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Abstract

We apply the framework of Cauchy Slice Holography to the quantization of gravity on closed slices
with A > 0 (with a focus on 2+ 1 dimensions for concreteness). We obtain solutions to the Wheeler-
DeWitt equation in a basis of CPT-dual branches. Each branch is a T2-deformed CFT partition
function with imaginary central charge. We compute explicit solutions in 2 + 1 dimensions in a
minisuperspace toy model of pure gravity. This analysis gives us evidence to conjecture a connection
between the choice of superposition of branches and the choice of class of geometries to sum over in
the gravitational path integral. We further show that, in full quantum gravity on closed slices, bulk
unitarity holds, despite the Euclidean holographic field theory not being reflection-positive.
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1 Introduction

The field of holography has had a tremendous success in the context of the AdS/CFT correspondence.
The latter can be interpreted as giving a definition of quantum gravity in asymptotically-AdS spacetimes
via a Lorentzian CFT. In recent years a lot of progress has been made in understanding how to do
quantum gravity when the boundary has finite intrinsic spatial volume. The boundary description for
this seems to involve a deformed field theory on the timelike boundary. The deformation operator away
from the CFT is quadratic in the stress tensor (thus irrelevant) and is called the T?-operator in the
literature [1,/2]. This approach to quantum gravity in a finite region led to attempts to describe the dS
static patch in 2 4+ 1 dimensions holographically via such a deformed theory [3], by combining two such
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flows, starting from the CFT corresponding to 2 + 1-dimensional AdS. The final theory was interpreted
to live on a timelike cylinder surrounding an observer worldline inside the patch.

However, by considering holographic descriptions on the timelike boundary, we have not been tackling
the problem of bulk quantization directly. This had been the focus of older literature, which tried to solve
the Hamiltonian and momentum constraint equations following from the diffeomorphism invariance of
the theory [4]. In the context of cosmology, a solution to these equations is a physical state of quantum
gravity living on a closed slice ¥. Solving the Hamiltonian constraint is hard and considerable progress
was made in the minisuperspace toy model or extensions thereof with countable number of degrees of
freedom [5}(6]. A lot of discussion has followed in the cosmology literature about what the physically
relevant solution to this constraint is [7H12].

But the field of canonical quantization remained largely separate from holographic approaches. It was
not long after the discovery of AdS/CFT that conjectures of dS/CFT emerged [13], in which quantum
gravity in asymptotically-dS spacetimes was to be defined in terms of a Euclidean CFT living at the
future/past asymptotic boundary. A lot of intuition from AdS/CFT has been borrowed since to try
to come up with explicit realizations of this conjecture. But a simple process of Wick rotation from a
Lorentzian to a Euclidean CFT cannot be the answer, because we do not expect the CFT relevant for dS
holography to be reflection-positive, while the CFT for AdS holography is unitary. We will discuss this
point more later. In fact, the proposals put forward so far tend to have quite exotic properties [14L[15].

The work of [16] precisely makes the bridge between canonical quantization and holography. In the
context of AdS/CFT, it gives quantum gravity states on a bulk slice ¥ defined in terms of a T2-deformed
field theory living on ¥ and with boundary conditions provided by a field theory state living on 0%. This
framework has the advantage of having a general regime of applicability. In particular, it can be used to
do canonical quantization of cosmology on closed slices, by expressing the quantum states in terms of a
T?-deformed field theory, where in this case there is no boundary at which to specify field theory data.
The main goal of this paper is to explore this holographic description and its conceptual consequences
for quantum gravity with A > 0 on closed slices.

Here is a summary of the ideas discussed in this paper. A quantum gravity state living on an abstract
slice ¥ must satisfy the Hamiltonian constraint. All solutions to this equation are spanned by two field
theory branches:

Vgl = Ay Zi (gl + A-Z_[g] = Z]g], (1)

where each of (Z1) is a T?-deformed partition function on ¥. The starting CFTs for each of them
have opposite Weyl anomalies. For A > 0 and 2 + 1-dimensions this leads to the fact that the CFTs
have opposite imaginary central charges. The partition functions start by being CPT duals of each
other before any deformation is turned on. This property is preserved along the deformation flow. If
we compute the expectation value of the conjugate momentum to g, (a.k.a. the extrinsic curvature)
we get oppositely signed contributions from each branch. This hints at the fact that the branch Z,
encodes future-oriented information, while the branch Z_ encodes past-oriented information, relative to
the abstract slice 3. From the perspective of the total partition function Z[g] on ¥ this is related to the
phenomenon of spontaneous CPT-symmetry breaking. The field theory living on Y breaks reflection-
positivity.

However, there still is a bulk positive-definite inner product, given by a gravitational path integral.
This inner product can be expressed holographically in terms of a field theory partition function. Thus,
we have bulk unitarity, despite the lack of reflection-positivity of the dual field theory. The fact that bulk
CPT invariance does not seem to be essential for bulk unitarity suggests the absence of a CPT-theorem
in quantum gravity. In addition, an aspect of the holographic encoding of the gravitational path integral
is conjectured to be the correspondence between the choice of branch superposition in and the choice
of class of geometries in the gravitational path integral.

In this paper we also explicitly compute the branches (Z1) in a minisuperspace toy model of pure
gravity by integrating the flow. We recover known solutions from the cosmology literature by picking
appropriate linear combinations. The bridge between the holographic principle and Wheeler-DeWitt
quantization, encapsulated by , is pictorially represented in Figure for the setting of the no-boundary
proposal for the state U[g]. The usual dS/CFT statement is recovered in the limit of large volume on X
and where the state is taken to contain only the future/past branch.

The paper is organized as follows. In Section [2| we summarize the general framework of Cauchy Slice
Holography and derive the deformation operator for pure gravity in 2 + 1-dimensions. In Section [3] we
explicitly integrate the deformation flow in a minisuperspace ansatz to obtain the space of solutions
to the minisuperspace Hamiltonian constraint. Then, in Section we conjecture a correspondence



no-boundary
proposal

Figure 1: Pictorial representation of the no-boundary proposal for quantum state of the Universe. The
state lives on an abstract slice ¥ and is obtained by a gravitational path integral over some class of
geometries defined on manifolds M whose only boundary is 9M = X. The state obtained corresponds
to some linear combination of the form . A priori, there is no preferred time orientation between the
no-boundary “boundary” and . That is to be determined by the linear combination at hand.

between the choice of contour in the gravitational path integral and the choice of superposition of field
theory partition functions and we give some evidence pointing in this direction, using the minisuperspace
solutions as a guide. In Section[5| we discuss the relationship between bulk CPT invariance, bulk unitarity
and (non)reflection-positivity of the field theory. We end with a discussion of these and additional points
in Section [Gl

2 Summary of Prescription

For now we will be working in general d + 1 dimensions. We will specialize to d = 2 momentarily.
The Hamiltonian constraint takes the form:
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and it must hold at every point on 3. We are interested in working on closed slices, since we have an
eye towards quantization of gravity on global slices of asymptotically dS spacetimes. We will also take
A > 0. The :: symbol denotes normal-ordering and 1% = —i(;;% is the conjugate momentum variable.
We will now follow the construction of Cauchy Slice Holography, introduced at length in |16], to solve
this constraint.
As explained in [17], in the region of superspace corresponding to large intrinsic volume of 3, a general

solution to takes the form:

Hw)Wlg) = { (M - ). —16§;N (R~ 2A>}mg} ~0, (2)

lim  W[g] = Ay et ZEg] 4 A_emCTII 2 g, (3)

Vol[g]—o0

d
where Vol[g] — oo means with respect to other bulk scales in the theory, like G5 *. Here, CT[g] is a
universal local counterterm. It takes the same form for all states and it only contains terms of scaling
dimension > d (which are therefore divergent in this limit). Ay are just complex numbers. The other
two factors satisfy local anomaly equations:

W(2) 2 g] = FiA(x) 257g), (4)

where W(x) is the local Weyl rescaling generator: W(x) = 2II(x); and A(x) is some local function of
Jab, With scaling dimension = d. It is worth stressing that A(z) is entirely determined by H(z), as we
will see. They can thus be identified with CFT partition functions, with opposite anomalies:

z(g) = 27 [g). (5)

A general solution to the Hamiltonian constraint is thus spanned by two branches.



If we were to apply this to AdS/CFT, one of the branches would be exponentially suppressed relative
to the other. So, in the large volume limit only one of them would contribute. That is in fact the premise
of AdS/CFT. But if we were to probe regions of finite volume, it is likely that the two branches would
become important even in that case. For the purposes of doing a dS/CFT version of holography, the
counterterms are oscillatory and so no branch dominates over the other. Both have to be taken into
account from the start, even in the limit of the asymptotic boundary. This will in fact turn out to be
absolutely crucial to recover a physically reasonable behaviour, as we will see.

Away from this region of superspace, a general state takes the form of linear combination of partition
functions deformed away from the asymptotic CF'T behaviour. Each branch will have its corresponding
deformation:

Zulg) = =7 (Powp [ T02(0) 27 )

where O4 () is a local deforming operator composed of terms with scaling dimension < d. It is updated
at each point along the flow parameterized by A (which is why the exponential is path ordered). The flow
starts at the UV cutoff A = € of the CFT and ends at A = p. This p is a new (and the only independent)
scale in the problem. The following convention for identification with bulk scales holds throughout the

paper:

|14 = Lia)as, (7)
where
dd—1) 1
A=l 0
2 L%A)dS

In the complex A-plane, the correct deformation contour depends on the sign of A and on the dimen-
sion d. In our conventions we have the following pattern shown in Figure [2}

A<0 — N/IeR,, (9)
A>0 — A/ ciR,. (10)
Im(\)
d=5 A>0
A
- —  Re())
\
d=3, A>0

Figure 2: Several deformation contours in the complex-A plane for different dimensions and signs of the
cosmological constant. For A > 0 the contour rotates counterclockwise by 7/2 with each increment in
dimension.

Of course, the starting CFTs will be wildly different for each d. Once we turn on any amount of
deformation, the physics will depend on the ratio of the local geometrical scale (determined by gap)



and the dimensionful coupling | ut/ 4|, In the bulk, the ratio between the cosmological and Planck scales
corresponds to some dimensionless parameter in the field theory.

If we define the partition function without the counterterm as:
Zilg) = =TV Z, [g], (11)

then this solves the flow equation:

{[w-ia0:0} 221 -0 (12)

by construction.

Let us construct the deforming operator for the case of d = 2 pure Einstein gravity. We first do that
for one of the branches, call it (4), and then the other branch is obtained analogously.

We start by dividing the terms in the Hamiltonian operator into relevant, marginal and irrelevant,
from the perspective of the d-dimensional field theory:

H = el g gqmars | gyirrel (13)

He = 16£N 20 (14)
HE = GQNR (15)
el 167}? (M — 1) (16)

We perform a canonical transformation on the phase-space (gap, I1°°) such that the marginal term
gets modified to:

/2
it/ PHmAE W) — i1 g VIR (17)
N

For that we need a conjugate transformation of the form:
H— e T A eOT, (18)

with a d-dimensional cosmological constant counterterm:

2 1
Tl = 4+— . 1

Under this, the irrelevant term stays the same, but the relevant term gets modified to:

rel \/g l
" _>16wGN2<A+u)' (20)

In our conventions, in which all the counterterms are to the left of the deformation operator in (), this
term must be identically zero. Otherwise we will get relevant terms in the anomaly equation for
Z(ioo), thus violating the premise that Z satisfied the Hamiltonian constraint. This is equivalent to the
convention:

A=——. 21

. (21)
Picking another identification between the bulk and field theory scales is equivalent to allowing for extra
counterterms in (@ before deforming, such that we can get rid of any leftover relevant terms in the
anomaly equation. This is simply a choice of scheme for the deformation flow in theory space and thus
has no physical consequence. We believe our convention to be the cleanest. It also is the same convention
used in holographic renormalization.

So after this canonical transformation we have that:

1/2

167G
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- W+ 2ix ), (23)



where the last line is a definition of the local operator XJ(F” ) (x). This operator itself splits into irrelevant

and marginal terms:
X+ _ Xrarg _"_)(irel7 (24)

classified as before. The deformation operator is then the integrated version over the slice:

04 := | X{(w) (25)

Given this deformation operator in @, then the anomaly constraint equation is guaranteed to include
only the marginal terms:

1/2

W2l = i (o

Using the standard definition of the central charge in d = 2 we get the following holographic identification:
1/2

_ 3
Cc = QGN.

(27)

This is the dimensionless parameter in the field theory which controls the ratio of the bulk scales. This
conclusion works for both signs of the bulk cosmological constant. Now if we consider the relevant sign
A > 0 for cosmology and the associated A-contour (4)) we get an imaginary central charge for the starting
CFT:

3L
V2 Ly — ¢ = 12238
12 1L.48 C Z2GN

(28)

In terms of field theory quantities only, the deforming operator and the counterterm take the form:

0.\ = ;/Z{_zjm gR+%C‘7r)\\}§:<HabH“b—H2>:}7 (29)
CTll = e [ VA (30)

So far we have constructed Z,[g]. Notice that there are no boundary conditions to be specified in the
definition of this partition function since the slice is closed.

Now to obtain the other branch, we simply swap the sign of the counterterm. This leads to the
Hamiltonian constraint turning into a similar form with irrelevant and marginal terms, but with the
opposite sign for the Weyl operator:

i 2H W — 2ix W (31)

where we take this as the definition of local operator X (_“ ). The deformation operator is similarly defined
and we get:

0-0 = [ X*(@) = =0, (). (32)

This defines the branch Z_[g]. The starting CFT corresponding to this branch now solves the opposite
anomaly constraint equation:

W(2)Z D g) = +i <1éi/;v¢§1~z) 7 (g, (33)

It is worth stressing that for A > 0 (and hence for ¢ € iR and & < 0 in our conventions) we get that
the two branches are actually complex conjugates of each other:

Z gl = (Z+[g))" (34)

This is crucial to obtaining a physically sensible bulk picture, as will be explored below.



3 Minisuperspace Solutions

In general, computing the deformation flow explicitly is hard, because it involves integrating a func-
tional differential operator. However, we can make progress in a minisuperspace ansatz for the metric.
This is only a toy model for quantum gravity, which ignores most of the degrees of freedom. However,
we hope it can give us some hints about general lessons valid in full quantum gravity. We also take the
global slice to have the topology of a sphere, ¥ = S? (we could consider other topologies). Thus the
metric takes the form:

Gab = azgab =q Qaba (35)
where a is the sphere radius, ,; is the unit radius spherical metric and ¢ is defined above.
We proceed as follows: we start by finding the functional dependence of Z;CFT) on ¢; we write

the deformation operator in minisuperspace and solve the flow equation ; we end by adding the
counterterm. The end result will be a solution to the minisuperspace Hamiltonian constraint.
An anomalous CFT has a UV cutoff scale |¢|]. In our conventions, it has mass dimension [|e|]] = —2.
Because we want to identify it with the starting point of the flow, where A = €, we have that € < 0.
The integrated Weyl anomaly equation tells us how the existence of said UV cutoff induces an
RG flow in the CFT. It encodes the fact that:

9 9 crr) _

which implies that the partition function only depends on the ratio of physical scales:

CFT CFT
25 = 2857 (g/e). (37)
The following relations hold:

0
W = —-2iqg—, 38
. W5 (38)
+1i A = 721‘62 (39)

S2 N 86'

As derived above, the anomaly takes the form:

Cc
A=—5—ViR (40)

The Gauss-Bonnet theorem tells us that:
VOR = 4m(2 — 2g) = 8. (41)
SQ

So the integrated anomaly equation becomes:

dlog 257 (g) c
—_— = =4 (42)
dlogq 6
and the solution is, up to an overall normalization:
CFT q\*e/6
2V gfe o (1) (43)

Because ¢ € iR,, the two CFT branches are complex conjugates of each other in their functional
dependence on g. The counterterm takes the form:

ot/ =+ (2). (14)

Taking the large volume limit relative to other bulk scales corresponds to taking ¢ > |u|. Equivalently,
since the functional dependence is only on the ratio ¢/u, we could take the limit of small deformation away



from the CFT, i.e. we could take u — €. The large volume limit of any solution to the minisuperspace
Hamiltonian constraint in d = 2 is thus:

tim W(o/p) = Ay *5(2) (1) 4o (1) (45)

H—r€E € €

Now we perform the deformations on each branch so that we obtain the quantum state for finite
volume of the slice. In the minisuperspace ansatz, and imposing the normal-ordering prescription (which
puts all derivatives to the right), we get the following kinetic term:

2
1{vVa) ,0?

(MM, —T%): = - | -— : 4

(I*May —IT) 2 (47r> o (46)
Thus, using (29)):

1 c 3 0?
We now get the flow equation
.0 o ¢ 3 02
{~2ing— @i (5 + 2nagz) } 2elaim =0 (48)

Varying ¢ while keeping p fixed is equivalent to varying the ratio ¢/u. We define the dimensionless
variable:

q
u=—=>0, 49
" (49)

since p < 0 in our conventions. We also write ¢ = i|c|. The flow equation becomes:

@ 2 d (N

We notice that the differential operators corresponding to each branch are complex conjugates of each
other. We will now find the general solutions to these equations and demand that they have the correct
CFT limit when u — oo. This will specify the solutions up to a constant, which is just a normalization
factor.

The solutions to this equation are:

ZQE(U)ZO&HE)2|3c|u1F1(13F6| 23|)+6 i “U( 6|0¢3|>, (51)

where 1 F} and U are standard hypergeometric functions. We pick (a4, 84) such that they asymptote
to:

lim Z) (u )ocuiz 5 + subleading. (52)

U— 00

We need:

_ mlc|

—e 6

Picking a convenient normalization, the full solution for each branch becomes, including counterterms:

(53)

e 2 2|c
i =evtte {1 Buin (102 5

el

. e i2lely, el 2|c|
+ Zr(mzc)i U< 0;3)}. (55)




They are indeed complex conjugates of each other.
The space of solutions to the minisuperspace Hamiltonian constraint is then:

spanc {Z4 }. (56)
Let us take three instructive solutions:

Zi(u) + Z_(u)

Ugn(u) @ = — 5 (57)
Uvilenkin(©) : = iZ_(u), (58)
Uig(u): = W’ (59)

where the labels “HH”, “Vilenkin” and “HH” are merely suggestive of their familiar functional depen-
dence. Figure [3| shows a plot of and and we can see that the first one shows the expected
behaviour of the minisuperspace solution obtained by Hartle and Hawking (HH) [5], with the exponen-
tial suppression towards small u. The other agrees with the real part of the Vilenkin solution [7]. We
call it “HH” because it is obtained via a dual set of saddle-points in the path integral formulation, as
we will explain later. The actual full Vilenkin solution posits a tunnelling process from “nothing”.
It has the exponential enhancement shown in Figure |3| for small u but it includes only an “outgoing”
mode for large u, thus explicitly breaking time-reversal symmetry (which is directly related to it being
a complex solution). We will discuss these points further later.

W(u)
200F
150 F

100 F

5° AVIAVIAWA,
REENVANVANVAN'AS

Figure 3: The two solutions and (59)) for a value of |c|] = 10. The vertical line represents the
transition point at u = 1 beyond which the oscillatory behaviour begins. The two solutions are /2 out
of phase.

There are two equivalent ways of obtaining the HH and Vilenkin solutions from the gravitational
side. Onme is by solving directly (via the WKB method) the minisuperspace Hamiltonian constraint,
which can be reinterpreted as the time-independent Schrodinger equation for a particle of zero energy in
the background of a potential barrier. The HH solution then represents the wavefunction of a particle
bouncing off the barrier located in the region 0 < u < 1. There is an exponential suppression in the
classically forbidden region. Outside the barrier we have a standing wave. The Vilenkin solution has
a non-zero amplitude in the classically forbidden region and only has the outgoing mode outside. It is
interpreted as the wavefunction for the particle to tunnel into the classically allowed region from the
classically forbidden region. The point u = 0 corresponds to a Universe of zero spatial volume. Thus
this wavefunction encodes the seeming appearance of an expanding Universe from “nothing”.

The other equivalent way is by defining each solution in terms of a gravitational path integral with
a given lapse contour (much more discussion on the contour issue to follow in Section . Both of them
correspond to a “no-boundary” proposal in which one sums over geometries with the only boundary
condition specified by the argument of the wavefunction. The Vilenkin solution is obtained by summing
over Lorentzian geometries which “pinch” to zero size in the past. So the spatial slice on which we are
evaluating the wavefunction is always to the future of the “nothing” slice. In this approach, time-reversal
is explicitly broken by the choice of contour. There is still much debate about the contour corresponding
to the HH solution. We will argue in Section [4] against the contour specified in the HH paper itself. There



they defined the path integral to be over Euclidean geometries which are regular at the “no-boundary”.
However, this has the well-known issues of convergence due to the conformal mode problem . To
us it seems much more natural that the contour be chosen along Lorentzian geometries, now with both
time orientations of the spatial slice relative to the “no-boundary”. The HH state is thus time-reversal
symmetric by construction, also manifested in its reality (this connection will be explored in Section
b). For both cases, the actual wavefunction is computed in the saddle-point approximation. Thus, the
functional dependence of ¥ boils down to which saddles we can deform each contour to pass through.
As the argument of W varies there is a transition point (at u = 1) where the saddle geometries change
from Euclidean to complex. The oscillatory behaviour in Figure [3] for u > 1 corresponds precisely to
these complex saddles.

We might also wonder how the solutions evolve as we vary the free parameter |c|. This is shown in
Figures [4 and [}] We see that the period of the oscillations decreases while the amplitude increases as
we increase |c|. This is in line with the expectation that increasing the parameter |c| of the field theory
corresponds to approaching the semi-classical behaviour of quantum gravity, as suggested by . Note
that the transition point is always the same.

W(u)
200
—c¢=10
c=1
c=12
~100f
Figure 4: Evolution of the “HH”-like solution with |c|.
W(u)
400 F
300
200 — c=10
’ c=1
c=12

-100

-200F

Figure 5: Evolution of the “HH”-like solution with |c|.

Working in minisuperspace turned the functional flow equation into an ODE that could be
solved explicitly. If we were to turn on all the gravitational degrees of freedom, we would have needed to
define the operator in via point-splitting. We do not have this problem in minisuperspace since the
operator is just a partial derivative. Thus, the operator is well-defined at all scales and, in particular,
we can trust it all the way into the UV, i.e. when ¢ — 0, even though it is an irrelevant operator in the
field theory. This is translated in the fact that we can trust the solution to the ODE for all values of q.
This might give us some hints about the UV completion of the T%-deformed field theory. We leave this
analysis for future work.
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4 A Conjecture for the Path Integral Contour

In the path integral approach to quantum gravity, a quantum state on a codimension-1 manifold >
can be defined via:

vy = [ Dlg) e+, (60
{geC:glz=g}/~

where g is the bulk spacetime metric. We sum over all equivalency classes of geometries from a given set C
such that the induced metric on ¥ is g. The equivalence relation ~ is provided by bulk diffeomorphisms.
There is an induced measure, D[g], on the quotient space. For appropriate choices of C such a quantum
state is guaranteed to satisfy the momentum and Hamiltonian constraints on ¥ (we will discuss such
choices momentarily). Crucially, the state ¥[g] is in one-to-one correspondence with the set C of histories
we sum over. Many proposals for this C have been provided in the literature and there is ongoing debate
as to which one is the most physically relevant. That question will not be addressed here.

It is important to note that specifying the set of allowed histories is an integral part of the definition
of a physical theory, as are the action and the measure factor. For instance, we define the transition
amplitude between two basis elements |g1) on a slice ¥; and |g2) on a slice 3o via the gravitational path
integral (we will later refer to this as the dynamical inner product):

019200 = Y [ Dig] 1), (61)
M J{g€Cgls, =g1.85,=02}/~

where we sum over all manifolds { M} with boundary given by M = ¥; U 3s. The specification of C
is a crucial aspect of the definition. In the context of closed cosmologies, suppose that C restricted all
geometries to contain a spatial slice of a given fixed volume (after having picked a gauge). Then the
transition amplitude between two Universe sizes larger than this fixed volume can only include geometries
that first contract and then expand. This clearly leads to a different result than if we had no restriction at
all, since in that case we could have had purely expanding/contracting geometries interpolating between
the two. Thus different choices of C lead to different choices of inner product (assuming that there is
more than one choice which gives positive-definiteness) and hence different probabilities and physical
predictions.

In fact, a specification of C not only defines a given quantum gravity theory, but also uniquely defines
a quantum state within that theory, given some “initial condition” (we use scare quotes because the
relative time orientation between the two boundaries is to be determined by C itself). That is because a
state of the form can be written as the overlap:

Ulg] = (g[b-c-)gym - (62)

where |b.c.) represents some other boundary condition. For example, in the case of closed cosmology
(where ¥ has no boundary), the no-boundary proposal of [5[7] takes |b.c.) = |@), where |@) stands for a
slice of zero volume. Thus it is an amplitude of the form with whatever choice of C we had previously
decided on. We could also define the state corresponding to an initial condition |b.c.) = |gg). Other
types of “conjugate” boundary conditions are also possible, like |b.c.) = |II = 0). This can be expanded
in the basis {|g)} and so is again defined by and its choice of C. The point is that it does not make
sense to freely change our choice of C for different states. Such a change would correspond to changing
the quantum gravity theory we care considering. At most, we can change the initial condition to get
different states.

But if we look at equation , where exactly is the freedom in specifying |b.c.)? And where does the
information about C go?

4.1 Open vs Closed Cosmologies

The holographic principle posits that a quantum field theory is a dual description of quantum gravity.
This means that the same field theory can be used to describe both the dynamics and all states of
quantum gravity. Given a quantum field theory, the object:

Zlgl, (63)

defined on a closed manifold ¥, is determined. This is a functional of g, but it has no information about
the different possible entries for |b.c.) in . Of course, the full quantum gravity state is a superposition
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(a) Open spatial slice. A field theory state, (b) Closed spatial slice. There is no boundary
YQrFT, is specified as a boundary condition where to specify a field theory state. The par-
for the partition function and is part of its tition function does not depend on any such
definition. data.

Figure 6: Contrast between the two scenarios of open and closed spatial slice X.

of two such field theory objects (Z1[g]), so one might wonder if the knowledge of |b.c.) is in the choice
of linear combinationEI To understand if this is the case, we will temporarily consider a case in which
the spatial slice ¥ has a non-trivial boundary.

There, the partition function of a field theory living on ¥ depends not only on the background
geometry g but also on some field theory boundary conditions specified at 9%. There is a field theory
Hilbert space, Hqrr, living on 0% (since this is a codimension-1 cut of ¥), and so the specification of
said boundary conditions is actually provided by a field theory state y¥qrr € Hqrr, as shown in Figure
[(l The correct field theory object to use is thus:

Zlg, YqrT)- (64)

The functional dependence of Z on g depends on the choice of 1)qr. This is where the information
about |b.c.) is encoded. Different field theory states correspond to different quantum gravity states. This
correspondence between states is explored in detail in [16] in the context of AdS/CFT.

So it seems that in the case of closed spatial slices, there is no place to encode information about
[b.c.). The object Z[g] encodes the information about a single quantum gravity state. But which one?
We will attempt to address this question momentarily, but first we will argue that the choice of linear
combination of (Z1) is actually related to the choice of set of histories C and not to the choice of |b.c.).

4.2 The Lapse Contour

We saw in Section in a minisuperspace toy model, that different branch superpositions in led to
different solutions to the same Hamiltonian constraint. We also briefly explained how these well-known
solutions can be obtained via a saddle-point approximation in the path integral formulation of the theory
and how the choice of lapse contour determines which saddle geometries can contribute. Let us review
how this works in minisuperspace.

The spacetime metric takes the form:

ds? = —N(t)%dt* + q(t) Qupdzda®, (65)

where ¢ simply parameterizes the history worldline. Here N(t) is the lapseﬂ and the function ¢ embeds
the worldline into target space:

q : [0,1] — Minisuperspace = R (66)

INotice how defending such a viewpoint requires a modification of the holographic principle to saying that two quantum
field theories give a dual description of quantum gravity. However, because, as we will argue, the two partition functions
are actually CPT duals of each other, the physics of one is determined entirely by the physics of the other and so we are
not introducing new field theory degrees of freedom in the description.

2 A spacetime is a collection (M, g, €) of a manifold M, with a metric structure g and a time orientation given by some
representative timelike vector field £&. In our minisuperspace toy model, we will interpret swapping the sign of the lapse
N — —N as flipping the time orientation of the spacetime. The spacetime metric is invariant under this. When N € R, the
spacetime is Lorentzian and so N +— —N flips future and past. When N € iR, the spacetime is Euclidean and so N +— —N
flips “left” and “right”. A complex N corresponds to a complex geometry. We will see shortly that such a geometry can
always be deformed into a purely Euclidean geometry being glued to a purely Lorentzian one.
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After imposing this ansatz, the leftover consequence of general covariance of the full gravity theory is
reparameterization invariance of the worldline theory:

ts i(t). (67)
For the case of interest, with no spatial boundary, the Hamiltonian takes the form, in d = 2:

1
ped—L=NH=N HN<2Gqu?I+(Aq1)>, (68)
52 2G N
where p, is the conjugate momentum to qE|
In order to find the measure on the quotient space, we use the Faddeev-Popov prescription. This is
explained in various references: [19], [20]. A good gauge-fixing condition is:

N =o0. (69)

This does not kill physical modes and there is no leftover redundancy in the system. Thus, the quantum
state would be given by:

W(g) = / I (da(t) dpy(t)) /C DN (1) e+ /8 tpai=NH) 5(N) Ay, (70)

with given boundary conditions for ¢ at the endpoints of [0, 1] and where the measure on phase-space is
the usual Liouville measure (which is reparameterization invariant) and App is the Jacobian induced by
restricting to the gauge slice. It can be shown that:

App = At = 1. (71)

After imposing the delta function condition:

N(t) = N, (72)

we can define the proper time variable:
T := Nt, (73)

such that:
U(q) = /ch {/bq(T)_q l_T[ (dq(T) dpg(T)) etils dr(quiH)}7 (74)
;zc(.T):q - ) )
= / dT { / Dy(7) e+”[‘I<T%q<T>?T1}, (75)
c b.c.

- /C dT (gle " T  [b.c.) | (76)
= (gb.c.)gyn - (77)

In other words, this is the point-particle propagator from |b.c.) to |¢) in proper time T via the Hamiltonian
H, followed by integration over proper time. This last step is what gurantees that the state does not
depend on any intrinsic property of the worldline, thus encoding the covariance of the theory. The
boundary condition “b.c.” has the same meaning as in ([62).

What is left of what was originally the class of geometries C in the full theory, is now the proper-
time contour in the minisuperspace ansatz. It tells us over what complex histories to sum over. Given
such a contour in the complex-T" plane we can try to compute the integral by deforming the contour to
pass through a saddle-point, provided we do not cross any poles or branch cuts. The position of the
saddle-points in the complex-T plane depends on the boundary condition ¢(T") = ¢ on ¥ (of course,
after having fixed “b.c.”). Let us analyze the general pattern of these saddle-points and let us take

3We can see here explicitly that the Hamiltonian constraint equation, H¥(q) = 0, is equivalent to the Schrodinger
equation for a non-relativistic particle in a potential of the form V(q) ~ % — A. For a particle with energy E = 0, there is

a potential barrier starting at ¢ = 1/A <= u = 1, as expected.
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“b.c.” to correspond to the no-boundary proposal for simplicity (although the same pattern follows if
the boundary condition is of the form |b.c.) = |go)).
The full gravitational action takes the form:

1 1
I[g]_167rGN/M€(R_2A)+87rGN/6M0K’ (78)

where € and o are the volume forms on M and dM respectively. If we flip the “time” orientatiorﬂ of
M, then € — —¢, while R stays the same. Similarly, because any boundary of M is spacelike in the case
at hand, we have that K — —K, while o remains unchanged. This means that under time-reversal the
action flips sign:

“Time” reversal : I — —1. (79)

Because a saddle-point of the functional I[g] is also a saddle-point of —I[g] and vice-versa, it follows
that the saddle-points of the gravitational action come in “time”-reversed pairs.
In the minisuperspace ansatz, the time-reversal transformation in encoded by the following relation:

Iq(7), 4(7); =T| = =1Ig(7), 4(7); T], VT €C. (80)

Given our conventions, a value of T' € R corresponds to a Lorentzian geometry connecting the state
[b.c.) to the state |¢). T > 0 means that |¢) is to the future of |b.c.). Time-reversal would take T to
—T. Equation tells us that a pair of such saddles would contribute with opposite phases to the
path integral: et/ and e~*/. On the other hand, values of T € iR correspond to geometries which are
Euclidean (the action evaluated on them is purely imaginary). The sign of T' here means that either
lg) or |b.c.) is to the “left” of the other. Equation tells us that one of the saddles in the pair is
exponentially enhanced/suppressed relative to the other. They would contribute to the path integral as:
e Ml and et!!,

We can also take the complex-conjugate of the action. Since ¢(7) € R and in general T' € C we have
that:

Iq(7),4(7); T*] = I"[q(7), 4(7); T], VT €C. (81)

But I is a holomorphic function of T (away from the essential singularity at T = 0) and so if T is a
saddle-point of I, then T is a saddle-point of I*. Equation then implies that T is also a saddle-point
of I. Thus saddle-points come in complex-conjugate pairs.

Figure [7] highlights the general pattern of how, in minisuperspace, the saddle-points are distributed
in the complex-T' plane for the case of the no-boundary proposal for |b.c.), in which ¢(0) = 0. The
story is analogous for any |b.c.) (unless the boundary condition explicitly breaks either time-reversal or
complex-conjugate symmetry, as does for example |b.c.) = |II # 0); in those cases, the analysis has to be
performed again).

A general T € C corresponds to a complex geometry interpolating between |b.c.) and |¢). For any
such geometry with T'= T + iT7 we can redefine the coordinate t in the following way:

t—t(t) = Te 9 (t— 1) 1/2<;<1. =

) {i?zt 0<t<1/2,

Then the evaluation of the action I on such a complex geometry corresponds to splitting the action into
two terms, one with purely Euclidean proper time and the other with purely Lorentzian proper time.
For the no-boundary proposal, the complex saddle-points in Figure [7] all have: T'= Tx + iLgs. So the
action evaluated on such saddles splits as:
. L3
s, = IEiLasllEs + (TR0 . (83)

= i Ip(Lgs) +Ii(q)- (84)

Here, Ir(q) stands for the action evaluated on a purely Euclidean saddle geometry interpolating between
the “no-boundary” and a slice with geometry given by ¢. Similarly, I, (¢) stands for the action evaluated

4Here “time” could be either Lorentzian or Euclidean time. In either case the orientation of the manifold would flip
and so the conclusion follows. Also what matters is not that the boundary is spacelike but rather that it is orthogonal to
the direction we are flipping.
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Figure 7: The dots represent the saddle-points of the action as the boundary condition ¢ increases across
the cosmological scale, for the no-boundary proposal. For every saddle-point at T there is another one at
—T and T*. For q < L34 there are two saddle-points, both along the imaginary axis. These correspond to
Euclidean geometries. For ¢ > L3¢ there are four saddle-points, which correspond to complex geometries.
The transition point happens at ¢ = Lﬁs. In red are three contour examples. Each can be deformed to
pass through a different set of saddle-points. There is an essential singularity at the origin.

on a purely Lorentzian saddle geometry interpolating between a slice of area L3q and one of size g. This
recovers the usual saddle-points considered by HH and Vilenkin in minisuperspace.

Now we are in a position to understand how different contours for T can lead to different physical
predictions. One crucial requirement for the contour is that it yields a quantum state satisfying the
Hamiltonian constraint. In [21] it was argued that a fundamental choice must be made in quantum
gravity between preserving (what the author defined as) causality and gauge invariance. In particular,
if we want to define a “causal” inner product {g2|q1) dyns Such that we only consider histories in which
the slice Y5 is to the future of 3, we must choose the contour C to be on the positive real axis only, or
in other words we only consider histories with positive lapse between the two slices. However, in such a
theory, a quantum state of the form with |b.c.) = |qo) only satisfies the Hamiltonian constraint up
to a delta function:

H(q) == H (qlgo) 4o = —id(q — o). (85)

The problematic point in configuration space is ¢ = qo for which there are interpolating geometries with
zero lapse. The Hamiltonian constraint ensures that the state is invariant under deforming the slice X
(on which the state lives) forwards or backwards in time. But for histories of zero lapse the choice of
“causal” contour forbids infinitesimal deformations backwards in time. Thus, diffeomorphism invariance
normal to ¥ is broken. For g # qp all interpolating geometries have non-zero lapse and so infinitesimal
deformations are allowed in both directions. So the Hamiltonian constraint holds for those points in
configuration space.

Throughout this paper, we demand to preserve bulk gauge invariance and so we want the Hamiltonian
constraint to be satisfied exactly. This means we are interested in quantum gravity theories defined by
contours which allow deformations in both directions around any given lapse. Therefore, in this paper,
we only consider contours with no endpointsﬂ Three such examples are provided in Figure m These are
guaranteed to give quantum states satisfying the Hamiltonian constraint.

5Actually, at the quantum level, what we really need is that the lapse integral in the gravitational path integral (70)
provides a representation of 6(H) so that the Hamiltonian constraint is imposed at the final slice. In other words, after
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The contours shown can be deformed to pass through the appropriate saddle-points along steepest
descent directions. We can then evaluate the path integral to give, schematically:

—e(9)l 0 L2
e <gq < Lgg,
¢y — Uy(q) {e_uE(LgS) (il 4 ivre=il(@)) 12 < g (87)
eTlE(9)] 0<q< L3,
Cx = Walq) ~ {ewE(Lﬁs) (e+ilL(@ 4 eivee=ilt(@)) L2, <q. (88)

The time-reversal and complex-conjugate transformation properties of the action discussed earlier lead
to the contributions above. In the classically allowed region of ¢ > Lgs we get oscillatory behaviour
as we vary q. We have left the relative phases (p1, ¢2) unspecified. Determining them requires a full
Piccard-Lefschetz analysis of the path integral. For this we refer the reader to [22]. The result is such
that the oscillatory behaviour of the quantum state for ¢ > L34 is m/2 out of phase for the two cases of
contour. We further note that in the classically forbidden region of 0 < ¢ < L3g, the contours C; /2 give
an exponential suppression/enhancement, respectively, as can be seen in and .

By comparing with the behaviour of the solutions obtained in Section [3] we can hypothesize the
following identification to be valid even beyond the saddle-point approximation of the path integral:

Zy+Z_
Cl < \PHH:%; (89)
Z, —7_
141 1—1
Cs & Uyy-—Ugr=-——Z +—7_. (91)

2 2

From the perspective of Cauchy Slice Holography, the only difference between all these sates is the linear
combination of the branches (Z.) that we chose. This minisuperspace analysis thus suggests that the
choice of branch superposition is somehow in close correspondence with the choice of lapse contour in
the gravitational path integral.

To make the connection sharp, we would need to properly study the space of all allowed contours
and how the saddle-points contribute via Piccard-Lefschetz theory. For example, it would be interesting
to see what contours would lead to differently weighted superpositions of Wy and Wiz. We leave this
for future work.

There has been recent progress in the literature regarding what the physically sensible contours to
use in the gravitational path integral are. This is based on the idea that if we were to couple QFT to a
given geometry that we happened to decide to sum over, then the QFT path integral on this background
should be convergent [23]. Based on this criterion several regions of the complex-T" plane turn out to
be forbidden [24}25]. It would be interesting to understand whether this story is consistent with the
quantum states being defined by superpositions of (Z4).

5 CPT, Reflection Positivity and Bulk Unitarity

We now turn attention to the relationship between various properties of the bulk and dual theories.
We should stress that all that follows will be done for pure gravity. We leave for future work how the
inclusion of matter might modify the discussion.

We discuss how the two field theory branches are related by a CPT transformation and how imposing
bulk CPT symmetry restricts the choice of class of geometries C in . Then, we present an argument
for bulk unitarity in full quantum gravity. In the context of AdS/CFT, bulk unitarity can be understood
to follow from boundary unitarity. However, in the case of closed cosmology, the dual Euclidean field

gauge-fixing, we need the lapse integral to be in some sense isomorphic to:

+oo
/ dN e "VH L §5(H). (86)
— 00

The contours Cy /5 can be deformed to contours parallel to the real axis and so indeed impose the Hamiltonian constraint.
The contour C3 is a superposition of the previous two and so also provides a good representation. It would be interesting
to understand which contours, beyond these three examples, impose bulk diffeomorphism invariance in this path integral
sense.
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theory turns out to not be reflection-positive, as we explicitly show in the case corresponding to a CPT-
invariant bulk. Nevertheless, bulk unitarity holds, thus rendering a holographic description of cosmology
physically consistent, at least at this level of analysis.

5.1 CPT and Quantum Gravity

In QFT, the CPT-theorem states that a unitary, locally Lorentz-invariant field theory is invariant
under a CPT transformation. The converse is not generically true. It is not clear if such a theorem
exists for quantum gravity. We definitely want our quantum gravity theory to be unitary (a fact we will
show shortly) and the simplest way to make CPT a symmetry of matter in Nature would seem to be
to impose it at the quantum gravitational levelﬁ But we will see, when we discuss bulk unitarity, that
imposing CPT-symmetry seems to be an independent statement, thus suggesting that an analogue of
the CPT-theorem does not hold in quantum gravity. Nevertheless, it is worthwhile understanding what
it would mean to have a CPT-invariant theory of quantum gravity.

Imposing CPT invariance of the theory means taking a class of histories C in such that any
result of the path integral computation is CPT-invariant, unless this is explicitly broken by the boundary
conditions. In particular, this means that a quantum gravity state ¥[g] = (g|b.c.) 4, with [b.c.) = |go)
must be CPT-invariant. (A boundary condition like |b.c.) = |II # 0) would break CPT explicitly.) In
the pure gravity minisuperspace toy model, where the class C corresponds to the set of lapse contours,
imposing CPT-invariance corresponds to choosing contours that are invariant under reversal of Lorentzian
time, i.e. invariant under reflection about the imaginary lapse axis. All three examples shown in Figure
[ satisfy that property.

But what does a CPT transformation look like from the perspective of a quantum state living on
¥? C and P act as expected. Focusing on d = 2 and trivial topology for concreteness, P takes S2 to
itself and C acts trivially when there is no matter[] This has no effect on covariant integrals on S? and
so leaves the quantum state invariant. But the state ¥ encodes information both about “position” and
“velocity”. In the “position” representation, the “velocity” is given by the operator ~ i9/0g,. Thus, to
reverse the “velocity”, as the T operation must do, we must complex conjugate. Hence we have:

T:irs —i. (92)

This is consistent with T being an antilinear map. It follows that the combined action on states in the
Hilbert space corresponding to pure gravity is:

CPT: VU +— U~ (93)

At the level of operators the action is:
CPT: gw(z) = ga(Pz), (94)
% (z) - —T°(Pz), (95)

where Pz is the reflected point corresponding to x. In d = 2 spatial dimensions a parity transformation is
given by a reflection about a one-dimensional cut. The Hamiltonian constraint operator is CPT-invariant
in the sense that:

CPT: H(z) — H(Px), (96)

since all the coefficients are real and it is quadratic in II1?*. The momentum constraint operator is
invariant in the same sense. The fact that the Hamiltonian constraint is CPT-invariant also means that
if ¥ is a solution then so is CPT(¥) = ¥*. This is reflected in the fact that the two branches Z1 are
complex conjugates of each other, as was explicitly shown in the minisuperspace model. This property
must hold even when all the gravitational degrees of freedom are turned on. When matter is included
the two branches Z4 will still be CPT duals of each other, however in that case a CPT transformation
would be more than just complex conjugation.

61t could be the case that the CPT-theorem only holds in an approximate sense in the limit of QFT in curved spacetime
and that it is violated if we include quantum gravity effects. At the moment we do not see any evidence in favour of this
possibility.

7Actually, at the level of analysis in this paper all we can really talk about is the relationship between PT and unitarity,
since we are not including any matter, thus making the C transformation meaningless. However, there are all the reasons
to believe that CPT is the correct transformation to consider when matter is included. But we leave all that matter for
future work.
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Demanding CPT invariance of the quantum state reduces the space of possible solutions to the
Hamiltonian constraint to the following subset:

Vgl = A (et Zi[gl+e 9 Z_[g]) = ¥*[g], (97)

where A, ¢ € R. In the language of Section [d] we can equivalently say that choosing a class of histories
C that gives a CPT-invariant theory corresponds to considering only a subset of possible branch super-
positions. The two minisuperspace examples plotted in Section |3| correspond to ¢ = 0 and ¢ = /2
respectively. The significance of the normalization factor A will be discussed later. The Vilenkin state
(58) is not real and so not CPT-invariant. It describes a tunnelling process from nothing into a future-
directed expanding Universeﬂ

What follows does not rely on imposing bulk CPT symmetry. However, for purposes of illustration,
we will sometimes restrict to that case where things are clearer.

5.2 Breakdown of Reflection Positivity

In minisuperspace, we saw that states of the form oscillate in the classically allowed region. This
oscillatory nature has a striking consequence from the perspective of the field theory, namely the fact
that it is a Euclidean field theory which does not satisfy reflection-positivity. We will argue for this in
minisuperspace, but we expect it to be true in the full theory. Also we will only explicitly show it in the
case of a CPT-invariant bulk, but things are even worse if we relax that.

Whatever linear combination of Z. we consider, we can interpret it as itself a partition function of
some field theory living on S?:

Zlg) = Ay Zy[g) + A-Z_[g] (98)

In the CPT-invariant subspace of quantum gravity theories we have that Z[g] = (Z[g])".

Figure 8: Symmetric cut of S? allows for reinterpretation of the partition function as a norm (y|) for
some state [¢) living on the cut.

Restricting now to minisuperspace (so we have Z[g] = Z(u)), if we consider some foliation of this S?
spatial slice, and assuming this theory satisfies the usual properties of Euclidean field theory, then we
will have Hilbert spaces living on those foliations. Consider one such symmetric cut, as shown in Figure
[Bl We can think of this as gluing two path integrals on half spheres:

Z(u) = / Dy 2% (u)[x] x 278 (us) ], (99)
- / Dy (27 (w)[x])" % 278 () x], (100)
= (YY) eR, (101)

for some state (x|v) = Z'&bt(y)[x], where {x} represents some boundary condition on the cut for the
path integral. In the second line we used CPT invariance of the field theory partition function (CPTﬂ

81t is defined via a path intgral over positive real lapse only. This means it satisfies the Hamiltonian constraint everywhere
in the range 0 < ¢ < oo, but not at ¢ = 0, as discussed in the previous section.

9Note that here we are talking about a CPT transformation of the dual field theory, and not of the bulk. Because the
field theory is Euclidean, we need both P and T combined to reflect the slice X, since in this case T reflects Euclidean time.
Still, it is an antilinear operator and so it takes i — —i. So, in this subtle manner, both from the perspectove of the dual
field theory and from the perspective of canonical quantization of gravity, CPT means the same thing operationally.
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both complex conjugates and flips the left half sphere onto the right half sphere; in minisuperspace the
background geometry is also the same on either side of the cut). The CPT-conjugate of the partition
function creates the bra state.

Thus we can interpret the partition function on S? as the norm of a state in this field theory. Because
Z(u) oscillates, as shown in the explicit examples in Section |3} this directly proves that there are many
states |¢), corresponding to different background values u, which have negative norm. In other words,
reflection-positivity does not hold for such field theories.

We can understand this also in the following way. In usual Euclidean QFT, reflection-positivity
implies CPT symmetry. However, even though Z is CPT-invariant, it spontaneously breaks it. This
is because it is a sum of two terms (Z4) which individually are not CPT-invariant, as can be checked
explicitly from . So we expect a breakdown of reflection-positivity for Z. Obviously, this also means
that none of the branches is independently reflection-positive. It can also be checked that in the limit
u — 0 each branch recovers individual CPT-invariance. So we might wonder whether reflection-positivity
could in principle be recovered in the deep UV. This minisuperspace analysis leads us to conjecture that,
in full quantum gravity, whatever the UV completion of Z[g] might be, it should have the property that
CPT-symmetry is spontaneously broken at some point along its RG flow.

5.3 Bulk Dynamical Positivity

Nevertheless, this is still consistent with a positive-definite bulk dynamical inner product for closed
quantum cosmology, as we will argue now.

It is worth noting that, until we specify the class of geometries C in , there is no universal notion
of time-ordering between the two slices X1 /5. For example, if we take a C that only includes histories
with positive lapse, then we can adopt a consistent convention such that 3; is to be thought of as to the
future of EQE However, if we allow histories with both positive and negative lapse, then any notion of
time-ordering cannot be made consistent across all histories (and even within a single history, since the
sign of the lapse can vary spatially). Thus, any potential notion of time-ordering is to be thought of as
emergent from C and in many cases it does not existE In conclusion, we should remain agnostic about
this point.

Let us consider a hypothetical complex geometry, g, interpolating between two slices and thus con-
tributing to (g1/g2) dyn- The action evaluated on it is complex. But as we discussed in Section [4] it is
always the case that a change of coordinates can be performed such that this geometry can be turned
into a purely Euclidean piece glued to a purely Lorentzian piece. The action then can be written as:

Igl=Ig+1I,, Ig<€iR, I eR. (102)

Its contribution to the amplitude is:
etillel — o+l Flin| (103)

If we complex conjugate this we get:
(e+i1[g])* = e L Flnl (104)

showing that the Euclidean piece stays the same, while the Lorentzian one flips sign. But this is exactly
what would happen if we decided to reverse the direction of Lorentzian time. This flips the time-ordering
of the two slices, which means that is a contribution to the amplitude (ga|g1) dyns With bra and ket
swapped. Because this property holds for any interpolating geometry we conclude that:

(91192)ayn = (92191) ayn - (105)

The transition amplitude is thus Hermitian. Notice that this holds for any choice of C, since it is true
history by history.

But we argued in Section that the overlap (g|b.c.)
condition “b.c.”. Looking at (77) we get that:

ayn defines a quantum state, for some boundary

Vo, lo1] = Wy, [g2], (106)

10This is what is done in [26] where an inner product is defined with reference to some hypothetical asymptotic future
and past regions Z4.

HGiven our discussion around , we should only consider contours which do not have endpoints and thus always
include both signs of the lapse. So it seems that imposing a universal time-ordering is even inconsistent with diffeomorphism
invariance.
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where ¥, is a quantum state defined by |b.c.) = |g2), while ¥, is a quantum state defined by |b.c.) =
|g1). The former satisfies the Hamiltonian constraint with respect to the variable g;, while the latter
does so with respect to go. This implies that each of them can be written in terms of a field theory
partition function (defined via whichever branch superposition corresponds to the class C we happen to
be considering). Thus, up to an overall normalization, we can say:

Vo,lo1] ~ Zlgl, (107)
Vg, lg2] ~ Zlga] (108)

Comparing with (106)) we reach the conclusion that a quantum state ¥, [g] = (g|go) dyn Das a holographic
description given by:

Wy, [9] = Z7[g0] x Z]g]. (109)

We are led to the hypothesis that for quantum gravity on closed spatial slices ¥ the information about
the boundary condition is provided by the relative normalization factors between statesE
For the transition amplitude this means the following;:

(91192)ayn = Zlg1] x Z%[g2], (110)

which is consistent with (105]). This equality turns out to be a special case of the Generalized Holographic
Principle motivated in [16]. However, for the argument we want to make here we do not need to invoke
it. Dynamical positivity now follows trivially since:

191l3sn = (919)ayn = 1Z219]]> = 0, Vg. (111)

Hence, the transition amplitude defined in is Hermitian and positive-semidefinite and so s an inner
product (after quotienting by null states), regardless of the choice of C H We call it the dynamical inner
product. We have just shown that we have bulk unitarity.

An interesting observation is that, since the argument above is independent of C, we could have a
quantum gravity theory that is unitary but not CPT-symmetric (by picking a C that explicitly breaks
it). This seems to go against the intuition provided by the CPT-theorem in regular QFT. Does the QFT
in curved spacetime statement emerge in the semiclassical limit of quantum gravity for any class C? Or
is the fact that we observe CPT symmetry for matter in Nature a hint that we should only consider
CPT-invariant quantum gravity theories, thus restricting our options for C? In order to tackle these
important questions, we would need to first include matter and see what the necessary conditions are to
have bulk unitarity in such a quantum gravity + matter system. We leave this for future work.

Of course, we can make the inner product positive-definite by removing the null states, which exist as
a consequence of the diffeomorphism invariance of the theory. In minisuperspace it is clear what to do.
We take a CPT-invariant theory as an example, since we have plotted solutions for such cases in Section
The explicit solutions (and indeed any CPT-invariant solution) constructed in there oscillate around
zero. Different branch superpositions will have zeroes at different points in configuration space. This
is in line with the different superpositions corresponding to different theories, with different dynamical
inner products.

We define the space of distributions on minisuperspace as (a much more detailed and less naive
discussion about these distribution spaces is provided in |16]):

K* :=spang {6(¢ —§¢) : § € R4 }. (112)

This is the vector space dual to the space of functions on minisuperspace. Equation (110) defines an
inner product on K*. Thus, we see that there is a non-trivial null subspace of K*, call it K, whose
elements have zero dynamical inner product with everything in K*:

K{ D spang {(5(q—éj)€K*:Z(a):0, forﬁ:—z}#w. (113)

12We leave for future work the interpretation of this in light of the problem of quantum mechanics applied to closed
systems |27]. Should they really be interpreted as different states?

13Had we been working with a CPT-invariant class C, we would have had that Z[g] € R. In that case, the inner product
has the further property of being real.
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Exactly which elements belong to K depends on what quantum gravity theory we have, or equivalently,
on the given linear combination defining Z. The quotient space

Q:=K*"/K;} (114)

therefore has a positive-definite inner product given by (or (110)), by construction.
The moral of the story is that even though the boundary field theory breaks reflection-positivity, the
bulk quantum gravity theory is still unitary.

6 Discussion

In this paper we explored how the framework of Cauchy Slice Holography applies to cosmology on
closed spatial slices ¥. After explaining the prescription for the case at hand of 2 4+ 1-dimensions, we
calculated the quantum gravity state explicitly in minisuperspace. We obtained the space of solutions to
the Hamiltonian constraint, which includes the familiar solutions of Hartle and Hawking and Vilenkin,
by deforming two CFT branches. The deformation required is uniquely determined by the Hamiltonian
operator. The correct CFT to start with could in principle be determined from IR properties of gravity.
However, in the minisuperspace ansatz, the CFT functional dependence on the scale factor is fixed by
the anomaly constraint and considerable progress can be made. Here we restricted attention to pure
gravity, although the prescription could be easily extended to include matter. In particular, it would be
interesting to follow the same steps for a minimally coupled scalar field in minisuperspace, as this might
give insight into inflationary models.

The most important equation in the paper is (|1):

Vgl = Ay Zy 9] + A-Z_g] =: Z]g], (115)

which encodes the fact that a quantum gravity state is a superposition of two branches. The partition
functions on each branch are complex conjugates of each other, as we showed explicitly in minisuperspace.
In fact, they are CPT-duals of each other, which is equivalent to complex conjugation for pure gravity.
A quantum gravity state WU[g] lives on an abstract slice ¥. But through each branch it has information
about both future and past directions relative to . If we were to define the state via a gravitational
path integral, then in the saddle-point approximation, each branch would correspond to saddle histories
of opposite time orientations. By picking only one of the branches (Zy) we would be picking a preferred
time orientation for our quantum state. Such a situation seems to be the relevant one for inflationary
models, which explicitly break time-reversal symmetry.

An important conjecture of this paper is motivated in Section @] The choice of superposition in
seems to be intimately related to the choice of class of geometries to sum over in the gravitational
path integral. We explored this hypothesis in minisuperspace, where the class of geometries reduces to a
choice of integration contour for the lapse. The chosen contour determines which saddle-points dominate
the path integral giving a behaviour that matches a particular superposition in . It would be
interesting to obtain an explicit map between a given linear combination and the corresponding contour,
taking into account Piccard-Lefschetz theory [22}28] and the recent literature on the “allowability” of
complex metrics [23,[25]. For now, we just give the reader a taste of this connection by making a few
identifications. After understanding fully how it works in the minisuperspace toy model, we believe this
might give a new avenue to study the space of possible classes of geometries in the full gravitational path
integral by studying properties of different linear combinations on the field theory side. The point is
that, once a choice for the class of geometries is made, and hence a corresponding choice of field theory
partition function Z[g|, we must stick to it.

In Section [5] we analyzed the unitarity properties of both quantum gravity and the dual field theory.
The latter turns out to lack reflection-positivity. Still, this holographic description allows for a very simple
proof of bulk unitarityrﬂ, which seems to hold for any choice of class of geometries C in the definition
of the transition amplitude . Motivated by the CPT-theorem in QFT, we studied the meaning of
a CPT transformation in quantum gravity and how imposing bulk CPT-invariance restricts the class C
and correspondingly the allowed superpositions of branches in to the set in . Nevertheless,

11n this paper we only discuss unitarity of the quantum theory on the full closed slice 3. A very important question
is whether unitarity is preserved once we restrict attention to the quantum theory of a spatial subregion. In [29] it was
argued, in the context of AdS/CFT, that restricting to subregions breaks bulk unitarity, even if the full quantum theory is
unitary. We leave applying this analysis to closed cosmologies for future work. This will have major implications for the
quantum description of gravity from the perspective of an observer in the static patch.
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our analysis so far seems to suggest that there is no analogue of the CPT-theorem for quantum gravity,
since the proof of unitarity does not rely on CPT symmetry. An interesting open question is how, once
matter is included, the CPT-theorem for QFT in curved spacetime emerges from the underlying quantum
gravity theory.

The aim of the holographic program is to recast all quantum gravitational quantities in terms of field
theory objects. The holographic field theory is then conjectured to provide the definition of quantum
gravity. It is in this spirit that we should take the field theory partition function seriously and as the
central object from which we can hope to learn about how quantum gravity actually works. Therefore,
we believe that, given the partition function Z[g], we should use that to compute expectation values
in the theory. In field theory language these would be correlation functions. To take an example in
minisuperspace, for concreteness, (where Z[g] = Z(q) becomes a function of the scale factor g only):

(pg--pg), = qu)aa;Z(q), (116)
— i A2+ A2 (@), (117)
_ AZi(9) Lo A_Z_(q) Lo
- 0 (G r9) 20 (wawrw). 0w
= Ai(9) <pq~-~pq>;_ +A_(q) <pq~-~pq>;v (119)

where ¢ = a? is the scale factor on S? and p, is its conjugate momentum. Similar expressions can
be written beyond minisuperspace. We have contributions from both branches with weighting factors
A (q), A_(q) € C. They have the property that A4 (¢q) +.4_(g) = 1 but they cannot be interpreted as
probabilities unless they are real and positive, which is not generically the case.

We can make a bit more progress in the CPT-invariant subspace of quantum gravity theories, where
the states are given by a subset of allowed branch superpositions, namely that of . In those cases
we have that:

1 1.
Ai(q) = 3 + 3t tan [arg (Z+(q)) + ¢, (120)
where ¢ is a relative phase between the two branches. But the phase of each branch, arg (Z4(q)), varies

with ¢. Equation in fact suggests that it oscillates with a period of order:

quw(l)’ (121)
—n = lc|

where p < 0 is the dimensionful deformation parameter and c is the central charge of the d = 2 CFT
we had to deform. This becomes increasingly small in the semiclassical limit, which corresponds to
le| = co. In this regime, if we average (116) over some range oft least of order |u|O (1/]c|) (noting

that (pq...pq)qi varies slowly with ¢ by comparison with the phasq'®)), we get:
—_— 1 + 1 _
<pq-"pq>q ~ ) <pq~-~pq>q + 9 <pq---pq>q , (122)

which we can interpret as equal 50% contributions from the future and past directed branches and we

thus recover a good notion of probability. This equal split is what we intuitively expect if we demand

CPT invariance. The emergence of probabilities hints at the quantum mechanical decoherence of the

branches. In the presence of additional matter, averaging over a small amount of ¢ is physically and

operationally meaningful since the scale factor is a proxy for time [4], which works better and better
q

in the regime = > ﬁ Every physical experiment is conducted in a non-vanishing time interval, one

that is increasingly longer than the oscillation period the closer we are to the semiclassical regime.
It would be interesting to study whether and how a good probability measure on the space of possible
branches emerges when we include matter. We believe the framework presented here and its future
extensions might give some insight into what it means to do quantum mechanics of closed systems [27].

One of the most drastic conclusions from the framework of Cauchy Slice Holography is the fact that,
given a holographic theory Z[g], the quantum gravity theory thus defined has a unique allowed state
satisfying the constraintsm This is a consequence of the slice % on which we are defining the state

15 As can be checked through explicit computation from (54)).
161gnoring for now the issue of the normalization factor raised by equation (109)).
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having no boundary. Had it had a boundary we would have had freedom in specifying the boundary
conditions to the holographic partition function. We have no such freedom on closed slices. This point
was emphasized in Section [l The very deep and interesting question remains of how to do quantum
mechanics when the observer is part of the quantum system. In particular, how are we to obtain a
notion of Gibbons-Hawking entropy in the semiclassical limit for an observer constrained to the static
patch of an emergent dS spacetime? This seems to require the emergence of a finite-dimensional “Hilbert
space”E associated to a subregion from the one-dimensional Hilbert space associated to the full closed
slice. This is not the usual pattern we see in entangled composite systems. We leave the difficult problem
of obtaining this directly from the unique quantum state (115]) (potentially with matter included) as an
open question. However, we believe that our framework can give a new avenue to explore this problem
by focusing attention on the field theory. It would be very interesting to understand how Cauchy Slice
Holography is consistent with the edge mode story in gravity [31]. From the perspective of the field
theory, if we make a cut on the S2, there is a Hilbert space living there, which may somehow be related
to the codimension-2 boundary degrees of freedom of the bulk theory.

Equation defines the quantum gravity state over the whole superspace of metric configurations
on X via the deformed partition function defined in @ However, the fact that the deforming operator
is irrelevant means that this theory has a cutoff beyond which correlation functions cannot be
trusted. In order to probe smaller scales we need to UV complete this theory. Because the deformation
is guaranteed to be along an RG flow line, when we go to the IR limit of this theory, we end up back
at the original CFT we started with. From the gravity perspective, probing smaller scales corresponds
to taking the volume of ¥ to be smaller, which semiclassically is equivalent to going “back in time”. So
this gives us a field theoretic approach to the early Universe. Notice how the usual dS/CFT story [13] is
recovered in the IR limit of Cauchy Slice Holography. In minisuperspace we had the advantage that the
deforming operator was well-defined everywhere along the flow so we could already obtain some quantum
“gravity” information.
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A Minisuperspace Operators

Here we derive the appropriate differential operators in minisuperspace.
For this we start with the Lorentzian Einstein-Hilbert action written in the ADM formalism:

I, /dt/ N\/g(KupK® — K* + R—2A) = KE — PE, (123)
%

1
T 16mG N

where this is true for the case of no spatial boundary, i.e. X = (), otherwise get an extra Gibbons-
Hawking term. The extrinsic curvature is defined to be:

1 1 agab
Ka = s4&~nGab — 7 | —
b= ghnda = o ( ot

+ N(a|b)) , (124)
where n is the unit normal to the equal-time slices.

In minisuperspace (N, = 0, gap = q Qap), in 241 bulk dimensions, for ¥ = 52, we get:

1 q
Koy = ——Lg00. 125
b N 49 (125)

So the kinetic part of the gravitational action becomes:

1 4n §?
Toay D —= dt—. 126
grav 2 75 167Gy / Ng (126)

17The use of scare quotes is to remind the reader that the work of |30] suggests that one should instead think in terms of
the algebra of observables restricted to the static patch. They argue that it is a von Neumann algebra of Type II; which
means it does not have a faithful irreducible representation in a Hilbert space. Yet a von Neumann entropy can be defined.
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We get the expected negative contribution to the kinetic energy coming from the conformal mode gq.
The momentum conjugate to ¢ is defined to be:
_ O0gray 4 q 0

= — — =i 12
Pa &4 167Gy Ng Zaq (127)

Now, before we go to minisupersapce, the conjugate momentum to the metric g, on X is defined to
be:

et .= 5(‘5[;:;“ =— 16£N (K™ — Kg®) = —i 5o (128)
We can now write this in terms of the minisuperspace momentum pg:
et = 1V o qpg = St O (129)
2 47 2 4r Jq
The global scale transformation on ¥ is given by:
/52 1= —iqa%, (130)

as expected.
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