indicates that the zero modes have been excluded from the measure.
Note that the above notation is somewhat deceptively compact since this restricted determi-
nant depends on the metric fluctuation.

We now turn to the zero mode contribution. The zero-mode fields are proportional to
those given in (3.8) but we will fix the normalization below for convenience. We can choose
d modes to correspond to translations in the d-possible directions; one mode corresponds
to dilatations; d modes correspond to special conformal transformations; and (d — 1) modes
correspond to rotations with M% oc 5}0(5{ - 6{550 with ip # 1. The index 2z runs over all these
3d fields and we can therefore construct the 3d x 3d matrix

C(ll)(o) Cfll)(o) C(ll)(l) C(dl)(l) 5(11)(00) C}ll)(oo)

Clay(0) v ¢y (0) Clyy(1) v Cy(1) (fyy(00) - (o (o0)

M = (3.19)

C(lgd)(()) Céd)(()) C(13d)(1) C(dgd)(l) E(lgd)(oo) Q:Elgd)(oo)
The zero-mode determinant is
Alp = det(M) . (3.20)

We now find that our gauge choice leads to a simplification. The special conformal trans-
formations depend on the metric through vj as shown in (3.8). However, this dependence
vanishes at infinity. Moreover, while the special conformal transformations become a constant
at infinity, all other zero-mode fields vanish at infinity. Therefore det(M) does not depend on
the special conformal transformations at the points 0 or 1 and thus det(M) is independent
of the metric. By normalizing the zero-mode fields appropriately, we can simply set

Afp=1. (3.21)

Final answer. We now introduce some notation and present our final answer in a compact
form. When three points within an integrated product of operators are fixed using the delta
functions that fix the residual transformations, we denote this using a overline. For instance,

(Sgn,m = dz 5(331)5(332—1)(5(5&3)G£Zm(:f)h“7]1 (xl)hig,jz (1‘2) N X($n+1) e X(l'n+m) . (322)

The notation 0G,, » A[g, x]0G}; ,,, allows for the position of any three operators in the product
to be fixed.
Next, in the expression for the functional integral (3.16), we choose

N, —i[fp Dy 8(gii - d)6(0917) Ao Zo| ]|2]_1 (3.23)
1_N2 gLr’x 0\ Gii 195 FPI4019, X . .
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This choice makes the product M N3 equal to the inverse of the functional integral over the
wavefunctional of the Euclidean vacuum. Hence we should think of physical observables as
the ratio of a functional integral with operator insertions, and the functional integral over the
Fuclidean vacuum.

Given a general product of the metric and other matter fields, ), we also define the
notation

(Q) = MiN2 f DgDx 6(gii — d)6(9:9:5) Atp| Zo[9. X1 Q- (3.24)

Intuitively, the notation can be thought of as the expectation value of ) in the Euclidean
vacuum although this intuition should be used with care since (see section 3.5) the vacuum
itself might not be normalizable.

Using this notation, we can then rewrite the gauge-fixed path integral (3.16) as

(W, A0) = > w05, Alg, X]0Gn mr) - (3.25)

n,m,n’,m’

Note that setting A = 1 yields the norm.

(W, 0)= > &""(8G . 0Gu ) - (3.26)

n,m,n’,m’

The relations (3.26) and (3.25) represent our final answers in compact form.

3.4 Nongravitational limit

We now show that our expression for the norm coincides precisely with the norm proposed
by Higuchi [11,12] in the nongravitational limit.

It was explained in [8] that the form of the allowed states simplifies in the nongravitational
limit. More specifically, in the nongravitational limit, with the state corresponding to the
Euclidean vacuum denoted by |0) the allowed states take the form

Wng) = [ dZ 5Gﬁm(§, Z)hiyiy (Y1) - P, () x(21) - - x(2m)[0) - (3.27)

The simplification above is that we do not have a sum over multiple values of n that is
necessary when x # 0 by the Ward identities.
Now consider the nongravitational limit of the expectation value defined in (3.24),

(0/QI0)qrr = lim {Q) - (3.28)

In the nongravitational limit, the ghosts decouple from the metric. Since Agp has no depen-
dence on the metric fluctuation in the limit x — 0, it trivializes to a numerical factor. The
gauge conditions still ensure that h;; is transverse and traceless. Therefore, this expression
instructs us to integrate the product of insertions over the matter fields and over the trans-
verse traceless fluctuations of the metric using the £ — 0 limit of the wavefunctional for the
Euclidean vacuum. This is precisely how one would have computed the expectation value
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of the product of operators in the quantum field theory, including the fluctuations of free
transverse-traceless gravitons. This explains the choice of notation in (3.28).

Now consider the norm of two states of the form (3.27). Our final answer for the norm
in the nongravitational limit can be written as

(Vg Wag) = [ didi! 5G], () (0GH,)" ()0 (w1)8(w2 = 1) ()

x (OlRr jr (41) - hoir o, (Ur )X (21) -+ X () hingy (1) <+ P (Yn) X (21) - X (2m) [0) T

(3.29)

where z1,x2, 23 can be any three coordinates from the Z = (4, Z) or &’ = (¢',Z") that appear
above.

We recognize that this is just the gauge-fixed version of Higuchi’s proposal as we can
undo the residual gauge-fixing and write this as a group average which becomes

vol(SO(d-1))

U, U,) = dzd7' G (7) (5GH ) (7'
( g g) VOl(SO(l,d"’ 1)) raxr n,m(l‘)( n,m) (LU)
* (Ol hir g (y1) - - gy g1, (up )X (21) « - X () Py (1) -+ R (Yn) X (21) - - X (2m)[0) QT -
(3.30)
This can be derived repeating the steps in section 5.3 of [8]. We can also write this as
vol(SO(d -1
(Wng, Wng) = (30( ) (Wng|¥ng)Qrr (3.31)

vol(SO(1,d +1))

and we recognize Higuchi’s inner product. In this expression the infinite volume of the
conformal group in the denominator cancels the infinite QFT norm. The additional finite
factor of vol(SO(d —1)) emerges because an SO(d — 1) subgroup of SO(1,d + 1) leaves three
points invariant. Since this is an overall finite normalization constant in the norm, it is
physically irrelevant.

Note that it would not be correct to equate (3.29) with (3.30) away from the nongravita-
tional limit even after replacing the QFT expectation values with a gravitational expectation
value of the form (3.24). First, away from this limit the form of the states shown in (3.27) is
corrected. More importantly the action of a special conformal transformation on the opera-
tors that appear there is corrected due to the correction term in (3.8). Consequently, special
conformal transformations relate an expectation value to another expectation values with
additional metric insertions. Therefore, away from the gravitational limit the gauge-fixed
integrand that appears in (3.29) cannot simply be equated with a group average.

Therefore our proposal (3.26) reduces to Higuchi’s proposal in the nongravitational limit
but also provides a systematic method of correcting it at nonzero k.

If, in addition to the nongravitational limit, we consider the free-field limit for mat-
ter fields in the principal series then the space of “conformal blocks” naturally provides an
orthonormal basis for the Hilbert space under the norm (3.30). This interesting point is
discussed further in Appendix B.
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3.5

Subtleties

In the technical discussion of the norm, we have glossed over some subtleties that we now list.

1.

In even dimensions, the transformation of the measure might introduce a Weyl anomaly
in (3.25) and (3.26) [22]. Relatedly, in string theory, where a similar functional integral
appears, the critical dimension is fixed by demanding that the Weyl anomaly vanishes.
So, in even d the expression for the norm might need to be improved by adding auxiliary
fields to preserve diff x Weyl invariance. However, we also note that we have some more
freedom because | Zg[g, x]|? is not a local functional and therefore it might be reasonable
to study nonlocal measures. We leave a deeper study of the measure to future work.
For odd d, which includes the case d = 3 of physical interest since it corresponds to an

asymptotically dS4 spacetime, we do not expect these issues to arise.

. The question of the normalizability of the Hartle-Hawking wavefunctional and its rela-

tion to the nonperturbative instability of de Sitter space has been discussed in [23-25].
This is related to the question of the measure. We will not address this issue in this
paper. We note that physical quantities are always related to the ratio of an expression
of the form (3.25) and an expression of the form (3.26) , which might be better behaved.

. The formula (3.25) requires the presence of at least three operators in the product

59;;va[9, X10Gy . Therefore it cannot be used to compute the norm of the original
Euclidean vacuum. (This problem is separate from the one discussed in point 2.) This
suggests that the vacuum state itself is not part of the Hilbert space at all and only
excitations above the vacuum are normalizable states. This issue was noted earlier by
Higuchi [12] and also, recently, in [26]. It is similar to the one that arises in string
perturbation theory, if one attempts to define the sphere partition function with less
than three vertex operator insertions. It would be nice to understand this better,
perhaps using the techniques of [27-31].

. Consider a term with a given value of n,m in the expression (3.25). This involves

the “expectation value” of a product of operators integrated with coefficient functions
that are conformally covariant. (Recall the definition of G, ,, in (2.4).) It will be
shown in section 4, that the expectation value also transforms in a simple fashion
under the conformal group. When combined with the coefficient function this produces
an integrand that is invariant under rotations, dilatations and translations and in the
% — 0 limit under SCTs. Fixing three points in such an integral suffices to remove an
obvious divergence that comes from the volume of the conformal group.

. Nevertheless, there might be additional divergences in (3.16) that arise due to the “colli-

sion” of operators. This issue again parallels an issue that appears in string perturbation
theory. We hope that the ideas developed to deal with these divergences in that setting,
including a suitable ie prescription [32], the use of string field theory techniques [33] and
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off-shell methods [31, 34, 35], will be effective in this setting as well. We leave further
study of this issue to future work.

4 Cosmological correlators

Cosmological correlators are of interest since they provide a leading-order approximation to
the fluctuations generated during the inflationary epoch, when the universe could be approx-
imated by a de Sitter spacetime. In this section, we will define these quantities within our
framework and discuss some of their properties.

4.1 Definition of cosmological correlators

In the literature, cosmological correlators are usually computed as QFT-expectation values
of the form (x(z1)...x(zn))qrT, where x; are points on the late-time boundary of de Sitter.
In a quantum field theory, the meaning of such correlators is clear. However, in a theory of
quantum gravity, the product of local operators on the late-time slice does not commute with
the constraints and so is not gauge invariant.

For instance, under a diffeomorphism x' — 2% + £, an operator insertion y(z) transforms
as

x(z) = x(z) + £ 0ix(x) , (4.1)

and thus does not remain invariant. Since diffeomorphisms on the late-time slice are generated
by the momentum constraint, this means that the operator y(z) does not commute with the
momentum constraint. Likewise, it may be checked that the operator does not commute with
the Hamiltonian constraint. This is expected from the well-known result [36] that gauge-
invariant observables in gravity cannot be local.

Nevertheless, it is possible to make sense of such operators by fixing the gauge. We
propose the following definition of cosmological correlators. Let

C%’q(f) = hiyjy (21) - iy, (2p) X (91) - - X (yg) (4.2)

denote a product of p metric fluctuations and ¢ matter fluctuations. Now consider a state
of the form (2.1). We propose that the cosmological correlator corresponding to the product
(4.2) in the state (2.1) be defined as

(LICE @) Whoc = % n”+"’<<5g;,magn,m6§q(f)>>, (4.3)

n,m,n’,m’

using the expectation value (3.24). This can be written more explicitly as

(WICE ()| W) = M f DgDxDeDc'eSC (i) | (4.4)
where, for convenience in the discussion below, we have introduced an “action” S
S = %6 (gii - )3(Digi|Zolg. XIF Y KV6G 0Gnmn (4.5)
n,m,n’,m’

Let us discuss some features of our proposed correlator.
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1. Recalling point 4 in section 3.5, our prescription for the correlator makes sense provided
that the product (4.2) has at least three points. 0G,, ,, also contains products of the
form (4.2) integrated with conformally covariant functions. Therefore, if we study a
k = p + g-point cosmological correlator, each term in the sum in (4.4) is an expectation
value of a product of (n+m)+(n’+m’) +k operators where (n+m)+(n’+m’) operators
are integrated with a conformally covariant function. It will be shown below that the
expectation value is conformally covariant. (See 4.2 for a precise discussion.) Therefore
a value of k > 3 is sufficient to remove a potential divergence from the volume of the
conformal group. It would be nice to understand two-point correlators, perhaps, by
generalizing the methods of [27].

2. The prescription (4.4) continues to make sense if we remove the insertions of 6G, ,, and
consider only the vacuum state. In the vacuum state, the restriction k > 3 does not apply.
Although the vacuum is the state that is most commonly used to compute cosmological
correlators, especially in the literature that makes contact with AdS/CFT [15,37], we
remind the reader that it is not normalizable when the norm is given by (3.16).

4.1.1 Dependence on the gauge choice

The prescription (4.4) defines the expectation value of a gauge-fized operator. Since the
product of operators C%’q is not diffxWeyl invariant, if one were to choose a different gauge
(as opposed to the transverse-traceless gauge chosen above), one would obtain a different
answer for the cosmological correlator. In fact, it is perfectly reasonable to make a different
gauge choice, and alternative gauges are discussed in Appendix A. The transverse-traceless
gauge is convenient for us since it will be shown below that the symmetries of cosmological
correlators take on a simple form. In other gauges, these symmetries might be realized
nonlinearly although different gauges might be suitable for different physical applications.

Given a gauge choice, the prescription (4.4) defines an unambiguous conjugate-bilinear
functional on two states. Therefore, there necessarily exists some gauge invariant operator
on the Hilbert space whose matrix elements are defined by (4.4). More precisely, with |[¥) =
a|U1) + b|Ws), we can simply define a gauge-invariant operator (f%; with matrix elements as
follows

e @) )ec (46)

where the right hand side is defined by (4.4). The operator é%g is not a local functional of x

(‘1’175%7; Uy) =

and h;; and the Z are simply labels for this operator.

The map between the product Cp4(Z) and the gauge invariant operator depends on the
gauge choice. However, the difference between different gauge choices manifests itself only
at O(k). In the nongravitational limit, there is a simple gauge-invariant operator whose
expectation value yields (4.4). This is given by simply taking the group average of (4.4).

To see this more precisely, let U be the operator in nongravitational quantum-field the-
ory that implements the action of the conformal group on the late-time metric and matter
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fluctuations. Then we have

Pq _ 1

where dU is the associated Haar measure. The right hand side makes sense provided p+¢q > 3.
We see that é%g is an average of an infinitely delocalized operator.

In the nongravitational limit, it may be checked using (3.30) that the expectation value
of (4.7) in a state of the form (3.27) is the same as (4.4). We find that

1
vol(SO(1,d +1))
= (010G mCP 4 (#)5Gy, ml0)qrr (4.8)

= (‘Ijngw%g(:f)mlng)QFT )

(Wng, CL1 W) [ AU013Gn U (#)UG;, [0}

where, in the second line, we use the invariance of |¥,,) under conformal transformations.

At nonzero k we do not know of any simple analogue of (4.7) that gives an explicit
expression for the gauge-invariant operator whose matrix elements coincide with the gauge-
fixed operator. Note also that, at nonzero k, one must take a linear combination of an infinite
set of terms (4.2) with increasing values of p to construct a gauge-invariant operator of the
form given in (2.4).

4.2 Symmetries of cosmological correlators

Cosmological correlators are defined in (4.4) by inserting a product of operators in the path
integral weighted with a specific action. This action is invariant under the residual gauge
transformation that are left unfixed in (4.4). We will utilize the finite action of translations,
rotations and dilatations on the matter fields and the ghosts, which is given by

translations: hj(z) = hij(x +¢);  x(x) = x(z +);

c(z) > (z+¢); &(x) > (z+Q);

rotations: h;j(z) - RikRjehkg(R-x); x(z) = x(R-x); (4.9)
d(z) > R ;I (R-z); &(x)—> R, (R ); '
dilatations:  h;(x) = hij(Ax);  x(z) = Xx(Az);
d(z) > A Oa);  é(z) - A\E () .
Here ( is a vector, R is a SO(d) rotation matrix and A is a number. We discuss special
conformal transformations below. It is important that what we call “dilatations” above
includes not just a diffeomorphism but a compensating Weyl transformation that preserves

the gauge conditions. For this reason, the metric transforms as g;;(z) - ¢;j(Az) and does
not pick up an overall factor of A=2. The metric fluctuation transforms as shown above.
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Since the “action” § is invariant under the transformations above, cosmological corre-
lators transform covariantly under these transformations. Under a combined dilatation and
translation we find that in any physical state |¥)

(TCPI (A + N = XA (UICP () W) (4.10)
Under a rotation we find that
aip. s it pih il an
(WePI(R-£)W)ce = B RS . RERI (U@ )cc (4.11)
The symmetries of cosmological correlators should be distinguished from the symmetries
of the coefficient functions (2.4) that appear in the wavefunctional. Those coefficient functions
are constrained by the full conformal group, even away from x — 0, as a consequence of

the WDW equation. Cosmological correlators are obtained by squaring and integrating the
wavefunctional with a choice of gauge.

Dilatations. The inclusion of dilatations in the group of symmetries requires explanation
since, in a quantum field theory, scale invariance is often broken by loop effects. So the reader
might worry that UV effects might force us to use a regulator that is inconsistent with scale
invariance.

However, here, the residual group of symmetries involving dilatations is a subgroup of
the diff x Weyl group. The latter symmetry is a gauge symmetry of the path integral used
to compute expectation values. So we expect that even if counterterms need to be added to
the expression for the wavefunctional to regulate UV divergences, |¥[g, x]|* will still remain
diff x Weyl invariant. Moreover, the form of the ghost action is protected by BRST symme-
try. Therefore we expect that the reduced Faddeev-Popov determinant that appears in (4.4)

remains invariant under these symmetries even when loop effects are included.

Special conformal transformations. For d > 2 and away from x — 0 the action of special
conformal transformations is corrected as shown in (3.8). Such a transformation acts on an
insertion in (4.4) via

Sex =€0ix;  0egij = (P&)ij » (4.12)
where P is defined in (3.6).

But since & contains factors of the metric, this transformation acts nonlinearly on the
fields. In Appendix A, it is shown how &’ corresponding to SCTs can be found perturbatively
in terms of the metric fluctuation. Keeping this structure in mind, we see that the action
of (4.12) converts a single insertion of the metric or a matter field to an infinite series that
involves powers of the metric. Therefore special conformal transformations relate low-point
cosmological correlators to higher-point cosmological correlators [19,38]. Although this is an
important and useful constraint on cosmological correlators, it will not be required for our
purposes.
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In the nongravitational limit and in d = 2, the metric-dependent term in SCTs goes away.
So, in that setting, cosmological correlators with a fixed value of p,q transform covariantly
under SCTs.

We note that rotations, dilatations and translations act in a simple manner on cosmologi-
cal correlators because they correspond to metric-independent residual gauge-transformations
left unfixed by the transverse-traceless gauge. In some choices of gauge, such as the alternative
gauge discussed in Appendix A, all the residual gauge transformations are metric dependent.
In such a gauge, all the symmetry transformations of cosmological correlators will change the
value of p. Physically, cosmological correlators are still constrained by these symmetries in
such gauges. But the constraints are more complicated than (4.11) and (4.10).

4.3 Symmetries and initial conditions

Our analysis of symmetries does not assume that the state in (4.4) is the Euclidean vacuum,
as obtained from the Hartle-Hawking proposal. Cosmological correlators in all states have the
same symmetries; and vacuum cosmological correlators do not display an enhanced symmetry
group.

This also means that, contrary to what is sometimes claimed, the observed approximate
symmetries of cosmological correlators including scale invariance do not provide evidence that
our universe was in the Hartle-Hawking state during the inflationary period. If there was a
period of inflation, and if the universe was well described by an excited state of the form
(2.1), one would obtain cosmological correlators with the same symmetries.

This strengthens the argument made in [39] that the symmetries of correlators — which
completely fix specific low-point functions — provide a sharp test of inflation, since it removes
the need for assuming a particular initial state.

On the other hand, to make contact with empirical observations, it is often interesting
to consider departures from the slow-roll approximation. These must be present in the real
world since inflation cannot go on forever but must end before the local curvature becomes
arbitrary small. To analyze these corrections in our language, would require knowledge of the
state away from the large-volume limit. We are unable to make any statements about these
corrections since we have not considered these subleading terms in this paper or in [§].

5 Holography of information

The symmetries of cosmological correlators immediately lead to a remarkable result.
Let R be any open subset of R? and 7’ = (... ,Tpyq) be an arbitrary set of p+¢ points
in R%. Then we can find a set Z of p + ¢ points in R such that

2y = Azg + ¢, z; € R, k=1,....,p+q, (5.1)

for some choice of A > 0 and vector (. In other words, an arbitrary configuration of points
can always be mapped to lie in the region R with a suitable dilatation and translation.
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Therefore, if we are given the set of all cosmological correlators
{(wIcE" ()W)} (5.2)

for all values of p,q and all configurations of points x; € R, the symmetry (4.10) implies
that this information is sufficient to determine all cosmological correlators in the state W
everywhere on the spatial slice. But the set of all cosmological correlators everywhere on the
spatial slice are evidently enough to reconstruct all observables on the slice.

This immediately leads us to the following result.

Result. The set of all cosmological correlators in any open region R in a state ¥ is sufficient
to uniquely identify the state.

If the theory is in a mixed state, the set of cosmological correlators in R is sufficient to
determine the density matrix of the theory.

Our result relies on the relation (4.10). In other gauge choices, such as the alternative
gauge discussed in Appendix A.5, translations and dilatations will act on cosmological corre-
lators by changing the value of p as the residual symmetry generators have metric-dependent
corrections. Nevertheless, they still relate the set of all cosmological correlators in a region
R (i.e. cosmological correlators with all possible value of p,q) to cosmological correlators
outside that region. Therefore we expect that the result above should also hold for cosmo-
logical correlators in such gauges although it is calculationally harder to obtain the value of
a cosmological correlator outside R using information inside R.

5.1 Nongravitational limit

Somewhat surprisingly, the result above remains true even as we take x — 0.
It was shown in [8] that the states Wy, (displayed in (3.27)) have the property that they
are invariant under the de Sitter isometries,

U|‘I’ng> = |‘I’ng> : (5.3)

Following the steps in subsection 3.4, we see that the expression for the cosmological correlator
is simply
lim (g |C2 () g = (LaglCl ()] Tagher - (5.4)

where, on the right hand side, we now find simply the QFT expectation value of C%’q(i) in

the state |W,g). Using the invariance of the state under the de Sitter isometries we see that
(WaglCLI (D) Bnghce = ( Vel CE (U g oo (55)

So, in the nongravitational limit cosmological correlators are invariant under the entire con-
formal group. This includes the action of special conformal transformations that do not
appear in the group of symmetries at finite £ shown in (4.9). The result on the holography
of information follows immediately.
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Physically, this analysis tells us that holography of information does not rely on the
measurement of “small gravitational tails” but rather from an imposition of the gravitational
Gauss law. The constraints implied by the Gauss law restrict the form of the allowed states in
the theory, which is why it is possible to uniquely identify states from cosmological correlators
in any open set.

5.2 Difference between quantum field theories and quantum gravity

We have shown that holography of information persists, if one takes the nongravitational
limit of a theory of gravity while preserving the gravitational Gauss law. We now explain
why nongravitational quantum field theories do not display this property.

Starting with the Euclidean vacuum, which is still obtained by the Hartle-Hawking pre-
scription, states in a QFT take the form

0) = [ dgdz 07 (@3 i (90) i, )X - xCG)I0) (5.6)

where h;; are transverse traceless graviton fluctuations. Here 1/123 is an arbitrary smearing
function and the only constraint is that |¢/) should be normalizable under the usual QFT
norm.

(Wivharr = [ dada (5,2 (7.2
(Ol () - X (01) - X (o) Db

(5.7)

We emphasize the difference with the Hilbert space obtained in the nongravitational limit of
a gravitational theory where the states take the form (3.27). In (3.27) the smearing function
is constrained by conformal symmetry, whereas in (5.6) it is not.

Moreover, the smearing functions that appear in (3.27) are disallowed by normalizability
in (5.6). This is simply the statement that, apart from the vacuum, there are no states that
are invariant under the de Sitter isometry group in the usual QFT Hilbert space. This can
also be seen directly from the expression for the norm (5.7). The correlator in the Euclidean
vacuum is conformally covariant because the Euclidean vacuum itself is invariant. But if
this correlator were to be integrated with the smearing function that appears in (3.27) the
entire integrand would be invariant under the action of the conformal group. Therefore, the
norm would pick up a divergence proportional to the volume of the conformal group. When
we consider states in the nongravitational limit of a gravitational theory and use the correct
norm, this divergence is cancelled by dividing by the volume of the conformal group but there
is no such factor in the ordinary QFT norm.

Therefore for a generic value of A and ¢ and for any QFT state except for the vacuum,

(WICEA(AE + Ol )qrr # A (WICE (&) [)qrr - (5.8)

So the argument leading to the holography of information breaks down in the QFT Hilbert
space.
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As usual, in a QFT, it is possible to prepare “split states” [40] where correlators coincide
inside a region but differ outside that region. This means the following. Let R = R Ue be
the complement of the union of the region R and a small “collar region”, €. Then given any
two states of the form (5.6) one can find a split state with the property that when z; € R and
rhe R,

(PHICE (@) ()™ ) qrr = (Y11CE (B) ) qrr(walCh! (2 a)qrr (5.9)
for any choice of the operators C%fq(:i) and C;;,m,(:f’ ). In such a split state, not only are

observations in R, not determined by observations in R, they are not even correlated. Clearly
this means that the full state cannot be identified by observations in R.

We conclude that the result on holography of information marks a clear mathematical
difference between the properties of quantum field theory and quantum gravity, in terms of
how such theories localize information. This difference persists in the nongravitational limit
of a gravitational theory provided one consistently imposes the Gauss law while taking this
limit.

5.3 Comparison to flat space and AdS

The result above can be placed in the context of similar results proved in AdS and in asymp-
totically flat space. There, the principle of holography of information is usually framed as
follows: “the information in the bulk of a Cauchy slice is also available near its boundary.”
More precisely, in asymptotically flat space, it was shown in [1] that all information that is
available on all of Z* is also available on its past boundary Z*; and, in a spacetime that is
asymptotically AdS, all information that is available on the timelike boundary is also available
in an infinitesimal time band.

In the form above, it is unclear how the principle should be generalized to dS, where
a Cauchy slice has no boundary. But, consider the following alternative phrasing of this
principle: “in all pure states of the theory, whenever a region, R, is completely surrounded
by its complement, R, then all the information inside R is accessible in R.”? In flat space
and AdS, this is trivially equivalent to the usual statement; when R surrounds R then it also
includes the asymptotic region near infinity.

The second form of the slogan generalizes naturally to dS. Since the Cauchy slices in
dS are compact, every region R both surrounds its complement and is surrounded by its
complement. (See Figure 2.) So it is natural that cosmological correlators in every region R
contain all the information that is available on the Cauchy slice in a pure state.

5.4 Higher-spin matter fields and stringy corrections

In the analysis above, we have studied a massive scalar field in the matter sector. This
choice was made for simplicity. It seems clear that the proof of the principle of holography
of information will go through in the presence of higher-spin matter.

2We restrict to pure states to avoid situations where entanglement with an auxiliary system has produced
an “island” inside R.
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a

AdS or flat space ds

Figure 2. In flat space and in AdS (left), when a region on a spatial slice, R is surrounded by its
complement then R extends to infinity. But in dS (right), every region R surrounds and is surrounded
by its complement on a sphere.

Our results in [8] and in this paper rely only on an asymptotic analysis. The assump-
tion is that the formalism of quantum field theory makes sense at asymptotic infinity. This
assumption is usually taken to be valid even in the presence of stringy corrections.?

However, there is an important difference in dS compared to AdS and flat space. In the
latter setting, it is reasonable to assume that the asymptotic structure of the spacetime is
not modified even nonperturbatively. Therefore the results of [1] are expected to hold even
nonperturbatively. But the asymptotic structure of dS is not expected to be nonperturbatively

stable [44]. Therefore, nonperturbatively, our analysis might require modifications.

5.5 Cautionary physical remarks

The principle of holography of information provides an interesting mathematical difference
between quantum field theories and quantum gravity, but the result should be interpreted
with care. First, as we have emphasized above, there are no local gauge invariant operators
in the theory. Therefore, the measurement of a cosmological correlator is secretly a nonlocal
process. Cosmological correlators are labelled by a set of points in R; but they do not
correspond to any physical observable that is strictly localized in R.

Second, in both AdS and flat space, if one considers heavy, nonperturbative states in the
bulk, then it is usually necessary to study nonperturbative correlators at infinity to identify
the state. This point was already noted in [1,4] and recently re-emphasized in [45,46]. So,
in a typical heavy classical state, mundane notions of locality are preserved at all orders in
perturbation theory. This is important since it explains why we do not “see” the holography
of information all around us.

This does not mean that the unusual localization of information in gravity is unimportant.
In its nonperturbative avatar, it is important for understanding the information paradox [3].

3Here, we do not enter into the recent debates on whether de Sitter solutions can be found within string
theory [41-43].
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Moreover, if one studies simple states like low-energy excitations about empty AdS then the
holography of information can be seen even within perturbation theory.

We expect the same features to hold in dS. In a “little Hilbert space” comprising simple
excitations about the Hartle-Hawking state, we expect it should be possible to identify states
uniquely using only perturbative cosmological correlators. On the other hand, to identify suf-
ficiently complicated states might require very high-point cosmological correlators. It would
be interesting to work this out in more detail.

6 Discussion

In this paper, we started by studying the norm on the space of solutions to the WDW
equation obtained in [8]. The magnitude-squared of these wavefunctionals leads to a diff
x Weyl invariant functional. We defined the norm by averaging this functional over field
configurations and dividing by the volume of the diff x Weyl group. We used the Faddeev-
Popov trick to make sense of this expression, leading to the final gauge-fixed expression (3.16).

In the nongravitational limit, our norm reduces to the one proposed by Higuchi on the
space of group-averaged states. Therefore, our procedure provides a derivation of Higuchi’s
prescription in the nongravitational limit and a means of understanding gravitational correc-
tions to this prescription.

In section 5, we explored the meaning of cosmological correlators. We proposed that these
commonly-discussed quantities correspond to gauge-fixed observables. These observables are
labelled by a set of local coordinates although their gauge-invariant description is necessarily
nonlocal. We showed that, in any state of the theory, these observables are invariant under
rotations, translations and dilatations of their coordinate labels. This marks a sharp difference
from nongravitational quantum field theories, where cosmological correlators manifest this
symmetry in the vacuum but not in other states. As a consequence of this symmetry, we
showed that, in a theory of gravity, cosmological correlators in an arbitrarily small region, R,
suffice to uniquely identify any state in the theory.

These results open up several interesting questions that we now describe.

Holography in de Sitter. Strictly speaking, our result on the holography of information
does not allow us to obtain information about a higher-dimensional space from a lower-
dimensional space since R still has codimension 0. This is similar to the situation in AdS —
where arguments based on the gravitational constraints are sufficient to show that information
in the bulk is available in an infinitesimal time band in the boundary, but are not sufficient
to squeeze the time band to a time slice. Moreover, our results pertain to information but do
not address the issue of bulk dynamics.

So the natural question is whether there is some way of understanding bulk dynamics in
all of de Sitter space from a lower-dimensional subregion on the late-time slice. Similar ideas
were recently explored in [47].

Such a holographic duality, if it exists, should account for all states in the bulk theory. In
the literature, the study of dS/CFT has often been restricted to understanding the Euclidean
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vacuum, obtained from the Hartle-Hawking proposal. But as we have shown the bulk theory
has many other interesting states.

It would also be interesting to understand the relationship of such a holographic dual to
the proposal of static patch holography [48,49]. There, it is suggested, using very different
arguments, that all information about the state can be obtained from the bifurcation sphere
that lies between two static patches. This sphere lies in the “bulk” of dS whereas our results
have to do with the asymptotic late-time slice. So our results do not contradict this proposal,
but nor do they obviously lend it support.

Observers in quantum cosmology. An interesting conceptual question is the following.
Gauge-invariant operators in gravity must be nonlocal but this is in apparent contradiction
with our physical intuition that measurements are made locally. Fixing the gauge, as we did
to study cosmological correlators, provides a mathematically convenient method of obtaining
observables that are labelled by a set of coordinates. But it is important to develop a deeper
understanding of the meaning of measurements in a cosmological setting. The usual theory
of measurement [50] involves an external apparatus that is entangled with the system by the
experimenter who turns on an interaction Hamiltonian. Clearly this cannot correctly describe
measurements in a theory of gravity, where bulk evolution is generated by the constraints,
that cannot be altered at will. Presumably, the correct framework is to study an observer
who is already part of the system and where measurement happens through the autonomous
evolution of the system. We do not know the correct formalism to analyze this process.

A simple model of an observer was recently discussed in [26] where it was argued that
the algebra of observables dressed to the observer’s worldline is of type II;. Since we have
presented the full Hilbert space and a formalism for understanding observables, it should
be possible to embed the model of [26] into our analysis and make it precise. It would be
interesting to work out these details.

Technical questions about the norm. From a technical perspective, we would like to
better understand the functional integral that was used to define the norm. Some subtleties,
including the question of the measure, the requirement of a minimum of three operator
insertions, and potential divergences due to the “collision” of operators are listed in subsection
3.5. Similar problems have been studied extensively in string perturbation theory and we hope
that the techniques developed there can be applied to the functional integrals that appear in
our context.

Implications for cosmology. Our result implies that when gravitational constraints are
taken into account, every physical state has the same symmetries as the vacuum. This would
not be true in quantum field theory where the vacuum is singled out by its symmetries. This
suggests that the approximate scale invariance observed in the early universe cannot be used
to justify the Hartle-Hawking proposal. It is in fact a general consequence of the constraints
in any asymptotically de Sitter spacetime, such as the early universe as predicted by inflation.
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Appendix
A Residual gauge symmetry

In this Appendix, we study the residual gauge symmetry after fixing the diffeomorphism and
Weyl gauge symmetries using
8ig¢j = 0, 5ijgij =d . (Al)
After solving for the traceless condition, the variation of the metric is a combination of
a diffeomorphism and a Weyl transformation

0¢gij = (P€)ij = Legij - égz‘ﬂwﬁggu (A.2)
in terms of the Lie derivative
Legij = €5 0kgi; + gin0;€" + gij0il" = Vi&; + V& . (A.3)
The residual gauge symmetry algebra corresponds to solutions of
0;(P&)ij =0 . (A.4)
The metric is written as
Gij = 0ij + khyj (A.5)

which leads to the expansion
(PE)ij = (Pof)ij + K(P1&)ij + K7 (Pa&)ij (A.6)

that is exact since no higher orders of k appear.
Firstly, note that in the limit x — 0, the residual symmetry is SO(1,d + 1) because we
then have

2
(PoC)ij = 05¢Cj + 05¢i — 35@‘5“(%@ =0, (A.7)

for any conformal Killing vector (. In other words, conformal Killing vectors preserve the
background metric and hence trivially preserve any gauge-fixing condition.
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A.1 Translations, rotations and dilatations

We will see that translations, rotations and dilatations remain residual symmetries at finite
k. To show this, we write the explicit form

2 2 .
0i(P&)ij = I:(akgz‘j +0gik — C_lgz'faégjk) O + (9ij5k£ + gjk0ie — Egz’kgj@) 5’k3z] g . (A.8)

We see that translations &/ = const are always a residual symmetry since at least one derivative
acts on ¢/ in (A.8). For rotations and dilatations, the term with two derivatives vanishes so

we get
9 A
0;(P§)sj = (8k:gij +0;gik — Egiﬂaégjk) o/ RS (A.9)

Rotations are of the form & = M7*z* where M7* is antisymmetric. So we see that 0,&7 = MI*
and the above expression vanishes by symmetry. For dilatations, we have &/ = 27 so 93¢7 = 5i
and the expression vanishes using the transverse and trace conditions.

As a result, we see that translations, dilatations and rotations are residual symmetries.

A.2 Modified special conformal transformation

The usual special conformal transformation takes the form

v = 2(8-x)x' — 226" . (A.10)
We can check that this is not a residual symmetry as we have

9;(Pvo)ij = —2kd hyj (A.11)

which does not vanish.
However, using a standard perturbative procedure, the SCT can be systematically cor-
rected [20] to give a residual symmetry, &,

E=vp+ kv + K2+ ... . (A.12)
Define the operator
(Do) = 0u(Pog)yy = €7 + (1- %) didye (A.13)
The corrections v, are obtained by solving the equation (A.4)
(Dovp) =sl,  n=1,2,... (A.14)

where A
sl =2dpB'hij (A.15)

and the higher order sources are determined iteratively using

sh = =0i(Pivn-1)ij = 0i(Povp2) ,  n22. (A.16)

— 928 —



We can show that, provided one places physical boundary conditions on the metric fluc-
tuation, the equation (A.14) always has a smooth solution v/ that is smooth on the sphere
so that it is always possible to correct the SCT in this way. As detailed in the next section
these boundary conditions constrain the metric around z = oo to be

LTy
hij = WiijW

+0(|z[?) (A.17)
where Wi, is a constant tensor with the symmetries and tracelessness of a Weyl tensor. As
a result the first source has the fall-off

; TpTy _
sy = 2dﬁlWikj€W +0(|z7) (A.18)
and higher order sources are more suppressed as they contain additional factors of the metric.

The decay of the sources at infinity guarantees that solutions for v/ always exist. For the

leading fall-off, we obtain the solution
Ty

- Wiy Ol ) = af 0y + Ol ). (A.19)

which is just proportional to the source at this order. For the subleading fall-offs, the solution
can be written in Fourier space

V@)= [ W ( %Z’k—p)@) (4.20)

which is well-defined as the sources are s' = O(|z|™) at infinity so their Fourier transforms
are '(p) = O(|p|*¢) around p = 0.

A.3 Boundary condition for the metric

Although the physical metric is the round metric on S?, we have performed a Weyl trans-
formation so that the background metric becomes flat. The Weyl factor is singular at x = oo
so we must impose an appropriate boundary condition at infinity. The physical metric takes

the form
4

(1 +1]x[?)

and we should demand that this metric be regular. In addition we impose the gauge-fixing

d52 = (67,] + Iihij)dﬂfidl‘j (A21)

conditions

aihij =0, 5z‘jhij =0. (A.22)

The Ricci scalar of the physical metric must be a regular function on the sphere. At first order
in k, it is a linear combination of 9;0;h;j,x;0;h;; and x;x;h;;. The first two terms vanish due
to the transverse condition and we obtain

R=d(d-1)(1+ rhjjziz;) + O(K%) . (A.23)

— 929 —



This must be a smooth function on the sphere which implies that h;;jz;xz; must tend to a
constant C' at infinity. Our gauge-fixing conditions also imply that

0i(xjhij) = 6ijhij + x;0ihi; =0, (A.24)
which after integration over a ball of radius r gives by Stokes’ theorem
0= [Br A%z d;(xihij) = [Sr A2k = vol (847 rd 20 T — 400 . (A.25)
This implies that C' = 0 so we find that
xILm hijriz; =0 . (A.26)
Additional constraints come from demanding that the metric be smooth near infinity.
Expansion around infinity. The metric around x = co can be expanded using the inverted

coordinates defined as
X

;= —= . A.27
SR (A.27)
The inverted metric }Nlij is defined as
4 -
2 _ g N A dA
ds® = W(&] + /ihw)dac,da;j s (A28)
and is related to the original metric using
1 -
hij = w(5ik|$|2 = 2m;3,) (6jell” - 2250 e - (A.29)

The expansion around z = oo is an expansion around Z = 0. The boundary condition (A.26)
in inverted coordinates gives

L
z—0 ‘.%'|4

-0. (A.30)

To analyze this condition, we demand that the metric be smooth and at least twice differen-
tiable near = 0 so that it is possible to perform a series expansion

hi(#) = HY + HQ) i+ HG) ddg+ .. (A.31)

where Hg}? are constant tensors.
For the leading orders, the limit implies that we identically have

B %:5;=0,  HG5i5,=0,  HS)&:ddd =0 (A.32)

(0)

Taking derivatives, we obtain that H = 0. For the linear term, we obtain constraints on

Hi(j k) which allows us to write the transverse equation as

0=0; h(l)

HY 220, (A.33)
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which implies that HZ(Jl]z = 0. This means that limz_q 5;@?1” = 0 so that Z; are the Riemann
normal coordinates around Z = 0. Thus we have

- - 1~ - -
9ij = 9ij(0) + gRika(O)ﬂﬁkl’z +0(|z]) , (A.34)
and this fixes the term quadratic to

2y 14
H), = 3 Binje(0) - (A.35)
The tracelessness condition also implies that Rij(O) = 0 so this is really a Weyl tensor.
As a result Hi(jzk)é can be any constant tensor with the same symmetries of a Weyl tensor.
Conversely, we can verify that this gives a valid metric.

As a result, we obtain the leading behavior of the metric at infinity

LT _
hij = I/Vikﬂﬁ +0(jz%), x> +o0, (A.36)

where W;ji, is a constant tensor with the symmetries and tracelessness of a Weyl tensor.
Note that for dSy, we have W;ji, = 0 as there are no non-trivial Weyl tensor in d = 3 ; so in
this case we have h;j = O(|z[™®).

A.4 Residual symmetry algebra

The residual symmetry algebra is generated by vector fields £[¢] which in general have metric-
dependent corrections. The Lie bracket between two generators must be modified as

[€109], &2lg]m = [§1[9], &2[9]] =S¢, (g1€2l9] + Oy g16119] (A.37)

where we have added the action of the transformation on the metric-dependent terms obtained
from the transformation of the metric.

For example, let &1 be a translation, rotation or dilatation and &; be a modified SCT. We
can write

§a=C+olh], (A.38)

where ( is the unmodified SCT and v[h] contains the metric-dependent corrections. We then
have

[€1, €21 = [€1,¢] + [€1, v[R]] = ¢, v[R] = [&1,C]T (A.39)

which gives the standard Lie bracket as if the SCT was unmodified.

As a result, the modification at finite k£ doesn’t affect the algebra which is always the
conformal algebra. The residual symmetry group is then always SO(1,d + 1). However, the
finite k corrections to the SCT modify the way this group acts on the fields.
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A.5 Alternative gauge-fixing conditions

In this paper, we have presented our analysis in a Weyl gauge where the background metric
for the sphere is flat. We can also consider the a similar gauge-fixing procedure where we
keep the round metric.

In this case, we write the metric as

A5
gij = Vij + Khij, g = m ; (A.40)

where ;; is the round metric on S?. The gauge fixing conditions can be taken to be
Y*Drgij =0, gy =d, (A.41)

where we use D; for the background covariant derivative with respect to v;;.
After solving for the trace condition, the variation of the metric is

Segij = (P€)ij = (Po&)ij + K(P1&)ij + K2 (Pa)ij (A.42)
and the residual symmetry is generated by solutions of
Y Dy(PE)ij =0 . (A.43)

Again we see that at k — 0, the residual symmetry is generated by the CKVs as we have
2
(Po§)ij = Di&j + Dj&i - ;l%'ﬂMDk& (A.44)

is the conformal Killing equation on S¢.
At finite k, we can write
€ = v+ kot + KP4+ (A.45)

Taking vg to be any CKV, we can make ¢ into a residual symmetry by choosing the corrections
v, to be solutions of

(ﬁovn)i = Sil, n= 1, 2, ey (ﬁ(ﬂ})i = ’}/jk"yMDj(P()’U)kg y (A46)
where the sources are given as
si= =7 D (Pron-ke, s = =" (Dj(Pron-1)ke + Dj(Povna)ie) . n22. (AAT)
The operator —Dj is Hermitian and non-negative as we have
| o
—fdda:\/’_y’yijvl(l?ov)] = 5 fddx\/'_y’ylkyﬂ(Pov)ij(ng)kg 2 0, (A.48)

using integration by parts. This can only vanish when Pyv = 0 so that v is a CKV. This shows
that the only zero modes of Dy are the CKVs. A similar argument shows that for any vector
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field v, Dyv is always orthogonal to the CKVs. Note that this was used by York in [51] to
prove the existence of his decomposition.
As a result, the operator —Dj preserves the space of vector fields orthogonal to the CKVs

and is strictly positive on that space. We can see that the sources s!, belong to that space.
Indeed for any CKV (, we have

f d /7 7ijC' sl

f A%\ /7Y *AI D¢ ((Prvn-1) ke + (Pavn-2)ke) (A.49)

1 0
B [ddl‘ﬁ’y F 3t (Po¢)ij ((Prvn-1)re + (Pavn-2)ke)

using integration by parts, tracelessness and symmetry of (Pv);;, and the fact that Py¢ = 0.

As the operator Dy is invertible on the space of vector fields orthogonal to the CKVs,
the corrections v, in (A.46) always exist and are unique. An explicit representation can be
written by decomposing the sources in eigenvectors {uy} of Dy:

sh= > cpup, (A.50)
k

where 50uk = —Apur with Ax > 0. This is well-defined because 230 is an elliptic operator on a
compact manifold and hence has a discrete spectrum. The solution can then be written as

vl == )\—k% . (A.51)

We can check that the SO(1,d + 1) algebra is satisfied after using the modified Lie bracket
(A.37) which takes into account the transformation of the metric-dependent corrections.

More generally, we expect that for a large class of gauge-fixing conditions, SO(1,d + 1)
should always be the residual symmetry group. This is because the CKVs preserve the
background metric and it should be always possible to correct them so that they preserve the
gauge conditions.

The advantage of the transverse-traceless gauge used in the main text is that transla-
tions and dilatations are realized linearly. This results in simple symmetries for cosmological
correlators and simplifies the proof of the holography of information. In a different gauge,
the symmetries of cosmological correlators relate correlators of different orders. We expect
that the holography of information will still hold in alternative gauges, since given the set of
all-order cosmological correlators in a region, the residual symmetries can be used to obtain
correlators outside that region.

B Orthonormal basis of conformal blocks

In this Appendix, we explain that for free fields in the nongravitational limit, the quantum
gravity Hilbert space admits a basis in terms of conformal blocks or conformal partial waves.
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Moreover we will see that the Higuchi inner product is the natural inner product studied in
the CFT literature.
We consider a set of free massive scalar fields xj in the principal series so that they have

dimensions

Ak=§+i1/k, k‘=1,2..., (Bl)

with vy is real. We can define a basis of dS invariant states following section 3.4 as

) = f A1 .. A% Y(w1, . mn) X1 (@) - X)) £ [0) (B.2)

where, as in the main text, |0) is the Hartle-Hawking state. Note that we have redefined
the basis by replacing the product of operators by its normal-ordered product which simply
corresponds to taking a specific linear combination of the basis elements (3.27).

We must take ¢(x1,...,x,) to transform appropriately under the conformal symmetry
so that [¢) is dS invariant. This corresponds to taking ¢ (z1,...,x,) to have the symmetries
of a CF'T correlator

(a1, xn) ~(O1(x1) ... On(20))oFT S (B.3)

where O (x) is a local operator of dimension d — Ay in a CFT4. This implies that ¢ can
be decomposed as a sum of conformal blocks or conformal partial waves. In the example of
n =4, we have the decomposition

Y@, ,ma) = Y ea Uy (@, 2) (B.4)
AT

where the conformal partial waves \I/ﬁf ; are linear combinations of conformal blocks. (See [52]
for details.)

In the principal series, the complex conjugate operator x; has the conjugate dimension
A} =d—- Ay and conformal symmetry implies that we have [53, 54]

(0w (@) xk ()]0} qrr = 5P (2 — ") . (B.5)

This can be derived for example from the asymptotic limit of de Sitter Green’s functions.
The Higuchi inner product then takes the form

vol(SO(d-1))
vol(SO(1,d + 1))

(]s) = f Az .. A (2, .. o) . (B.6)

This is actually the natural inner product on conformal partial waves. In the example of
n =4, we have the orthogonality relation

vol(SO(d-1))

A, A; d d A A
(\PA,J7 lI’A}J) = VOI(SO(l d+ 1)) [ d xIq .. .d $4‘1’A7J(l‘i)\PA,’J,(ﬂ?i) = TZA7J27T6J7JI(5(V - I/,) s
(B.7)
where we have written A = g +iv, A’ = g — 1" with v,’ > 0 and the normalization constant

na,; is the one given in [52] multiplied with an additional factor of vol(SO(d - 1)) to match
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our convention. This appeared recently in [52,55-57] following earlier work [58,59]. The case
n = 4 has been most studied in the CF'T literature but we expect that similar results exist
for all n. This implies that conformal partial waves provide an orthonormal basis for the
quantum gravity Hilbert space of free fields in dSg1.

Semi-classical dS3 gravity can be formulated as a Chern-Simons theory [60]. So it would
be interesting to understand the connection of the construction above to the construction of
the Hilbert space of Chern-Simons theory in terms of two-dimensional conformal blocks [61].

C BRST invariance of inner product

In this section we demonstrate that the correlator
(U, AV) = f DgDx DeDeé(gi; - d)5(0igij)[¥[g. x1I*Alg, xJe = (C.1)

where |¥[g, x]|* and A[g, x] are diffeomorphism and Weyl invariant, enjoys BRST symmetry
as is expected of gauge fixed path integrals. In order to show this, we introduce BRST
transformation for matter, metric and ghost fields. The BRST operator dg that we define
below should be distinguished from the BRST operator that would arise if we attempted to
implement the gravitational constraints using the BRST formalism. Rather, it arises when we
gauge fix functional integrals like (3.1) and (3.2) in order to define norms and correlators. For
this reason, it does not appear that the cohomology of the BRST operator discussed in this
section has any particular significance. In this Appendix, for simplicity, we do not consider
the fixing of residual gauge.

We will proceed in two steps. First we show BRST invariance of the ghost action con-
taining both diffeomorphism and Weyl ghosts. In the next step, we integrate out the Weyl
ghost to obtain the effective ghost action (3.15) and show that the inner product path integral
(C.1) with this action is also BRST invariant. (See [62] for a similar procedure in the context
of string theory.)

C.1 BRST formulation

We remind the reader that the gauge transformation of the fields under diff x Weyl group is
given by

Sep)X = O£ X +80 X = €-9x = Ay, (C.2)
O(e,0)9i5 = 5?9@' + 5zvgz’j = Vi&j + V& + 2095 (C.3)

where 6P and §W represent an infinitesimal diffeomorphism and a Weyl transformation re-
spectively. The change in gauge fixing functions under this flow is

O(¢,p) (9ii = d) = 2V &k + 2giip, (C.4)
O(e.0)(959i3) = 05 (Vi + Vi + 2095) - (C.5)
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From here we can read off the full ghost action as,
Sgﬁu = / ddl‘ (29@'@6[) + 2[_?ch]§ + QEiaj(gijb) + Eiaj (VZ‘CJ' + Vjci)) , (C.G)

where b, b, ¢!, & are the Weyl and diffeomorphism ghost anti-ghost pairs.

Structure constants. Commutators of the gauge group algebra can be given through their
action on Y,

(62,01 =0 (00,08 Ix =000, [6),651x=0. (C.7)

¢ Yw
It’s easy to check that the same commutation relations hold for the action on g;;.
[5?, 5?]gij = 5375]923', [5:2/, 5?]9@- = —(5?(19@92'% [5:2/, (5;\7]92']' =0. (CS)

Consider the diffeomorphism and Weyl basis {5D 6V} defined by

is Yy

5P —fddx§ (2)0, 5§,V:fddw(x)5ﬁv. (C.9)

Define the structure f(|.,_) as

5]31,53 fddwf(wk|y z])éDk, (C.10)
DA fddwf(w|y, )W, (C.11)
[6%,6] = [ddwf(w|z )W (C.12)

The notation f(_|_,-) has been overloaded so that its indexed and un-indexed arguments
indicate diffeomorphism and Weyl basis indices respectively. From the commutation relations
(C.7) or (C.8) we can read off the structure constants,

f(wk|yi, 27) = 9,i0(w—2)d(w - y)ééC = 0pid(w—1y)d(w - z)éf, (C.13)
fwly, 2') = =0(w = 2)0,,:6(w - y), (C.14)
f(wly,z)=0. (C.15)

BRST transformation. Let us rewrite the path integral (C.1) as

Sfull

(U, AD) = f DgDy DeDe DbDb DBDB? ¢ %5t~ 5%n (C.16)

where have implemented the gauge fixing delta functions through the Nakanishi-Lautrup
fields B, B* and the gauge fixing action

Sef=1 f d*z (B(gii - d) + B'0;gi5) | (C.17)

and indicated the rest of the gauge invariant integrand using e™=1.
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The BRST transformation is

(5%)( =0 (ciaix - be) , (S%Qij =0 (Vicj+ Vjci+ 2bgij),
8%t = 0k o, 6% = 0B,
680 = 0cF o, 68b = -i0B, (C.18)
SABI =0, 4B=0.
We have used the following formulae to obtain the ghost field transformations
0 N .
she(w) =5 [ dlyd'z fly' ) (n)e (=), (C.19)
550" (w) = 0 [ dydz f(uly, b)) (C.20)

BRST invariance. We shall show that the amplitude (C.16) is invariant under the above
transformation. Let us define the operation dg via

6% = 055.
Firstly note that the operator dg is nilpotent on all variables. That is
6B0BYij = OpdpX = 0pop (&', c',b,b, B, B) =0 . (C.21)

This is a group theoretic result which can be easily checked (see for instance [63]). This
further means

0pop (any polynomial in field variables) =0 . (C.22)
The ghost and gauge fixing actions can be rewritten as
Shl = f d*z (b5 (gii - d) +&05(;9i5)) , (C.23)
Sg.f = f dd.CC (—(5B5 (gii - d) - (5Béi 8jgij) . (0.24)
Adding these up,
S+ Sy = —0 f dz (b(gii - d) + & (9037)) - (C.25)
Since the sum is BRST exact, we have
(S + Sgp) =0 (C.26)

C.2 Eliminating the Weyl ghost

Now, since the b,b ghosts in the action (C.6) are non-dynamical, we can simply integrate
them out to get the effective ghost action

_Sfull

eiggh:/DbDBe gh

— [ DbDl_) e—jddx{E(Zgiib+2vkck)+26i8j(gijb)+6i8j(vi0j+vjci)}

, , C.27
= / Db (-2(giib+ Vicer)) o J d2{2e°0;(gijb)+2'9;(Vic;+V;ci) } ( )

. 2
= N3exp {— f ddx c'0; (Vicj +Vjci— ;gijvkck)} .

0
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Here N3 = det(-2g;;). As we will see shortly, this is invariant under our new BRST transfor-
mation and so N3 reduces to an unimportant numerical constant. For these reasons we can
drop it from our effective ghost action, and quote

. 2
Seh = f dlz ¢'0; (Vicj +Vjc - ;giijCk) . (C.28)

(23

The gauge fixing part S, ¢ remains the same,
Sg.f =1 f ddl' (B(gzz - d) + Bla]gl]) . (029)

The new BRST transformation is obtained by replacing b — —%chk in (C.18).

: 1 2
Shx =10 (Cz iX + —VkaAX) , 8%gi; =0 (Vz‘Cj +Vjci - g—Vkagij) ,
i §4
68ct = 0ckoc, 6% = —ifB’, (C.30)
S4B =0, S4B =0.

Nilpotence of ég. Since the transformations of ¢!,é, B, B are unchanged, their nilpotence
is trivially maintained. So we only need to show the nilpotence of the transformations of x
and 9ij-
Firstly we note that
0Bgi =0 . (C.31)

This gives 0g/N3 = 0. The modified BRST transformation can thus be interpreted as a
diffeomorphism followed by a compensating Weyl transformation which preserves g;;. Written
explicitly in terms of the ghost field, the transformation is

0BGij = (PyC)ij , (C.32)
where we define
2 1
(Pyc)ij = " O1gij + 2g1:05)¢" - g_gij (gkzakcg 5 8gkk) , (C.33)

whose gauge-fixed version is (3.6).
The b-ghost transformation in the full analysis is compatible with the substitution b —
—%V;@ck in the new transformation. That is,

1 : 1
OB (_;chk) =c'o; (—;chk) . (C.34)
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Now for the matter field,

; 1
OBdBX = 0B (C’@‘X + kaCk;AX)

1

. , 1 A
= 0pc'Ojx — c'0;0BXx + Adp (;VM) X - . (Vier) oBX

= C‘jajciaix - C‘jajciaix - cicj&@jx - Cjaj (évkck) X + évkckcjajx (C.35)
ii B

(2 2

A A j A?
+0| —Vier | x - —chkcja X — —2VkaVgCg
Gii Gii (9ii)

=0.

In the third line, the second and last terms cancel out due to antisymmetry of the ghost field
and the fourth and sixth terms cancel out due to the relation (C.34). After a slightly more
tedious computation of the same for the metric we get

2
0BOBYi; = 0B (Ckak:gij + gri0ic” + grj0ick — g—Vk;Ck;gij)

= —cko, (g[iajcé + ggj&-cé) + (Cmamgki + gez‘akcé) 6jck (C.36)
+ (Cmamgkj + ggjakcé) 8¢Ck + gkif)j (Czagck) + gkj(‘)i (Céagck)
=0.

Hence, we can once again make the following assertion for the new dp:

0B (any polynomial in field variables) =0 . (C.37)
Also once again,
S = f %z @ 85(9;g:7), (C.38)
St = f d%a (iB(gii -d) - ope 8]-91-]-) , (C.39)
giving
Sn + Sgr=-0p [ d'x (0i95) +i [ d'e Blgi-d) . (C.40)

The first part is BRST exact, and the other parts depend on g;; and B, both of which are
BRST closed, thereby yielding
5]3 (Sgh + Sg.f) =0. (C.41)

Since Sg; is by definition diffeomorphism and Weyl invariant, this concludes the proof of
BRST invariance of the correlator (C.1).
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