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ABSTRACT: We study the canonical purification of pure, bi-partite states (with respect to one
of the parties) obtained by turning on sources in the Euclidean path integral. In holographic
conformal field theories, the Lorentzian bulk dual of the canonical purification consists of the
corresponding entanglement wedge glued to its CPT image at the quantum extremal surface.
However, the mismatch in the classical expansions at the QES due to quantum corrections
needs to be supported by a shock in the bulk matter stress tensor in order for the bulk to
satisfy Einstein’s equations. Working perturbatively to first order in double-trace sources
around the thermofield double state, we demonstrate that the state of the bulk matter in the
dual to the canonically purified boundary CFT state precisely has this quantum extremal
shock in the bulk stress tensor. We interpret our results as the emergence of gravitational
physics from the CFT entanglement structure in a context where bulk quantum corrections

are important.
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1 Introduction

Consider a general, full-rank, bi-partite state ¥ in the (for the moment, finite dimensional)

tensor product Hilbert space Hy ® Hg. Any such state can always be written in the form:
|\I}> :van|)~(n>L® |Xn>Ra (1'1)
n

where p, are the eigenvalues of the reduced density matrices on L and R, x, form an or-
thonormal set of eigenstates of the reduced density matrix on the right, and ¥, form an
orthonormal set of eigenstates of the reduced density matrix on the left. While the eigenval-
ues are common to both the parties, the eigenstates are not. If we only had access to, say,

the left factor, then we could write down a purification for the density matrix as follows:
o) = Z VP [Xn) L @ [X5) e (1.2)
n

Here
[Xn) = ©|Xn), (1.3)



where © is an anti-unitary operator on L.! This new state is called the canonical purification
of U with respect to the left side [2].? Note that U* resembles the thermofield double state.
Physically, if one only had access to the left party in ¥ and not to the right, then we can
think of ¥* as the “simplest” purification that one could build from this information. Since
¥ and U* are two different purifications of the same reduced density matrix on L, these two

states are related by a unitary transformation on the right:3
[UF) =Ry |¥), (1.4)

where
Ry :Hr = Hir, Rui= Y [X5) 0 (Xnlr- (1.5)

The operator Ry quantifies how “complex” it is to reconstruct the original state ¥ from
U*. We should emphasize that entanglement or Rényi entropies between the left and the
right parties are blind to Ry. It therefore seems interesting to study aspects of this operator
Ry, which goes beyond entanglement in quantifying properties of the state W. We will call
this operator Rg which maps ¥ to its canonical purification with respect to L the reflection
operator with respect to L. When W is full-rank, the reflection operator is uniquely specified

by the condition that it maps ¥ to its canonical purification.

There are several motivations to study the reflection operator in holographic conformal
field theories: one important motivation comes from the quantum error correction perspective
on the bulk to boundary map in AdS/CFT [3-6]. It was shown by Harlow [6] that for a bulk
degree of freedom (say, a qudit) within the entanglement wedge of a boundary subregion A,

the encoding map V into the dual CFT takes the general form:

[Vi)erT = V]i)buk = Uali)a, @ [X) 4, 45 (1.6)
where {|i)} forms a basis of states for the bulk qudit, and Ha = Ha, ® Ha, & Ha,, with

H 4, being the same dimension as that of the code subspace. Harlow’s structure theorem is a
general consequence of the Ryu-Takayanagi formula [7-9]. Importantly, we can think of the
unitary Uy appearing in Harlow’s structure theorem as a reflection operator: introduce an
auxiliary reference system “ref” which has the same dimension as that of the code subspace,

and consider the maximally entangled state:

1
mzmref@ i) cFT. (1.7)

In quantum field theory, we could take it to be CPT in even dimensions or CRT in odd dimensions, with

W) =

R being reflection along one spatial direction. [1]
2Equivalently, the canonical purification of a density matrix p is defined as the state |/p) viewed as a vector

in the Hilbert space End(H) = H @ H".
3Here, we are using the full-rank condition. More generally, the two purifications would be related by an

isometry.



Then, the unitary Uy is precisely the adjoint of the reflection operator for this state ¥ with
respect to ref U A. Furthermore, this particular reflection operator gives a simple recipe for
bulk reconstruction: we can represent any bulk operator ¢ on the code subspace as a boundary
operator on A via the formula

Oys = UA¢A1UI1- (1.8)

Thus, the reflection operator finds a natural role in formulating the bulk-to-boundary map

in AdS/CFT as a quantum error correcting code.

A second (perhaps much more direct) motivation, comes from the fact that the reflec-
tion operator is closely linked with the canonical purification, which finds several interesting
applications in holography. For instance, the canonical purification is crucially used in iden-
tifying the area of the outermost extremal surface as the simple entropy [10, 11]. Along
similar lines, the reflected entropy [2] for a mixed two-party state pap is also defined in terms
of the canonical purification V% 5 4.5+ as the entanglement entropy of AA*. The reflected
entropy is an interesting information theoretic quantity [12-17], one which finds a natural
bulk dual in terms of the cross section area of the entanglement wedge of AB. Finally, it
was recently argued in [18] that for a black hole evaporating into a non-gravitational bath,
the canonical purification of the total state with respect to the black hole side is dual to a
connected wormhole, thus realizing the ER=EPR idea in the context of an evaporating black
hole (see also [19, 20] for other approaches). While the original state of the radiation plus the
evaporating black hole does not appear to have a wormhole in it, the state after the action
of the corresponding reflection operator does; in this way, the reflection operator in this case

acts to “geometrize” the entanglement in the originally complex and non-geometric state.

For holographic theories, it was proposed by Engelhardt and Wall [10] that the classical,
Lorentzian bulk geometry dual to the canonical purification with respect to a boundary
subregion A is obtained by taking the entanglement wedge of A and gluing it to its CPT
image at the RT or HRRT surface [7, 8] dual to A (see figure 1). A replica trick argument
for this proposal was later given by Dutta and Faulkner [2] (see also [21]). In gluing together
portions of solutions of Einstein equations to obtain new solutions, one must impose junction
conditions at the gluing surface in order to ensure that the resulting geometry also satisfies
Einstein’s equations. In the case at hand, the fact that the co-dimension two surface we
are gluing across is a classically extremal surface implies that these junction conditions are
trivially satisfied (see section 2 for more details). The resulting geometry contains an entire
Cauchy surface, and one can obtain the full solution by evolving the data on this surface with
the Einstein equations. Upon including quantum corrections, the gluing must be done across

the quantum extremal surface (QES) [22]. However, due to quantum corrections, the QES



Figure 1: (Left) A portion of the bulk geometry dual to some holographic state W. The
entanglement wedge of the left party is shown in blue and the entanglement wedge of the right
party is shown in green. (Right) The Engelhardt-Wall proposal for the geometry dual to the
canonical purification U* with respect to the left party consists of the left entanglement wedge
glued to its CPT image at the quantum extremal surface. In situations where the quantum
extremal surface is not classically extremal, the geometry needs to be supported by a shock

(red dashed lines) in the bulk matter stress tensor.

is not generically classically extremal, and now the junction conditions imply that the bulk
matter must be in a state whose stress tensor has a delta function “shock”[23] proportional to
the first shape-derivative of the bulk entanglement entropy, in order for Einstein’s equations
to be satisfied.

Our goal in this paper will be to study the reflection operator in a perturbative setup.
The main application we have in mind is to verify the above prediction of general relativity
for the bulk stress tensor shock in the context of the Engelhardt-Wall construction. We
will consider a family of states W, labelled by some parameter \. We will first derive a
differential equation for Ry = Ry, along the flow parametrized by A; this equation will
involve more familiar quantities such as the modular Hamiltonian and modular flow. In order
to be concrete, we will then apply this general equation to the thermofield double (TFD) state
perturbed by turning on a source (with a small amplitude) in the Euclidean path integral.
In a holographic quantum system, we will then use this to compute the bulk stress tensor
one-point function (to first order in the deformation) in the bulk dual to the canonically
purified state and show that it has the quantum extremal shock contribution required for the
Engelhardt-Wall construction to work. While we will explicitly demonstrate the existence of
this shock to first order in perturbation theory around the TFD state, we expect that with
some mild assumptions, our calculation can be extended beyond perturbation theory (i.e., at
finite deformation parameter \). Since the shock is a prediction of Einstein’s equations from

the bulk point of view, we are seeing here the emergence of bulk gravitational physics from



the CFT entanglement structure [24-29], but in a context where quantum corrections in the

bulk are important (see also [30, 31] for related previous work).

The rest of the paper is organized as follows: in section 2, we review the Engelhardt-
Wall construction of the bulk dual to the canonical purification. In section 3, we study the
reflection operator for a general one-parameter family of states. We then apply this to the
special case of the TFD state deformed by a source in the Euclidean path integral, and derive
an explicit formula for the reflection operator in this context to first order in perturbation
theory. In section 4, we apply this formula to holographic quantum systems in order to study
the one-point function of the bulk matter stress tensor and demonstrate the existence of
the quantum extremal shock. We end in section 5 with some concluding remarks and open

directions.

2 Review of Engelhardt-Wall construction

In this section, we briefly review the construction of Engelhardt and Wall (EW) for the
holographic dual of the canonical purification of a bi-partite state. The EW geometry is
a Lorentzian geometry constructed in the following way: let us begin with the original
Lorentzian spacetime M dual to the original state . Let ¢ be the quantum extremal surface
(QES) corresponding to the left subregion, and let D, be the corresponding entanglement
wedge. The EW proposal for the geometry dual to the canonical purification with respect to
the left is to glue D, to its CPT image at the surface o, then evolve the resulting data on a
Cauchy slice using Einstein’s equations to obtain the full Lorentzian geometry. However, for
this to work, we must impose a set of co-dimension two junction conditions on the geometric
data at o in M. These junction conditions are analogous to, and in fact follow from, the
standard, co-dimension one junction conditions which are imposed when gluing two solutions

to Einstein’s equations across a co-dimension one hypersurface [32, 33].

The basic idea is as follows: let us imagine, for the moment, that we have two different
spacetimes M and M’ with some Cauchy slices ¥ and Y’ respectively. Now, consider co-
dimension two surfaces ¢ and ¢’ in M and M’ respectively, which divide ¥ and ¥’ into two
parts. Let us call one part Iny (o) and the other Outy (o) in M, we can write similar divisions
of the Cauchy slice in M’. This procedure naturally divides each spacetime into four parts,
namely, Iy (0) = D[Ing(0)], Ow (o) = D[Outs ()], J[o] and J~[o], where D denotes the
domain of dependence and J* () denotes the causal future (past). We have a similar division
for M’ as well. We wish to glue Iyy (o) to Ow (o’) by identifying the two surfaces o and o”.

For this to work, the most basic thing we must demand is that the intrinsic geometry on



o and o’ should be identical, or more precisely, the induced metrics h = hijdyidyj on the
two surfaces should be equivalent (up to a change of coordinates) — this is the first junction

condition.

Next, let us imagine that there exists a consistent solution to Einstein’s equations which
contains Vi, = Iy (o) and Vo = Ow (o) glued together at o = o’. Let us consider the null
surface N which separates Vout UJ ™ (o) from Vi,UJ T (o). Let k be the generating vector field
tangent to null geodesics (not necessarily affinely parametrized) along Nj; at o, we can take k
to be orthogonal to o. Let ¢# be a transverse null vector field satisfying £.k = —1 everywhere
on N;,. We can take £ such that at o it is orthogonal to o and agrees with the generating
vector field of the null surface Ny separating Vou U J 1 (o) and Vi, U J~ (o). The idea is to
now apply the co-dimension one Barrabes-Israel junction conditions [32, 33] individually to
N and N,. For instance, the junction condition across N}, gives the following expression for

the matter stress tensor localized to this null sheet:

8nGNn T\ = — ([9(@] kuky + [X(0) )y + [/@'(g)]hw) §(N), (2.1)

where 6 is the expansion of the null-geodesic congruence generated by the vector field £,
X(0),, is called its twist, and £ ;) measures the in-affinity of the geodesic congruence generated
by k:

A (2.2)
1

X = ihf;kyvugua (23)

Koy = —k'KFV Wb, = 0,kFV K (2.4)

Finally, the notation [-] stands for difference across Nj. We can write a similar equation for
Ny as well. We are interested in evaluating these constraints at o. Since the in-affinity at a
point along a geodesic (in the present case, corresponding to where it intersects o) can be
adjusted by an arbitrary rescaling, we can set the discontinuity in the in-affinity to zero at o
by a suitable choice of parametrization. Furthermore, for our specific case where we wish to
glue an entanglement wedge to its CPT image, the twist term also drops out, since the twist

is even under CPT. On the other hand, the expansion is odd under CPT, and so we get
87"GNT,S§) = —20(5)16“/{,, 5(Nk) (at J). (2.5)

For classically extremal surfaces, the expansion vanishes and the gluing does not require any
singular matter stress tensor. However, for a quantum extremal surface, the expansion is not

zero, but given by the quantum extremality formula [22]:

_ _AGN ;05buk

= 2.
0¢) N AT (2.6)



Thus, general relativity makes a prediction for the singular part of the matter stress tensor at
the quantum extremal surface in the Lorentzian geometry dual to the canonical purification

of a holographic state:

2,65
(k) _ 11 OObulk
2T, —\/EZ S

with a similar prediction for the stress tensor localized to Ny. In principle, we need to compute

0 (NR), (2.7)

the state of bulk matter fields in the bulk dual to the canonically purified state, evaluate the
corresponding bulk stress tensor, and check whether it satisfies the above prediction. Our

goal is to do this in the perturbative framework.

3 Perturbation theory for the reflection operator

Consider a bi-partite Hilbert space Hy ® Hg, where Hy and Hpr are both finite dimensional
Hilbert spaces of the same dimension. Let us say that we have a general one-parameter
family of states ¥y € Hy ® Hr which are all full rank. At any value of A, we can construct
the reduced density matrices pr(A) and pr(A) corresponding to the left and right factors
respectively. Accordingly, we have the one-parameter family of modular Hamiltonians K7, ()
and Kg(\), where the modular Hamiltonian for a density matrix p is defined as K = —log p.

At any given value of A, we have a Schmidt decomposition for the state Wy:
1 ~
03 =37 e V22 @ [n (V) (3.1)

In terms of the modular Hamiltonians, the x, and ¥, satisfy

KR()\)|XTL()\)>R = En()‘)‘Xn()‘»Ra (32)

KN Xn(A)) L = En(N)[Xn(AN) L, (3-3)

where note that the eigenvalues are common to both sides. In terms of these quantities, recall

that the reflection operator R is defined as:
Ra =D Xz (Xnlr, (3.4)
n

where |Y*) 1+ = O|X) 1+, and © is an anti-unitary operator which we will take to be CPT. Our

first goal is to derive a differential equation for R along the flow parametrized by .



3.1 Flow equation

Upon an infinitesimal deformation of the parameter A, the change in the eigenstates of, say

KRg, is given by

d <Xm|iKR|Xn>R
ﬁ|Xn>R = Z dX

 (Ea\) — Bn(V) 39

Here we have assumed that the eigenvalues are non-degenerate. We can rewrite this in the

following way:

d > —€ % d —1
el = 30 [Tt (e L e KO ) b

m#n 0
&0 ) d . d
_ / idt e—teitSn ) L g o—itkrO) )y
0

- LBl (36)

Here we have introduced a regulator ¢ — 0, which plays two roles: firstly, it regulates the
t-integral at large t in the first line. Secondly, it allows us to add and subtract the m = n

term in the sum, which together with

> Ixm) (Xmlr = 1,

allows us to rewrite the expression as in the second line. Note that the % divergence is not
really present, since it cancels the corresponding divergence from the first term; we have
merely chosen to write the expression in this way for convenience. A similar formula is also
true for the modular eigenstates of the left party, and so we get the following flow equations

for the eigenstates:

d , d .
a’Xn>R = iAR|Xn) R, J\X&L =iAL|Xn) L, (3.7)
where ~ p
. A . A
Ar(A) = ar()) + / dteet e“Kz%’aK;%—“K%’, (3.8)
0
o0 4 d 4
AL(A) = ar (M) + / dte—t ethi”ﬁKg”eﬂtK?). (3.9)
0

Here ay, and agr are the diagonal terms proportional to % There is an important subtlety we
need to address at this point: orthonormality does not fix the overall phase of an eigenstate of
the modular Hamiltonian, i.e., we have the freedom Y, — €**"x,,. So, as far as the eigenstates
of the modular Hamiltonian are concerned, the diagonal terms in the above flow equation are
ambigious. Some of this ambiguity is fixed by the fact that we want x,(\) and Xx,(A) to
be a Schmidt basis for the family of states ¥(A). In particular, the sum of the left and the
right phases (¢, + g?)n) is fixed, but the relative phase (¢, — g?)n) is not; this is good enough



for our purposes, because the reflection operator is unambiguous once the Schmidt condition
is imposed. Crucially, these ambiguities all correspond to diagonal terms in the modular
eigenstate basis, and for what we are interested in, we will not need to worry about fixing

them. We will simply gather all these diagonal terms inside a;, and agr henceforth.*

Coming back to the reflection operator, the change in R in these terms is given by
d *
SR = >3 (05 %)+ (tnli + O - (xli) = AL R +Ra Ar(h),  (3.10)

where we have defined

Af(N) =0A, ()0t (3.11)

While we have focused on the special case with only one parameter A, the formulas above
apply naturally to the more general case where the parameter space is an n-dimensional
manifold M parametrized locally by coordinates A*. In this case, Ag and Ar+ become one-
forms on this parameter space. It is natural to interpret them as connection one-forms for a
U(dimHy) x U(dim Hp) bundle over the base space M, where U (D) is the unitary group.
To see this more explicitly, imagine that we consider a modified state ¥/ = UW, where U is
a one-sided unitary transformation acting on R, but we can let U depend on the parameters
AL, Then, it follows from a short calculation (using the defining equation (3.8)) that the
connections transform as

L =Ar, (3.12)
Ap =UARU ' —idUU !, (3.13)

which is precisely the transformation property of a connection 1-form. The same formula
is also true for the transformation of Aj under a one-sided unitary acting on L. Thus, Agr
and A, are connection 1-forms under the action of local, one-sided unitary transformations,
and we can think of equation (3.7) as defining transport with respect to these connections.
We will refer to these connections as modular Berry connections. The curvature for these

(1)4m* subgroups in the non-degenerate case.

connections must only lie along the diagonal U
However, the curvature is much more interesting to study in the degenerate case, where one
encounters further ambiguities in how to transport eigenstates within degenerate subspaces;
this is a non-Abelian generalization of the phase ambiguities we encountered previously (see

[34-36] for some related work on modular Berry connections).

4More precisely, (ar 4+ ar) can be fixed by the Schmidt condition. But as we will see later, ar, and ar will

drop out of the calculations we are interested in.



Coming back to the case with one parameter A, the general solution to the differential

equation (3.10) takes the form:®

Ra=UE(N) - Ro - UL(N), (3.14)
where dU JU
d; A5UT, —z’d—f = ApUgr, UF(0) =11+, Ur(0) = 1g, (3.15)

The formal solutions to these equations are given by

A A
U = Pexp {—i / dxAz(X)}, Up = Pexp {z / d/\’AR()\’)}, (3.16)
0 0

where P stands for path-ordering. The matrices Ur and Up supply a notion of parallel
transport. This, in principle, allows us to completely solve for the reflection operator Ry in
terms of the modular Hamiltonians of the left and right subregions for the one-parameter

family of states Wy.6

3.2 Expanding around the TFD state

So far, we have derived a general differential equation satisfied by the operator R, for a
one-parameter family of states ¥). Now we wish to apply this to a more concrete setting.
Let us consider the TFD state

[Wo) = \fze 22O (0))1 @ [ (0)) s (3.17)

where E,,(0) and x,(0) are the eigenstates of some local Hamiltonian H, and the right Hilbert
space Hp can be identified with Hy+. The TFD state can also be thought of as a Euclidean
path integral over a Euclidean time segment of length §/2. The TFD state is itself the
canonical purification of the thermal ensemble, and so the reflection operator in the present

case is essentially the identity operator.

We wish to consider a one-parameter deformation of the TFD state. A natural such

family of states can be constructed by turning on a source J(7) for some operator O(r) in

5The flow equation satisfied — for instance, by Ugr — is a regulated version of the flow equation satisfied by
the Connes cocycle us = eiSKI(?Me_”Kg%O), in the large s limit; see [37-40] for some recent discussions of the
Connes cocycle.

SNote that the reflection operator only depends on az and ar through the combination (ar + ar). We
also need to impose the Schmidt condition to fix this phase ambiguity, as discussed previously. With this, the

reflection operator is completely determined, but this phase ambiguity will not be important for us.

,10,



the Euclidean path integral [41]. Concretely, we change the action inside the Euclidean path

integral in the following way:"

0
Snew = St + A / drJ(r)0(r), (3.18)

—T
where we have defined 7 = %”f' and 7 is the Euclidean time coordinate with period . This
new path integral now constructs a new bi-partite state which we will call ¥y. We wish to

construct the reflection operator Ry for this family of states to first order in A.

In order to do this, we first need to compute the change in the modular Hamiltonians
of the L and R subsystems to first order in perturbation theory. This has been computed

previously in several works, see for instance [42-45]:

dKR /27r /00 ds is g _is
—== [ drJglr e KR O(0)e2r Kr(O), 3.19

dx g R(7) o Asinh2(SE7) (0) (3.19)
Here Kp(0) = BH is the original, undeformed modular Hamiltonian for Wy, which is simply
B times the Hamiltonian H corresponding to the TFD state. The source Jg(7) is a time-

reflection symmetric version of .J(7):

Jay =37 =0 (3.20)
JH(=1) 0<T<m.

Note that the operator on the right hand side of equation (3.19) is a fully Lorentzian operator;
all the Euclidean time dependence is now in the sinh™?(*t) kernel. A similar formula can
also be written for the left subsystem. The only difference is that the corresponding source

Jr, is related to Jg by a left-right reflection, i.e., Jp(7) = Jr(7 — 7).

Let us briefly recap where equation (3.19) comes from. In the finite dimensional case,

one proceeds as follows:®

dK 1 dp
D oo T e (log@o Fegn) o PO)

! _.d
= —lim - <10g[po(1 + €pg 1ﬁ)] - 10gpo>

e—0 €

1 _
= —lim — (log[e_K(o)eep0 1%] —log pg) . (3.21)

e—0 €

"We are only displaying the time coordinate here and in what follows, but in principle the sources can also
depend on spatial directions.
8We will temporarily drop the subscripts L and R, since this derivation applies to both and the subscript

is not so relevant.

— 11 —



Here, we have only assumed that pg is invertible. Using the Baker-Campbell-Hausdorff for-

mula in the first term, we get

EA 0=—n§3 [ (0),--- [K(O) polflﬂ ] (3.22)

Now, using the integral formula

Cootic  4sinh?(s/2)
we can re-sum the BCH expansion to obtain
dK oot ds is dp s
aky D5 5 K(0) ,~19P 32 K(0) 3.24
) ’A 0 /OOH-E ssinh2(s/2) 0 axn© (3:24)
For Euclidean path-integral states, a path-integral argument [46] shows that®
d 2m
gt _ / drJ(1)O(r), (3.25)
d\ 0
so we obtain
dK oot ds is
dX |x=o0 / (") /_Ooﬂ»g 4sinh2(s/2) " (e (3.26)

In the finite-dimensional case, this expression is good enough, but we would like to obtain a
formula which is well-defined in the infinite dimensional or continuum quantum field theory
limit as well. In the latter case, the above expression becomes problematic, since the operator
O(7) is a Euclidean operator and does not admit a bounded continuum limit for all 7. In order
to avoid this problem, we first deform the s-contour integral'® (before taking the continuum

limit), to write the above expression as

dK ¥ ds LK) () 2K 0)
_ i SK(0), 2
N ‘)\:0 /dTJ(T) /_OO 4sinh2(s+#)e2 O(0)e 2 (3.27)

Now we have a completely Lorentzian operator at hand, and at this stage we can take the

continuum limit to obtain a well-defined continuum operator.

With the first order change of the modular Hamiltonian in hand, we can now obtain the

first order change in Ug:

.dUg
— i 10) = AR(0), (3.28)

9More precisely, the operator which appears in this equation is : O := O — (O)y, but for simplicity, we can

assume that the one point function of O vanishes.
0The integrand is analytic in the 0 < Im(s) < 27 strip of the complex s-plane. Furthermore, in the finite

dimensional setting, the vertical contours at s = +00 can be dropped because sinh72(s/2) decays exponentially.

- 12 —



where

& o0 d (s Tt i(s Tt
AR(0) = an(0) + / dt et / drJn(r) / s k0 o ) LR Kn(O),
0 — oo 4sinh (5*%)
(3.29)

Shifting s by 2xt allows us to perform the t integral:

+

/OO Lt e*“ 1 1 € —%(Sﬁ-iT)B (1 + € O) (3 30)
¢ — = —— oy T —5€ 7 sir — )
0 4sinh2(5_2”%) 211 (1 - 6—(5—}—17’)) 2 est o’

where

Bz(a,b):/ dttv=1(1 — 1),
0

is the incomplete Beta function. In the ¢ — 0 limit, the second term drops out, as long as
the source Jr(7) is supported away from 7 = 0. Thus, we get

1 & 1 is is
AR(O) = CZR(O) — % /dTJR(T)/ dSmeﬁKR(O)O(O)e_ﬁKR(O). (331)

Similarly,

1 &0 1 is _is
AL(O) :(IL(O) — %/dTJL(T) /;OO dSm@Qﬂ-KL(O)O(O)S QWKL(O)‘ (332)

Equations (3.31) and (3.32) are our main formulas for the modular Berry connections
evaluated on the TFD state. In the next section, we will use these to derive the quantum
extremal shock in the Engelhardt-Wall geometry. As another application of these formulas,
it is not hard to show that in holographic conformal field theories, these expressions for the
modular Berry connections can be put in a manifestly geometric form in the bulk. Indeed,

when O is taken to be a single-trace operator, we find that

HcodeAR(O)Hcode - HcodeaR(O)Hcode + / w(5A¢u ¢))7 (333)
2R

eode AL (O)Hcode = HcodeaL(O)Hcode + / w(é,\qb, ¢) (334)
XL

Here, Il g4 is the projector onto states where we can think of the bulk in terms of quantum
fields on a fixed background geometry, ¢ is the bulk operator valued field dual to O, dy¢ is
the linearized change in the bulk field configuration under the boundary deformation Jg, and

w is the symplectic current for the bulk fields:'!

w(51¢, 52¢)) = (51@?)11/16“(5%25 — 52qf) n“@uélgb). (335)

11 the case where O is the stress tensor, one uses the gravitational symplectic form which appears naturally

in the covariant phase space method [47]. The region of integration for the gravitational symplectic flux turns

out to be the entanglement wedge of the boundary subregion in the deformed geometry.
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The derivation of equations (3.33) and (3.34) more or less follows the same logic as in [27], so
we will not repeat it here. These equations give a natural generalization of [48] to the case of
subregions (see also [49] for a different approach). It is intriguing that the above expressions
can be written as a sum of two terms, where the first term comes from the “diagonal” part
of the connection, while the second term is related to the symplectic flux of bulk quantum
fields in the relevant entanglement wedge; it would be interesting to understand the first term
better. One thing to note is that if the source Jg is tuned in order to create a localized
excitation at some point in the bulk, then the geometric term in Apg is also localized at that
point. Thus, the deeper in the bulk the excitation created by the source, the more “complex”

is the corresponding unitary Ug.

4 Quantum extremal shock

In this section, we wish to study the state of bulk matter in the holographic dual corresponding
to the canonical purification W}. To be concrete, we will work to first order in perturbation
theory near the TFD state.

4.1 Double-trace deformation

We wish to turn on an operator O in the Euclidean path-integral which sources the bulk
stress tensor at O(\). The reason is that in order to see the quantum extremal shock at O(\)
in the canonically purified state, we need to have a non-trivial shape derivative for the bulk

entanglement entropy at O(A) in the original state. But to linear order in A, we have

VRl B o

9

A=0

> d  bulk - i
}/\:O,yi - _27T/() dx+a<T++ (z7,27 =0,y ),

S RY

0
d .
- 27r/ det (TP (at, 27 = 0,9"))w, o

AN

with a similar equation for the shape derivative along x~. Here (z,27) are light-cone co-
ordinates on which Schwarzschild boosts act simply as (zF,27) — (z7e®,27e™%), ¢y are
transverse bulk coordinates which parametrize the original extremal surface (i.e., the bifur-
cation point), h is the determinant of the induced metric on the original extremal surface,

and the shape derivative at the point 3’ is defined as

0 Shulk 1 b v
So oy M [Spuile™ = €d(y"), 27 = 0] = Spule™ = 0,27 = 0]], (4.2)

where the arguments of the entropies on the right hand side above are the coordinate locations

of the corresponding bulk entanglement cuts. We can derive equation (4.1) as follows: consider
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the bulk relative entropy for the region corresponding to the entanglement wedge r of the

boundary subregion R:

Stk (or (N)]]2r(0)) = A(Kpuikr(0)) — ASpuik, (4.3)

where the A symbol stands for subtraction with respect to the background TFD state:
A(Kpuikr(0)) = (Kbt (0))wy = (Kbuiie,r(0)) wo, (4.4)

ASpuik = Sbuik(¥x) — Sbuik (Vo). (4.5)
Since the first derivative of the relative entropy at A = 0 vanishes, we conclude that

d

d
ﬁsbulk — (Kbuik,r(0)) w,

A=0  dA (4.6)

A=0

Taking a derivative of this equation with respect to the shape of the bulk entanglement cut

and using [42, 50]
— _91 /h / dr +Tbulk +,.’E_ _ O,yi), (47)

we land on the first equality in equation (4.1), while applying the same arguments to the the

I Kbk, (
5m+

entanglement wedge ¢ of L and using

= 2/ h(yi / det TP (2t 2™ = 0,4, (4.8)

gives the second equality. Importantly, equation (4.1) implies that for us to see the shock in

O Kk, e (0

ozt

the bulk dual to the canonical purification at O(\), we need to turn on a deformation which
will source the bulk stress tensor at O(\) in the original state. For this reason, we cannot take
O to be a single-trace operator, as single trace operators only source the bulk stress tensor
at O(A\?). Instead, we can imagine turning on a double-trace operator O = : ¢¢ :, for some
single trace operator ¢; although the details of what O we choose will not be relevant in the
discussion below. Now, the quantum extremal surface in the geometry dual to ¥ will deviate
from the classical extremal surface at O(AG ). Following the Engelhardt-Wall construction
reviewed in section 2, the bulk spacetime dual to the canonical purification W3 consists of the
entanglement wedge EW (L) (in the original geometry dual to ¥y) glued to its CPT image
at the QES. In order for the junction conditions to be satisfied, the bulk matter stress tensor
must have a singular contribution at the location of the QES. Importantly, even though the
QES deviates from the classical extremal surface at O(AG ), the singular contribution in the
bulk stress tensor in the bulk dual to the canonically purified state must appear at O(\). It

is this contribution that we are after.
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4.2 Bulk one point function

In order to proceed, we wish to compute the bulk stress tensor in the canonically-purified
state. We can be general, and compute the one-point function of a more general operator ®
acting on the L* factor:

(®)ys = (TAIRL @ RA|T,), (4.9)

at first order in A. Later, we will take ® to be the bulk matter stress tensor Tﬁl‘}lk@ B),
where we will take g to lie in the entanglement wedge of L* in the geometry dual to W¥3.

In particular, we are interested in the 724k

components of the stress tensor, and we wish
to take the limit where the bulk point approaches the quantum extremal surface. Let us
take a moment to discuss what this means. The backreaction from turning on a double-trace
operator is of O(AGy). If we ignore this effect for now, the classical bulk spacetime dual
to the canonically purified state is the undeformed, eternal black hole spacetime, where we
simply re-label the right subsystem as L*. However, the state of bulk matter fields receives
corrections at O(\), and this is what we wish to probe via the bulk operator ®; in particular,
TRy

we want to take & = and take the limit where this operator approaches the original

extremal surface (i.e., the bifurcation point) in the eternal black hole.

With this preamble, we now wish to compute the first A derivative of the above one-point
function. Taking a A-derivative of equation (4.9), we get:

d AR}

dR
(@) = (1| 2 QR + (1y[R]S 2

AV, ~ AW

W) + ( |(I)|‘I’>\> <‘1’A|‘I’| > (4.10)

where in the last two terms we have defined the operator &) = Rir\ ®R,. Using the flow

equation for R, we can rewrite this as

d

d‘I//\
—(P

AW,

o= i [Ap, ] [2) = (W3] [AL., O] [05) + (2 (B0) + (03B Z2). (4.11)

Note that at A = 0, P = ®, and so henceforth we will drop the hats. Further, the last two

terms can simply be written as

(GBI + BT =@, (112)

Let us now focus on the first term involving the commutator with Ag; the same logic
will also apply to the second term. We proceed by assuming that ®(xp) is an operator acting
strictly on the Hp factor (i.e., xp is well within the entanglement wedge of R). As explained
above, we will eventually take ® = TP+ and take the limit where the bulk point approaches

the bifurcation point. To be precise, when the operator acts “at the bifurcation point”, we
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Figure 2: The strip —27 < Im(s) < 0 in the complex-s plane. The contour I" is shown in
the bold blue. The dashed blue lines indicate the vertical contours at infinity. The red lines
indicate potential branch cuts which may develop in the correlation function in the infinite

dimensional limit, while the black dot indicates the pole coming from %

cannot take it to be supported in Hp alone. For instance, after a little bit of smearing to
make this bulk operator well-defined, we will in general find that it acts on both sides of the

bifurcation surface. A simple smearing is to instead consider the operators
Pgmear = lim / dl‘i TbUlk- (413)
6—0

Indeed, later we will encounter the need for such a smearing, but for now we proceed with

the above simplifying assumption. If we work at A = 0, and use equation (3.31):

1 o0 1 18 18
Ar(0) = ar(0) - o / drJg(r) / N dSW%K“(O)@(O)e RO (414)

then we get

(To| [AR(0), ®(zp)] |¥o) = Trp (pE? [AR(0), <I>(:c3)]> (4.15)
T 2mi /dTJR / (1_eds(s+w))TrR (pg) [(9(8),(1)])

B oco— 7»6 ds (0)
= 27Ti/dTJR(T)/_ ' —(1 - e—(5+i7')) Trg (pR (9(3)@)

oO—1€

1 oco—i(2m—¢) ds )
- 27TZ/ drJR(7) /ooi(27r6) (1—e-G+m) o <pR O(S)@> '

In the second line, we have used the fact that ar(0) commutes with pg) to drop that
term. In the third line, we have introduced a new regulator ¢ — 07 to separate the two
operators infinitesimally in Euclidean time, and further used the KMS condition to bring the

two operators in the same order. So, we conclude that

(Wo| [Ar, ®(zp)] [Wo) = /dT Jr(T / T ed ) Trp (pg)(?(s)(l)) , (4.16)
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where the contour I' = (R — 7€) U (R — i(27m — €)) is the union of the two horizontal contours
at Im(s) = —e and Im(s) = —(2m —¢).

Using Cauchy’s theorem, we can then rewrite this integral as the sum over three contri-

butions: the pole at s = —i7, and the two “vertical” contours at Re(s) = £A (with A — o0):

(Wo| [AR(0), ®(xp)] [¥o) = /dT TR(r)Trg (o O(r)®) + T + F, (4.17)
where
TR — :l:i drJ (7.) e db Tr (p(o)ei(iAfiG)KR(O)Oefi(iAin)KR(O)(ﬁ)
27 R . (1 — e—(FA+in)id) R\PR .
(4.18)

The vertical contour contributions are seemingly suppressed exponentially in A from the
large relative boost between the two operators, and so it is tempting to discard them. This is
correct in most cases, but not all; we will return to this point below, where we will find that
the shocks we are looking for actually come from these terms. For now, let us focus on the

contribution of the pole:

(Wol [AR(0), ®(xB)] [Wo)

= —/dT Jr(T)TrR (Pg)O(T)‘I}>

_ / dr Jn(7) (O(7)B)g,

d
_ﬁ<¢>‘h

pole

- (4.19)

This term simply cancels the last term in equation (4.11). This is expected: this term mea-
sures how the entanglement wedge of R would change in the geometry dual to ¥y, but in the
canonical purification, the entanglement wedge of R is replaced by a CPT reflected image of
the entanglement wedge of L. Thus, the above cancellation ensures that all information about
the entanglement wedge of R is removed. We must now show that, in fact, the entanglement
wedge of R is replaced with a CPT image of the entanglement wedge of L. This comes from

the pole contribution in the second term of (4.11):

(V51147 0), b(an)] [95)| = [ ar 7T (ol O(r) 071 0)

pole

_ / dr Jo(r) Ty (pO(r) 0! 2 6)
d

= (@0, (4.20)

where ®* = ©~1®0 is the CPT conjugate of the operator, but now inserted in the entangle-
ment wedge of L. This is in precise agreement with our expectation for what the canonical

purification should do.
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4.3 Vertical contours at infinity

So far, we have reproduced the standard, expected properties of the bulk dual to the canonical
purification. Now we turn to the non-trivial part, which is to reproduce the quantum extremal
shock in the bulk. For this, we need to choose a specific bulk operator, i.e., we need to take
P = Tibljtlk. Moreover, we need to take the limit where this bulk operator approaches the
extremal surface in the original background geometry. To be concrete, let us take & = T}E‘jrlk

and consider the vertical contour integral Z:

1 ame o (0) n_i(FA+i0 bulk _—i(TA+i6

(4.21)
This is the same as (4.18), but we have now put the boost on the bulk operator. As A —
00, the relative boost between the two operators goes off to infinity, and so we expect the
correlator to decay exponentially. Thus, in the A — oo limit, this contour integral vanishes.
The exception to this occurs when the bulk operator approaches the extremal surface. To

see this, let us use light-cone coordinates (z,z~) in the plane transverse to the black hole
extremal surface. At A = 0, boundary modular flow acts locally on bulk operators as a

Schwarzschild boost:
eiSKR(O)TESIk(xJ“, T, yi)e_iSKR(O) = Ja#(s)Jﬁy(s)TolfBlk(x+es, ze5 b, (4.22)

where the J%g represents the action of the boost on the indices of the stress tensor. In more
detail,

eisKR(O)T:El:ltlk(er’ T, yi)efisKR(O) _ €i2ST:E1:J|:1k(x+€s, e ", yi)’ (423)
eiSKR(O)T:E;ﬂk ($+, z, yi)efisKR(O) — eztsT:ELiﬂk ($+68, .Tieis, yi)’ (424)
eisKR(O)Tg;ulk(l‘—l-’ T, yi)e—isKR(O) _ T’it;-UIk(l‘—i_es, e, yz) (425)

Consider first Z%:

R 1 2 dfe** (0) 5 —0KgR(0)pbulk,, + A .—_ —A\_0Kg(0)
7" by dr Jg(1) (1= i) Trg (pR Oe OIT (e a7 e e ),

12

1 2m—e )

o dr JR(T)/ doer =) Ty p <pg)(’)6_0KR(O)TEjrlk(x+eA,x_e_A)egKR(O)()4.26)
™ €

If % # 0, then the above correlation function will decay exponentially in A as previously

mentioned, and is thus zero in the A — oo limit because the bulk operator is getting boosted

off to infinity. However, when ™ = 0, the operator does not get boosted away, and we instead

get a divergence from the e factor in equation (4.26).'> We can see this quite explicitly in

12A similar effect is responsible for the Ceyhan-Faulkner shock [37] in Connes-cocyle flowed states in the

perturbative setup [51].
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the BTZ black hole, for instance. In Kruskal coordinates, the bulk metric is given by

4dxtda~ 472 (1 — ata™)?

de? = -~~~ = 4 20 = " )
§ (I1+azta—)? + B2 (1+axta™)?

d¢?, (4.27)

where ¢ is a periodic coordinate along the bifurcation surface. The bulk to boundary propa-

gator is given by [52, 53]

Lo (1 +x+x*)2A
Ko ,¢)=> , 4
" {(1 — ata)[cosh(ZE (¢ — do +2mn)) — 1] + (a+ — e=i%0) (2~ — ezeo)}
(4.28)

where (¢, 79) label the coordinates on the boundary torus with 7y being the Euclidean time

207

direction and ¢g being the spatial direction. The bulk stress tensor in the presence of the

boundary double-trace operator is given by

(TYYR0) ~ > 0, K00y Ky, (4.29)

where K, is the nth term in the summation in equation (4.28). For fixed n and ™ # 0, the

—(48+2)s i the large s limit. However, when 2™ = 0, there is no

bulk stress tensor goes as e
suppression as the operator does not get boosted away and Z® diverges, because of the factor
of e® out front in equation (4.26); this suggests a delta-function contribution at z* = 0. To
check this, we really need to smear the operator in the ™ direction in an infinitesimally small

window of xt € [0, 9]

1 2m—e §el
1 A
/ dzt IR = —5- / dr Jr(1) / do / dit e’ Trp (pg)oe—GKRm)TEik(ﬁ,x—e—A)eGKR@)
0 T € 0

1 2m—e¢ o] )
—5- / dr Jr(1) / do / dzTe' ) Trp (pgg)oe—eKRm)Tﬂk(ﬁ,o)eeKR“))) ,(4.30)
™ € 0

1

where in the first line, we have defined a new coordinate £+ = zte®, and in the second line
we have sent A — oco. By deforming the ™ contour in the complex plane, we can remove all

the 6 dependence from the correlator, and replace it with 7. Performing the 8 integral then

gives
0 00
+7R _ _ + (0) bulk .+ o i) . L @ 9Sbuk
/0 e /dTJR(T)/o da e (ol O TN, 0.41)) = 27 dX ot D=0y’
(4.31)

where in the last equality we used equation (4.1). Thus, the vertical contour precisely gives us
the delta function contribution we had expected. Note that If does not give a delta function
contribution because the enhancement factor of € is now replaced with a suppression factor

of e 240,

13We can think of this as the part of ®smear (see equation (4.13)) which contributes to [Ag, D].
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Similarly, we can evaluate the vertical contour contributions coming from the term in-

volving A7 .. In this case, the contour at s = +A contributes:

1 2m—e 4o . . . 4
L _ (0) —A+i0)K 1 (0) (o —17bulk o) ,—i(—A+i8) K (0
Iy = o dTJL(T)/e (1 - e—(A—l—iT)eiG) Try, (,OL Ot (=A+i0) KL ( )(@ T O)e i(—A+i0) K, ( )) ,
(4.32)
where
6_1Tfjrlk(a:+, 7,0 = Tjﬂ‘jrlk(—x'k, —z7, ). (4.33)
The left-sided boost acts on this operator as:
e—iAKL(O)T_El_I’_lk(_‘,B-‘r, —.I’_)eiAKL(O) — €2AT£1_Ek(—.’L'+€A, _x—e—A)' (434)
In the large A limit, we can expand:
1 L
=14 e OHmegid L (4.35)

1 — e~ (A+iT) it
)

The first term leads to a e* divergence, but the 6 integration kills this term, as can be seen by
smearing in the infinitesimal interval 2™ € (—4,0). The first non-trivial contribution comes

from the second term, which gives (following the same steps as before):

" det7Ek = d J ’ dxTT (O)O Thulk (ot 0 41)) = 1 d 0Spuxk
s vy == [dr [ i) . x rL(PL (M) (27, ’y))__ﬂﬁ 5ot

)\:0,yi'
(4.36)

The extra minus sign above cancels with the minus sign in front of the A« term, and thus
we get the same vertical contribution from here as we had from the Apg term, resulting in
an overall factor of 2. Thus, we learn that the bulk stress tensor has the following shock

contribution in the canonically purified state:

d _ d 6Spulk
o — (TP (2 F Nox|  =20(zh)—~—2 : 4.37
7Td)\< ++ (.’1}' 737 ?y )>‘IJ)\ A=0 (IL’ )d)\ (5:13+ )\:O,yi ? ( )
where the --- indicate the other non-singular parts. This is precisely the shock required

to support the Engelhardt Wall geometry.'* Thus, the boundary entanglement structure
in the canonically purified state gives rise to a state of the matter fields in the bulk which
precisely supports the Engelhardt-Wall geometry, in a way consistent with the bulk Einstein’s

equations.

1 0ur calculation is valid in the limit z+ — 0 with 2~ fixed. However, we see that the dependence on z~ is

trivial in the end. This is a simple consequence of the conservation of the shock stress tensor, _ 750 = 0.
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5 Discussion

To summarize, we have studied the canonical purification of Euclidean path integral states to
first order in sources. In holographic conformal field theories, we have demonstrated that the
state of the bulk matter in the bulk dual to the canonically purified state is precisely such that
it gives rise to a shock in the bulk stress tensor which is required to support the Engelhardt-
Wall geometry. We can view our result in two different ways. Firstly, let us assume that the
bulk geometry dual to the canonically purified boundary CFT state must satisfy the semi-
classical Finstein’s equations, order by order in the state perturbation parameter A. In this
case, the bulk must satisfy the junction conditions, equation (2.5). Together with our result
for the bulk shock, we conclude that the co-dimension two surface across which the gluing

happens must satisfy

1 dSpbulk

4GN0i+ 5ot =0, (5.1)

at O()\), i.e., at first order in the state deformation. This is indeed the quantum extremal

surface formula. On the other hand, we could assume that the gluing surface in the bulk must
satisfy the quantum extremal surface formula (5.1), without assuming that the bulk geometry
satisfies the gravitational junction conditions. In this case, combining our result for the bulk
stress tensor shock together with the QES formula, we would deduce the co-dimension-two
junction conditions in general relativity, equation (2.5), at first order in perturbation theory.
From this point of view, the bulk gravitational equations (in this case, the junction conditions)
are a consequence of the boundary entanglement structure satisfying the quantum extremal
surface formula. This is in the same spirit as the results in [9, 27, 29], but generalized now
to a context where quantum corrections in the bulk are important. The quantum extremal
surface formula is deeply tied-in with the structure of the bulk-to-boundary map being a
quantum error correcting code, and so one might hope that this viewpoint sheds some light
on the emergence of gravity from quantum error correction. It would be nice to generalize our
results beyond first order in perturbation theory. One approach to do this could be to work to
leading order in perturbation theory around a more general background state/geometry. We
expect that with some mild assumptions on the nature of modular flow, such as approximate
locality in a neighbourhood of the entanglement cut, we should be able to extend our result

to this more general scenario.

Secondly, the existence of the shock in the bulk stress tensor is deeply tied with the
emergence of bulk spacetime and a correspondent quantum field theory subregion algebra in
the bulk. Indeed, the calculation we presented is consistent with the expectation that the bulk
state dual to the boundary canonical purification is the bulk canonical purification. From this

point of view, the bulk canonical purification destroys the delicate entanglement structure at
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the bifurcation surface, resulting in a “firewall”. This is in line with the results in [37], where
it was shown that one-sided purifications in quantum field theory can result in such shocks. In
more formal terms, this is associated with the emergence of an effective type I1I von Neumann
algebra in the bulk from the type I algebra of the boundary CFT in the large N limit [54-56].
It has been recently argued in [55, 56] that including 1/N corrections, and in particular,
incorporating one quantum gravitational mode (corresponding to relative time fluctuations
between the two boundaries, or equivalently, one-sided mass fluctuations) changes the nature
of the bulk algebra from type III to type Ily, thus explaining the “renormalization” of the
UV divergence in the generalized entropy in gravity. It would be nice to understand, in a
similar vein, what effect these % corrections can have on the shock that we encountered, and
what this means for the bulk spacetime. To this end, it would be satisfying to derive the
shock from the more formal machinery of Tomita-Takesaki theory (see [1] for a review). The
techniques in [37] may be of direct relevance. Finally, it would be nice to develop more tools
to study the reflection operator introduced in this paper. This would have direct applications
in several useful directions in AdS/CFT such as bulk reconstruction, complexity of the bulk-

to-boundary map etc.
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