
Dated: March 28, 2024

The Canvas of Holography in (A)dS/CFT

Vaibhav Kalvakota and Aayush Verma

Email: vaibhavkalvakota@gmail.com, aayushverma6380@gmail.com

Abstract

The dynamic of holography between anti-de Sitter space holography and de Sitter
holography is a very fascinating comparison, which provides many key insights into
what we expect from holography in general. In this Essay, we highlight this dynamic
with three examples: first, when taking Wheeler-DeWitt states to the asymptotic
boundary, the dual interpretation is unclear in de Sitter. Second, what we make
of bulk reconstruction and subregion duality in AdS/CFT is not trivially reflected
in the dS/CFT scenario. Third, a way of formulating emergence and subregion-
subalgebra duality in de Sitter space does not yet exist. With these examples, we
provide some musings on this canvas of holography in the settings of (A)dS/CFT.
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AdS/CFT was first described by Maldacena as a 10d type IIB string theory com-
pactified on AdS5 × S5 dual to a N = 4 super Yang-Mills conformal field theory on
the 4d boundary of the bulk theory [1–3]. The number of emergent dimensions from
boundary to bulk is six here. However, this definition is in the context of string theory
and is certainly a hallmark discovery of string theory. That definition is very specific
and can be boiled down into a more general mantra by saying that the CFT partition
function ZCFT is equivalent to the generating functional for the bulk theory:

ZCFT = Zbulk .

While this is a general enough statement for (in principle) any holographic theory,
there are two issues with this statement: (1) the theory dual to a bulk theory need not
be a conformal field theory at all and could be a general QFT, which is the deformation
of some CFT, as is the case with finite cutoff holography [4–6], and (2) this definition
does not explain the localization of information in the sense which gravity does and the
gravity is special for its role in localizing information at infinity [7,8]. We will discuss this
later in this essay. What we are trying to point out is that the definition of “holography”
is as mysterious as the theory itself, and there is no one obvious way of defining what
holography really is.

Firstly, there are many reasons why we do holography and how we do holography.
One could be interested in doing bulk reconstruction, and for instance, taking bulk fields
ϕbulk to the asymptotic limit ρ → ∞ (where ρ describes the variation of fields towards
the boundary) and identify an HKLL-style scheme, which is a very well-understood
thing in AdS/CFT. Or one could expand on this a little more and be worried with bulk
reconstruction in the entanglement wedge EW (R) of some boundary subregion R, which
is also a very well understood problem. In this particular case, we are explicitly dealing
with the information side of duality; we have much more convenience with how we use
holography. On the other hand, we have recently obtained algebraic interpretations like
subalgebra-subalgebra correspondence [9, 10], which we will discuss later.

The best example of why the usual description of holography is a little vague in some
cases is that of the famous conundrum of de Sitter holography at I± – referred to as
dS/CFT. In this case, trying to do things asymptotically from the bulk picture is well-
defined, such as calculating S-Matrix at infinity. Still, it is not clear what exactly the
holographic interpretation is in dS/CFT. In AdS/CFT, one could start from asymptotic
canonical quantum gravity, where we first try to solve the Wheeler-DeWitt equation in
the radial limit, so that the WDW states thus obtained become CFT partition functions
like1

lim
r→∞

Ψ[gr,Φ] = Z±[gr,Φ] (1)

1Here, gr represents the original AdS metric. Usually, one rescales the metric by some parameter
µ which plays the role of the deformation parameter in doing TT -deformations. More generally, the
rescaled metric is what the WDW equation is solved asymptotically with, and the matter fields Φ are
also appropriately rescaled, which we use next. Here we are abusing terminology for the sake of brevity.
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The field theory dual to this is clear enough in AdS/CFT, but in de Sitter this is not the
case. Due to this, making sense of the Z± branches as the field theory dual is unclear. In
Eq. (1), the duality between WDW state and partition function is a special deduction of
the holography, as propounded in [11]. In such cases, we have an obvious understanding
of some holography of information, if not holography in itself, of which [12] is a good
example; also see [13] for a review.

In de Sitter, for our purposes, we will now refer to the metric in use as g̃µν , which is
described in terms of the original de Sitter metric

g̃µν = ρ2gµν , (2)

so that the asymptotic boundary is the limit ρ→ 0. The matter fields are also described
according to the rescaled metric, denoted as Φ̃, and similarly, in ρ→ 0, the matter fields
are taken to the boundary. The WDW state Ψ[g̃, Φ̃] is then the solution to the WDW
constraint equation,

ĤΨ[g̃, Φ̃] = 0 , (3)

and when taking these bulk states to the asymptotic boundary, we recover things that
look like the partition functions to the boundary theory, similar to Eq. (1).

The solutions to the Eq. (3) are the Wheeler-de Witt states, which are written as

lim
ρ→0

Ψ[g̃, Φ̃] = eiS[g̃,Φ̃]Z+[g̃, Φ̃] + e−iS[g̃,Φ̃]Z−[g̃, Φ̃] . (4)

which is a general solution to the Hamiltonian constraint equation. In de Sitter’s case,
eiS is just a phase factor, and Z± are CFT-like functionals. We will discuss this more
in a moment.

In this sense, the Hilbert space is constructed out of the analytically continued Eu-
clidean vacuum state |0⟩, see [14] for details. That is, we can write something like

|Ψ⟩ =
∫
dx1 . . . dxnψ(x1 . . . xn)Φ(x1 . . . xn)|0⟩ , (5)

where for n > 0, this usually implies that the states are not invariant under the dSD
isometry group SO(D, 1), with the exception of the vacuum state itself. Furthermore,
they have infinite norms and are not normalizable. So far, this is only producing the
auxiliary Hilbert space Haux, and the constraint to be imposed is that the states |Ψi⟩ ∈
Haux are invariant under the dS isometry group GdS , which form the physical Hilbert
space Hphys. Following Moncrief’s conjecture [15] and Higuchi’s construction [16,17], we
can group average by taking the norm and dividing it by the volume of the Diff×Weyl
group vol (Diff×Weyl), so as to produce a finite norm for the states, and Hphys. This is
in the κ → 0 limit, where we obtain the modified norm and the physical Hilbert space,
and these states are invariant, as required by the Gauss law. For a BRST interpretation
of these states, see [18].
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Z±[g̃, Φ̃] are CFT-like functionals, in that they obey the conformal Ward identity and
have the same properties such as diffeomorphism invariance and Weyl transformation
properties. In D = 2, the anomaly obtained AD is the usual central charge, and is just
the analytically continued Brown-Henneaux central charge. In the AdS/CFT context,
this is very clear since one can look at the asymptotic Z±[g̃, Φ̃] as a deformed theory
in the ρ → 0 limit, which acts as a deformation parameter. In de Sitter, however, the
holographic dual to these WDW states is not very clear.

Let us look a little more clearly into the constraints that are being imposed on
Ψ[g̃, Φ̃] and Z±[g̃, Φ̃], which are very important. First, we expect that the WDW states
are invariant under the action of GdS isometry group, for which we have to modify
the definition of the states by using the group-averaging construction by Moncrief. On
the other hand, the CFT-like generating functionals for the field theory would obey
diffeomorphism invariance and the conformal Ward identity, where the latter can be
expressed into anomaly terms that look like

ADZ[g̃, Φ̃] . (6)

where when D is even AD can be computed and otherwise when D is odd, it vanishes.
One would expect that in the perturbative setup, the asymptotic Z-functionals obey a
Weyl anomaly property with an extra imaginary term, due to which in even D there
would be an anomaly term with an extra factor of i than in AdS [14].

The general idea here is that when trying to interpret holography in the canonical
quantum gravity formalism, there is a natural link to the holographic renormalization
counterterms arising from deforming the theory. In AdS/CFT, this deformation would
give us finite-cutoff holography, but in dS this is not a very obvious setting. In deriving
finite-cutoff AdS holography from deformations, one can see that in the limit of ρ → 0,
one of the branches is “dominant”, due to which the WDW states collapse to

Ψ[g̃, Φ̃] = eiS[g̃,Φ̃]Z[g̃, Φ̃] . (7)

The term S[g̃, Φ̃] acts as a holographic renormalization term and more appropriately in
the de Sitter setup is a local action that is universally factored to the WDW states2

[12]. In dS, there is no one dominant branch, due to which both branches in Eq. (4)
are taken into account. In describing WDW states in the large-volume limit, we set
κ =

√
8πGN → 0 limit, in which the states look similar to the above single-Z form. In

the static patch picture, one would use TT + Λ2 deformations3, although interpreting
these in the canonical QG sense and approaching Cauchy slice holography is still an open
problem. To give a more general overview of why these WDW states are of importance,
the holographic context is the most interesting background for working on problems in

2In the perspective of deformations these are counterterms in doing irrelevant deformations, given by
the TT (or T 2-deformations in D > 2) deformations [6].

3The bulk 3D case is more relevant in recent constructions by Vasu Shyam, Eva Silverstein, etc., due
to which the 2D CFT case is best suited for deformations, hence the Λ2 term rather than the more
general ΛD−1.
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(A)dS. Naturally, these WDW states in a holographic sense are dual to the partition
function of the dual CFT:

Ψ[g̃, Φ̃] = ZCFT[g̃, Φ̃] . (8)

This statement can be found backwards by taking the asymptotic limit, as discussed
above. In de Sitter, we expect that there are two CFT-like functionals, Z+[g̃, Φ̃] and
Z−[g̃, Φ̃], which seem straightforward seeing that there are two asymptotic boundaries
towards I+ and I−, and the corresponding anomaly terms have different signs. However,
this is also expected more generally in AdS, since the Hamiltonian is quadratic in nature
with Z[g̃, Φ̃] being linear, implying two such terms.

Subregion duality for de Sitter space is a much more controversial situation. One of
the reasons why subregion duality is not entirely obvious (or concrete, for that matter)
in de Sitter holography is because in the traditional candidate for de Sitter holography,
dS/CFT, the expectation of finding subregion duality from a Ryu-Takayanagi-like for-
mula is not clear. One of the ways of looking at why subregion duality is complicated
in dS/CFT is to take inspiration from the usual AdS/CFT setting.

First, we will offer a perspective on why modular flows naturally arise in AdS/CFT.
From the extrapolate dictionary4,

OΦ
∆−−−→

r→∞
Φ(Y) , (9)

where Y is the bulk point. From this, one could define a spacelike region formed by the
overlap of the double-lightcone L(Y) and use the HKLL construction for reconstructing
Φ(Y) dual to OΦ. In dS/CFT, this can be done up to an extent since there exists an
HKLL-type reconstruction scheme for taking bulk fields to the asymptotic boundaries
I± [19]. However, one does not have an obvious notion of an entanglement wedge asso-
ciated to boundary subregions. The natural motivation would be from the holographic
entanglement entropy prescription

S(R) =
Area of γR

4GN
+ Sbulk(r) , (10)

where R is a boundary subregion, γR is the corresponding Ryu-Takayanagi surface and
r is the bulk subregion dual to R. The domain of dependence D(γR) of γR is the entan-
glement wedge EW (R) so that bulk fields in EW (R) can be described by dual Heisenberg
single-trace operators in R. This is a standard known result. A natural consequence
was that the relative entropies are equivalent for these subregions, giving the JLMS
formula [20–22]:

S(ρ|σ) = Sbulk(ρ|σ) . (11)

This result is found from the machinery of modular flows, but in dS a clear problem is
that taking coordinates (η, χ) with η flowing from I+ to I−, a variation of η is also a

4In dS/CFT, the extrapolate dictionary is different from the differentiate dictionary, for which there
are two conformal weights, for which there would exist a double reconstruction scheme for I± respectively.
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variation from the boundary ∂M , which is not the case for AdS – calling the coordinate
counterparts in AdS (τ, r), a variation in r is not a variation from ∂M since the boundary
∂M lies on r → ∞ slices along ∂Σ. In this sense, modular flows are not trivial in de
Sitter.

One naive possibility arises from the existence of pseudo-quantities from the timelike
entanglement entropy [23, 24], from which one could argue that instead of dealing with
density matrices for modular flows like

ρ−isOρis , (12)

we could deal with the transition matrices ρ̃ to find something like

ρ̃ −isOρ̃ is . (13)

However, there are two very obvious subtleties with this. First, the role of the modular
parameter s is akin to the time τ , in which case we are essentially taking local boundary
operators O and performing modular flows labelled by τ ≡ s. The role of the entangle-
ment wedge is then natural from the reconstruction scheme for OR ∈ D(R). So, the role
of the modular parameter in dS/CFT changes and is not entirely clear. Second, even
if there does exist some similar interpretation to (12) in dS, whether that necessarily
defines a JLMS-type formula is non-trivial since that would require defining the action of
the modular Hamiltonian and the corresponding notion of the code subspace. For these
reasons, interpreting subregion duality with the same tone as in AdS/CFT in dS/CFT is
very difficult to speculate on. There have been several works providing a more geometric
construct for subegion duality, which are based on the Wick rotation scheme [25–27],
but to say whether these have any clear association to the above-mentioned subtleties
is non-trivial.

Another candidate for working with modular flows and possibly subregion duality is
that of static patch holography, where the boundary (the cosmic horizon) does not run
along a timelike coordinate such as η, due to which it is a suitable setting for working
with modular flows5. Static patch holography is also an interesting setting for working
with TT +Λ2 deformations, on which a lot of interest has been sparked recently [28–31].

One does not necessarily have to work with the information side of things, and instead
be interested in working with the algebraic description of the duality. In that sense,
AdS/CFT boils down to subregion-subalgebra duality [10] (as opposed to subregion-
subregion duality, which solely tells us what the dual subregions in the bulk and boundary
are and how the entropies are related), which is the statement that the Hilbert space of
the bulk theory, which is the asymptotic Fock space, is equivalent to the GNS-constructed
Hilbert space from the boundary side:

Hbulk = HGNS . (14)

5We would like to thank Vasu Shyam for discussions on this.
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In this sense, the Liu-Leutheusser result of the emergence of bulk locality tells us that the
emergent type III1 algebra on the boundary gives us the emergent bulk physics [9, 10].
Taking the largeN algebra and adding the renormalized Hamiltonian to it, one can do the
crossed product construction due to Chandrasekaran, Pennington, and Witten [32, 33],
which yields a type II∞ algebra, for which there exists a trace class for which a trace can
be defined. This factor describes the algebra of observables for black hole states [33].
The cross product is taken between the factor type III1 and its modular automorphism
group. One can then attribute entropy to states in subalgebras B ⊆ A (where A is the
full boundary von Neumann algebra) whose bulk description is the generalized entropy
prescription. That is, the entropy SE(ΨB) of ΨB is equal to the generalized entropy of
some surface in the bulk identified with the QES prescription [32, 34, 35]. Taking B to
future infinity to get the future infinity subalgebra B∞, for instance, implies that we
are taking the generalized entropy of horizon cuts towards future infinity, and using the
monotonicity of trace-preserving inclusions, one can show that the generalized entropy
of these horizon cuts to future infinity is greater than the generalized entropy of the
bifurcation surface in the two-sided black hole setup. So, we have two ways of looking at
holography in the same algebraic context; we could describe the boundary theory in the
type III1 algebras for which we obtain subregion-subalgebra duality, or do the crossed
product construction in the large N limit of the microcanonical ensemble, in which
we obtain a type II∞ algebra for which entropies of subalgebras (or more generally
subspaces) is the generalized entropy of horizon cuts, which lies in the entanglement
wedge prescription.

Similarly, we can also construct an algebra of observables for an observer in the de
Sitter static patch, first discussed in [36] and see [13, 37] for reviews. To sum up, in
brief, we start with an empty de Sitter static patch, which is but type III, and then we

include an observer (subject to a Hamiltonian constraint Hobs ≥ 0) on the worldline with
turning the gravity on. This will gravitationally dress operators, and the final algebra
for this static patch would be type II1. The maximum entropy state is given by the
Bunch-Davies state, whose density matrix is ρ = 1; the entropy of this state is S = 0.
One then obtains the Hilbert space on which these operators act, but as before, states
in the Hilbert space are plagued by infinite norms and have to be modified in the same
way: to take the norm and divide it by the isometry group of de Sitter. In this way, we
get invariant states under the whole isometry group.

The beautiful part of the result on the emergent holography from type III1 algebra in
AdS/CFT was the subregion-subalgebra correspondence essential to building the emer-
gence and use of half-sided modular inclusion, which is special only to type III1. Alas!
We do not have a similar subalgebra-subalgebra correspondence in the de Sitter setting.
Even holography in the algebraic sense is different from the geometry in which we work.
We would be eager to discover subtleties we miss in de Sitter’s algebra of observables in
the future.

For some people, holography could be as simple as saying that the information about
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stuff inside some D-dimensional system is encoded on the D− 1-dimensional boundary.
Adopting a codimension-1 approach, we would just be left out with holography of in-
formation [8,12,38], which is precise enough in the sense that we know that the bulk in
Σ is described by a field theory on the boundary ∂Σ. This has some issues with some
aspects of algebraic QFT, specifically that of the split property [39]. While there exists
a de Sitter counterpart to the AdS holography of information [12], this is outside the
scope of our discussion.

To sum up, in general we expect holography to consist of a bulk theory R and a
boundary theory B. This meets three fundamental expectations:

1. There exists a way of making sense of holographic entanglement entropy and other
quantum information aspects in R. We would naturally expect that the prescription
for this naively looks similar to the usual Ryu-Takayanagi formula in AdS/CFT,
looking in general something like

S(Ba) = Area of Ra + bulk corrections . (15)

2. There exists a correspondence between the operator algebras associated with R
and B. Let R be a bulk subregion with a local operator algebra A(R). Dual to this
would be a boundary subregion B with the corresponding algebra A(B). Then,
the operator algebra on the boundary A(B) and the operator algebra in the bulk
A(R) have a relation that should look like

A(B) ⇐⇒ A(R) . (16)

Moreover, the complement R̄ has a dual operator algebra of the boundary, so that
from the Haag duality, we have

A′(B) = A(B̄) , (17)

and there exists a possible corresponding bulk reconstruction scheme.

3. In any holographic theory, there exists a way of solving for the Page curve and
reconstructing the interior operators of a black hole in the holographic context so
that there exists a way to address the black hole information problem [40–42].

In some cases, we might know more about R than about B, or vice versa. But it is
safe to say that the above three expectations underlie the physics of the duality. We also
expect that in the de Sitter context, there are several key conflicts with some of these
expectations, at least superficially. But on a more technical level, it is not out of the
ordinary to expect that bulk reconstruction, subregion duality, operator algebras, and
the black hole information aspects can be addressed as fundamentally as in AdS/CFT.

Acknowledgements: We would like to thank Vasu Shyam. AV would like to thank
IIT Kanpur.
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